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Abstract. Single-electron capture cross sections in collisions between fast bare projectiles and
heliumlike atomic systems are investigated by means of the four-body boundary-corrected first
Born (CB1-4B) approximation. The prior and post transition amplitudes for single charge
exchange encompassing symmetric and asymmetric collisions are derived in terms of two-
dimensional real integrals in the case of the prior form and five-dimensional quadratures for
the post form. The dielectronic interaction V12 = 1/r12 ≡ 1/|r1 − r2| explicitly appears in
the complete perturbation potential Vf of the post transition probability amplitude T+

if . An
illustrative computation is performed involving state-selective and total single capture cross
sections for the p − He (prior and post form) and He2+,Li3+,Be4+,B5+,C6+ − He (prior
form) collisions at intermediate and high impact energies. We have also studied differential
cross sections in prior and post form for single electron transfer from helium by protons. The
role of dynamic correlations is examined as a function of increased projectile energy. Detailed
comparisons with the measurements are carried out and the obtained theoretical cross sections
are in reasonable agreement with the available experimental data.

1. Introduction
The investigation and differentiation electron capture from atomic and molecular targets by
the impact of fast ions has been a topic of considerable interest in atomic collision physics for
many years. This occurs because of the critical importance of charge transfer cross sections
in a number of applications in astrophysics, plasma physics, thermonuclear fusion research and
medical accelerators for hadron radiotherapy. In the present work we report on our theoretical
investigation of single electron capture from heliumlike atomic systems interacting with bare
projectiles (p,He2+,Li3+,Be4+,B5+, and C6+), with all four particles actively participating in
these processes. Hence, this is a pure four-body problem that involves laborious analytical and
numerical theoretical computations within any type of first order approximations. Total and
differential cross sections in prior and post form are calculated by using four-body boundary-
corrected first Born (CB1-4B) approximation. The first Born approximation with the correct
boundary conditions has been introduced within the three-body formalism [1]. On the other
hand, the CB1-4B method was adapted and applied to single-electron capture [2]-[4].

The CB1-4B method is a fully quantum mechanical four-body formalism, and it explicitly
considers each individual particle and all the interactions among them in the collision under
investigation. It strictly preserves the correct boundary conditions in both collisional channels,
and it is well known that the boundary conditions (the asymptotic convergence problem [5]-[9])
are of essential importance for atomic collisions whenever the aggregates are charged in the
asymptotic channels.
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Atomic units will be used throughout unless otherwise stated.

2. Theory
We consider single electron capture in collisions of a completely stripped projectile with a helium-
like target:

XZP+ + (ZT; e1, e2)1s2 −→ (XZP+, e1)nlm + (ZT, e2)1s , (1)

where ZK is the charge of the K th nucleus (K = P,T) and nlm is the usual set of three quantum
numbers of hydrogenlike atomic systems. Here, the parentheses symbolize the bound states. Let
s⃗1 and s⃗2 (x⃗1 and x⃗2) be the position vectors of the first and second electron (e1 and e2) relative

to the nuclear charge of the projectile ZP (target ZT), respectively. Further, let R⃗ be the position
vector of ZT with respect to ZP.

The prior and post form of the transition amplitude for process (1) in the CB1-4B
approximation without the term (ρv)2iZp(ZT−2)/v read as [2]:

T±
if (η⃗ ) =

∫ ∫ ∫
dx⃗1dx⃗2dR⃗φ∗

nlm(s⃗1)φ
∗
100(x⃗2)V

±φi(x⃗1, x⃗2) e
−iα⃗·R⃗−iv⃗·x⃗1(vR+ v⃗ · R⃗)iξ , (2)

V + ≡ Vf = ∆VP2 +∆VT1 +∆V12 , ∆V12 = V12 − V ∞
12 , V12 =

1

r12
, V ∞

12 =
1

x1
, (3)

V − ≡ Vi = ∆VP1 +∆VP2 , (4)

where

∆VPi = ZP (
1

R
− 1

si
) , (i = 1, 2) , ∆VT1 = (ZT − 1) (

1

R
− 1

x1
) . (5)

