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Abstract. This paper are presented novel algorithms for exact limits of a broad class of infinite
alternating series. Many of these series are found in physics and other branches of science and
their exact values found for us are in complete agreement with the values obtained by other
authors. Finally, these simple methods are very powerful in calculating the limits of many
series as shown by the examples.

1. Introduction

In a previous paper [1] some novel algorithms which made use of polygamma functions for exact
limits of a large branch of infinite series were introduced; moreover, the Laplace transform is used to
find the sum of some of the infinite series. However, because of their importance in physics, remained
pending deal the exact limits of alternating series which converge. The infinite series, including the
alternate, are an important part of a course of mathematical analysis. In particular, alternating series

n

Z(—l) is convergent and is the Leibnitz definition for the irrational = number. To consider the
= (2n+1)

infinite series in the literature is natural to introduce some convergence criteria due to Cauchy,
Kummer, D'Alembert, and Gauss authors [2], which ensure us the convergence of infinite series. In
addition, special forms of the term of the alternating series there are some criteria or tests that help
quickly conclude its convergence: absolute convergence, ratio test and the root criteria [3]. However,
the application of these criteria does not allow us to know their limits. In this paper, we present some
algorithms to compute the exact limit of a broad class of alternating series which converge. This work
is divided in four parts: This introduction, Section 2 illustrates the method; in Section 3 the method is
generalized. Finally, Section 5 presents conclusions and future projects.

2. Special Cases of Alternantes Series

n-1
2.1 The infinite Seriesz (_iz .
n=1

This series is denoted as:
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» _1 n-1
S(b)=z( bz , 1)
n=1

where b >1 is an integer. Using the Feynman identity,

%:Te’”dx , (2)

where A > 0, the infinite series in equation (1) becomes
=y j (-1)e™dx. 3)
n=l o

Introducing the sum into the integral in equation (4), and changing Yy = e variables, one has

0 » 1 N 1 -1
-=1d lim|| —=|-| —= 1-| —— dy. 4
so={5(-for=fon| (53] [-(3)] o ©
Considering now N — oo | the result is
1
1 1
S(b)= dy = . 5
0= @) ©
Equation (5) is the most general expression result of this section. As an application, we present the
following examples:

i(l)_ iznn_g 2 : 2

n=1 n=0
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2.2 The Infinite Serlesz
n=1 a

Following the same algorithm as in the previous subsection
0 _1)n 1
S(2n,b) = ( =— ) 6
(2n.b)=2 " (1+07) ©)

n=1

As an application the authors present the following examples

i(;gn) - and, Z 22n __'

n=1 n=0

n
2.3 The Infinite Serlesz (-1)

~n+a
For this series denoted, S(n,a)one has
S(a)=> (1) J'e’(”*a)xdx , ©)
n=1 0

where we have used the Feynman’s formula (2).
Then, interchanging the order of addition and integral, the equation (7) becomes

S(a) = Ie‘“g(—e‘x )ndx - Ie‘ax lim [(—e‘X ) —(—e‘X)N }[1— (—e~ )de . (8)

In the limitas N — oo, the result is
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T -1

S(a) = J‘[e’é‘X (- )}(1+ ) dx, 9)
0

Changing z = e~ variables, the equation (9) finally is expressed as:
0

S(a)zj'ua(1+u)_ldu. (10)
1

At this point, it is important to mention that integral given by equation (9), cannot be written in terms
of Eulerian functions [4] (polygamma functions), due to the plus sign in the binomial denominator. In
contrast to those discussed in the Ref. [1] previously mentioned. However, the equation (9) is the most
general expression result of this section. As one application, we present the following examples

i(_l)n =£, 3 (_1)”+1 :InZ,iﬁzg[ln 2+%),and,

This series is found in Ref [5].

» (_ )n+1
3. Series of type Z— .

n=1 (n + b)2
This series is denoted as
» _1 n+l
S(z,b)zz( ) > (12)
n=1 (n + b)
The Feynman identity applied to this case is
, = | xe ™dx. (12)
Yool
Following the same procedure as was used in section 2, leads to the following result:
) 0
S(2,b) = J.[xe‘(a”)x}(H e )_l dx = j(ln z)z* (1+2) ' dz, (13)
0 1
where z = e, the variable change is used.
Applying equation (13) the already reported result is obtained
i:(_:I-)nJrl _7[_2
~  p? 12
_ = ()"
3.1 Series of type S(2k,n) = Z Z— with k=1,2,... .
n=1
The Feynman identity applied to this case is
Yan = [ X e ox. (14)
0
Following the same procedure as was used in section 2, leads to the following result:
© 1
S(2k,n) = ﬁj X2t (1+ e )_1 dx = ﬁj(— In 2)2'(_1 (1+ z)_1 dz. (15)
0 0

Applying equation (15), we have
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n—l 2

Ms

n’ 12
ose value was found in section 2. As another examples, we find

Z%j(mzf(m) dz=#(%) =%,

1

8

- L r 4 6
Z(_ﬁl mf('n 2) (1+2) " dz =g (%) = 3.
n=1

This series is found in Ref [5].

n+1
3.2 Series of type S(2k +1L,n)=>" n )1
n:l -

Following the same procedure, leads to the following result:

© X 1
S(2k+10) =zl _[ x%e 2 (1+ e ) dx =t j(ln z) z2(1+2) dz. (16)
0 0

with k =1,2,....

2k+1 "’

Changing z = w? variables, the equation (16) finally is expressed as:

S(2k +1,n) = j'(lnw ) k(1+w2)’1 dw (17)

2%%( 2k

Finally one has the following examples
l n+l 1 - 3 3
e (N B

1
)™ 2\ 2\t _ 1 (5:°\_ 4°
s—mj(lnw ) (1+w?) dw_m(%)_lgﬁ,and,
0

i ™ _ i Inw? 6 (1+W dW— 6Lz’ ) _ 614
(2n-1) _ 46080 46080 4 ) T 184320 -
n=1 0

This series is found in Ref [5].

5. Conclusions

The limits of a broad class of alternating series which converge were obtained using some novel
algorithms. These algorithms are general and can be used to evaluate many de these series that are
important in different branches of the physics, as well as in other relevant science applications.
Moreover, we can apply these algorithms to other types of alternating series, not considered in this
article.
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