Here, ξ = (ZP−ZT+1)/v where v is the velocity of the projectile and ρ⃗ = R⃗−Z⃗, ρ⃗·Z⃗ = 0. The
vector of the distance between the two electrons e1 and e2 is denoted by r⃗12 = x⃗1− x⃗2 = s⃗1− s⃗2,
and we have r12 = |r⃗12|. The momentum transfer α⃗ and transverse momentum transfer η⃗ are
defined by:

α⃗ = η⃗ − (v/2−∆E/v)ˆ⃗v , η⃗ = (η cosϕη, η sinϕη, 0) , η⃗ · v⃗ = 0 , (6)

where ∆E = Ei − Ef with Ei being the binding energy of the two-electron target and
Ef = −Z2

P/[2n
2] − Z2

T/2. The function φi(x⃗1, x⃗2) denotes the two-electron ground state wave
function of the atomic system (ZT; e1, e2)1s2 . The functions φnlm(s⃗1) and φ100(x⃗2) in Eq. (2)
represent the bound state wave functions of the hydrogen-like atomic systems (XZP+, e1)nlm
and (ZT, e2)1s , respectively.

The original nine-dimensional integral for transition amplitude can be reduced to a two-
dimensional integral and five-dimensional integral over real variables in prior [3] and post [4]
form, respectively.

The differential (DCS) and total (TCS) cross sections (prior and post form) in the CB1-4B
method are given by:

dQ±
if

dΩ

(
a20
sr

)
=

µ2

4π2
|T±

if (η⃗)|
2, Q±

if (a
2
0) =

∫
4π

dQ±
if

dΩ
dΩ =

1

2πv2

∞∫
0

dηη|T±
if (η⃗)|

2 , (7)
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where µi ≃ µf ≃ µ = MPMT /(MP +MT ) is the reduced mass of the incident and target nuclei
with the mass MP and MT respectively. All numerical integrations are performed by means
of the Gauss-Legendre and Gauss-Mehler quadrature. The numbers of integration points are
varied until convergence to two decimal places has been attained for state-selective and total
cross sections.

Total cross sections Q±(Σ) for electron capture into all the final states for reaction (1) are
obtained by applying the Oppenheimer (n−3) scaling law [10, 11] via:

Q±
tot≡

∞∑
n=1

Q±
n ≃Q±(ΣN )=

N−1∑
n=1

Q±
n +γ(3, N−1)Q±

N , (8)

where

γ(3, N) = 1 + (N + 1)3ζ(3)−
N+1∑
n=1

(
N + 1

n

)3

, (9)

with ζ(3) being the Riemann zeta function ζ(3) =
∑∞

n=1 n
−3 ≈ 1.202, and partial cross sections

Q±
n =

n−1∑
l=0

Q±
nl , Q±

nl =
+l∑

m=−l

Q±
nlm . (10)

The computations are stopped when the total cross sections Q±
tot become insensitive to inclusion

of more partial (state-selective) cross sections Q±
n .

3. Results and discussions
First we shall examine electron capture from He(1s2) by proton (asymmetric reaction):

p + He(1s2) −→ H(nlm) + He+(1s) (11)

in the energy range from 20 to 10000 keV. The total CB1-4B cross sections in the prior form
obtained with the complete perturbation Vi by using Eq. (8) (where is N = 4):

Q−
tot ≃Q−(Σ4)= Q−

1 +Q−
2 +Q−

3 + 2.561Q−
4 , (12)

are plotted in Fig.1. The full line shows the results obtained by means of the two-parameter
wave function of Silverman et al. [12] for the ground state of the helium atom:

φi(x⃗1, x⃗2) = (N/π)( e−α1x1−α2x2 + e−α2x1−α1x2) , N−2 = 2[(α1α2)
−3 + (α1/2 + α2/2)

−6] , (13)

whereas the dashed line represents the cross sections obtained by using uncorrelated one-
parameter Hylleraas wave function [13] for the ground state of the helium atom:

φi(x⃗1, x⃗2) = (α3/π) e−α(x1+x2) , α = ZT − 5/16 . (14)

The total cross sections obtained with these wave functions are close to each other, and
the dashed curve slightly overestimates the full curve at impact energies in the range from
100 to 1000 keV, but outside this range the behaviour is the opposite. The relative difference
χ= |Q−

S − Q−
H|/Q

−
S (where Q−

S and Q−
H are the present cross sections obtained by using wave
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functions of Silverman et al. [12] and Hylleraas [13], respectively) of the prior cross sections
between these wave functions does not exceed 22%. These results are seen to be in very good
agreement with all the available measurements in an energy range which remarkably covers
nearly three orders of magnitude.

The total cross sections for reaction (11) computed in the prior and post version of the CB1-4B
method by using the four-parameter wave function of Löwdin [22] for ground state are displayed
in Fig. 2. This function is given by φi(x⃗1, x⃗2) = (N/π)(α1e

−β1x1 + α2e
−β2x1)(α1e

−β1x2 +
α2e

−β2x2), where the normalization constants N−1 = [α2
1/β

3
1+α2(α2/β

3
2+16α1/(β1+β2)

3)]. The
total cross sections have been obtained by summing over all contributions from the individual
shells and sub-shells up to n = 3: Q±

tot ≃Q±(Σ3)= Q±
1 +Q±

2 + 2.081Q±
3 .
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Figure 1. Total cross sections Q−(Σ4)
(in cm2) as a function of the laboratory
incident energy for reaction (11). The
full and the dashed curves are the present
cross sections obtained by using the helium
ground state wave functions of Silverman
et al. [12] and Hylleraas [13], respectively.
Experimental data: ▽ Shah et al [14], △
Schryber [15], ◦ Shah and Gilbody [16], ⊓⊔
Horsdal-Pedersen et al. [17], ♢ Berkner et
al. [18], ◃ Williams [19], ▹ Martin et al. [20]
and • Welsh et al. [21].

100 1000 10000
10-26

10-25

10-24

10-23

10-22

10-21

10-20

10-19

10-18

10-17

10-16

10-15

 

 

Q
(c

m
2 )

E(keV)

Figure 2. Total cross sections Q±(Σ3)
(in cm2) as a function of the laboratory
incident energy for reaction (11). The full
and the dotted curves are the present cross
sections Q+(Σ3) in the post form with and
without ∆V12 in Vf , respectively. The
dashed curve is the present cross sections
Q−(Σ3) with the complete potential Vi.
For all the three curves, the initial ground
state of the helium atom is described
by means of the Löwdin [22] orbital.
Experimental data: the same as in Fig. 1.

Potential ∆V12 in the complete perturbation Vf from (3) represents a source of the dynamic
electron correlation effect, which is included throughout 1/r12. From Fig. 2 we can see that
above 100 keV, where the CB1-4B model is expected to be valid, the discrepancy between
the results with the complete perturbation Vf (full line) and the corresponding cross sections
without ∆V12 in Vf (dotted line) is increasing. These discrepancies increase even further with
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augmentation of the incident energy. Such a pattern indicates that the role of the screened
dynamic correlations ∆V12 becomes more significant at higher incident energies.

Also we examine the so-called post-prior discrepancy, which arises from the unequal
perturbation potentials (Vi ̸= Vf ) in the transition amplitudes, as well as from the unavailability
of the exact bound-state wave function of heliumlike atomic systems. The difference between
the results for the prior and post cross sections is very small (the relative difference χp =

|Q+ − Q+(0)|/Q+, where Q+ and Q+(0) are the present cross sections for capture with and
without ∆V12 respectively, is up to 6.6%), as can be seen in Fig. 2. This is an excellent property
of the CB1-4B approximation, since the same physical assumptions are involved in the prior
(dashed line) and post (full line) forms of this theory. Namely, electron-electron interaction is
indirectly included through −ZP /s2 (−ZP/s2 = −ZP (1/r12 − r⃗12 · s⃗1/r312 + · · ·) - the Taylor
series around s⃗1) term in the complete potential Vi.

Differential cross sections (DCS) for single electron capture in process (11) are studied at 100
keV projectile energy.
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Figure 3. DCS for single electron capture
for reaction (11) at 100 keV projectile
energy. The full and dashed lines are the
present dQ−

tot/dΩ obtained by using the
wave functions of Silverman et al. [12] and
Hylleraas [13], respectively. The dotted
line presents dQ−

1s/dΩ with wave functions
of Silverman et al. [12]. Exp. data: •
Martin et al. [20].
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Figure 4. DCS for single electron capture
for p + He(1s2) −→ H(1s) + He+(1s)
collisions at 100 keV projectile impact
energy. The full, dashed and dotted lines
are the present dQ+

1s/dΩ, dQ−
1s/dΩ and

dQ
+(0)
1s /dΩ, respectively. All calculations

are performed by using the helium ground-
state wave functions of Silverman et al.
[12].

Theoretical results with the available experimental data are shown in Fig. 3. Differential
cross sections summed over the final states of atomic hydrogen according relation: dQ−

tot/dΩ ≃
dQ−

1 /dΩ+dQ−
2 /dΩ+dQ−

3 /dΩ+2.561dQ−
4 /dΩ are in excellent agreement with the experimental
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results at scattering angles from 0 to 0.12 mrad, but at angles above 0.79 mrad theoretical cross
sections overestimate the measurements. The results obtained with Hylleraas [13] wave function
overestimate the results which have been calculated with Silverman et al. [12] function at higher
scattering angles. In the same figure, the cross sections dQ−

1s/dΩ for capture into the 1s state
are depicted. We can see that the contribution from the excited states is more significant at
higher than at lower scattering angles. Figure 4 depicts the prior and post DCS of the CB1-4B
method for single-electron capture into the 1s state of atomic hydrogen using the helium wave
function of Silverman et al. [12]. As expected, the difference between prior dQ−

1s/dΩ (dashed
line) and post (full line) dQ+

1s/dΩ forms DCS with complete perturbation potentials Vi and Vf

respectively is very small at all the considered angles. Comparing the results for the post form

DCS dQ
+(0)
1s /dΩ without ∆V12 in Vf and results for dQ−

1s/dΩ and dQ+
1s/dΩ, we can conclude

that the screened dynamic correlations ∆V12 are very important at lower angels.

100 1000 10000

10-21

10-20

10-19

10-18

10-17

10-16

10-15

 

 

Q
(c

m
2 )

E(keV)

3000300

Figure 5. TCS Q−(Σ4) (in cm2) as a
function of the laboratory incident energy
for reaction He2+ +He(1s2) −→ He+(Σ) +
He+(1s). The full and the dashed curves
are the present TCS obtained by using the
wave functions of Silverman et al. [12] and
Hylleraas [13], respectively. Exp. data: △
Shah et al. [14]; ◦ Shah and Gilbody [16];
♢ Mergel et al. [23]; ▽ Hvelplund et al.
[24]; • DuBois [25]; ⊓⊔ de Castro Faria et
al.[26]; Pivovar et al. [27, 28]; ▹ Rudd et
al. [29]; ◃ Alessi et al. [30].
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Figure 6. TCS Q−(Σ4) (in cm2) as a
function of the laboratory incident energy
for reaction Li3+ + He(1s2) −→ Li2+(Σ) +
He+(1s). The full and the dashed curves
are the present TCS obtained by using
the helium ground state wave functions of
Silverman et al. [12] and Hylleraas [13],
respectively. Experimental data: Shah
and Gilbody [16]; • Woitke et al. [31]; ◦
Sant’Anna et al. [32]; ⊓⊔ Dmitriev et al.
[33].

As seen from Figs. 3 and 4, the CB1-4B method exhibits an unphysical and experimentally
unobserved dip at θc.m.≃0.47 mrad. This sharp dip is due to strong cancellation of the opposite
contributions coming from the attractive and repulsive potentials in Eqs. (2)-(4).
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Cross sections in prior form for electron capture for He2+ +He(1s2) collisions are calculated
in the energy range from 100 to 10000 keV. These results are obtained by applying the Eq. (12)
and they are depicted in Fig. 5. The dashed line (Hylleraas [13]) slightly overestimates the full
line (Silverman et al. [12]) in the range 500 to 3000 keV. The relative difference between these
curves does not exceed 16.4%, for all the considered energy. It can be seen from Fig. 5 that
agreement between the present CB1-4B cross sections (full and dashed curves) and a number of
measurements is excellent above 400 keV.

In Fig. 6, we make a comparison of measurements and the theoretical total cross sections for
electron capture from He(1s2) by Li3+ obtained by using Eq. (12) in energy range from 50 to
5000 keV/amu. The present cross sections, the full line (Silverman et al. [12]) and the dashed
line (Hylleraas [13]), are in excellent agreement with the measurements [16], [31]-[33]. These
curves are also very close to each other and the relative difference is up to 16.3%.

The results (Q−
tot ≃ Q−(Σ5) = Q−

1 + Q−
2 + Q−

3 + Q−
4 + 3.049Q−

5 ) for charge exchange in
Be4+ + He(1s2) collisions at energies from 100 to 3000 keV/amu are depicted in Fig. 7, by the
full (Silverman et al. [12]) and dashed curves (Hylleraas [13]). The dashed line in this case also
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Figure 7. TCS Q−(Σ5) (in cm2) as a
function of the laboratory incident energy
for reaction Be4++He(1s2) −→ Be3+(Σ)+
He+(1s). The full and the dashed curves
are the present TCS obtained by using
the helium ground state wave functions of
Silverman et al. [12] and Hylleraas [13],
respectively.
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Figure 8. TCS Q−(Σ6) (in cm2) as a
function of the lab. incident energy for
reaction B5+ + He(1s2) −→ B4+(Σ) +
He+(1s). The full and the dashed curves
are the present TCS obtained by using the
wave functions of Silverman et al. [12] and
Hylleraas [13], respectively. Exp. data:
Dmitriev et al. [33]; • Hippler et al. [34].

slightly overestimates full line at energies from 120 to 850 keV/amu, where the relative difference
between them does not exceed 13.1%. Unfortunately, no experimental data are available for
comparison. The qualitative behaviours of the total cross sections are very similar to those
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Figure 9. TCS Q−(Σ7) (in cm2) as a function of the laboratory incident energy for reaction
C6+ + He(1s2) −→ C5+(Σ) + He+(1s). The full and the dashed curves are the present TCS
obtained by using the helium ground state wave functions of Silverman et al. [12] and Hylleraas
[13], respectively. Experimental data: Dmitriev et al. [33]; • Anholt et al. [35]; ◦ Graham et
al. [36]; △ Dillingham et al. [37].

corresponding to those for the other considered ions.
Total cross sections for single electron capture in the B5++He(1s2) −→ B4+(nlm)+He+(1s)

process obtained by using Q−
tot ≃Q−(Σ6)= Q−

1 +Q−
2 +Q−

3 +Q−
4 +Q−

5 +3.541Q−
6 are presented by

the full (Silverman et al. [12]) and dashed curves (Hylleraas [13]) in Fig. 8. At all the considered
energies from 100 to 3000 keV/amu their relative difference is below 13%. The present CB1-4B
theory in the prior form describes the experimental data of Dmitriev et al. [33] quite successfully,
whereas it slightly overestimates the measurements of Hippler et al. [34].

A similar trend in behaviour is noticed in the C6++He(1s2) −→ C5+(nlm)+He+(1s) collisions,
where the total cross sections obtained by applying Q−

tot ≃Q−(Σ7)= Q−
1 +Q−

2 +Q−
3 +Q−

4 +Q−
5 +

Q−
6 +4.035Q−

7 at energies from 100 to 4000 keV/amu. These results are shown in Fig. 9 by full
(Silverman et al. [12]) and dashed (Hylleraas [13]) curves. Now the relative difference is smaller
than 11% at energy above 150 keV/amu. It follows from Fig 9. that CB1-4B approximation
is in satisfactory agreement with available experimental data [33], [35]-[37]. At higher energies
the results from CB1-4B method overestimate experimental data, except those at the largest
energy 3500 keV/amu. The discrepancy between the present calculations and the experimental
total cross sections for the last two processes at higher energies is not unexpected. Namely,
the present CB1-4B method does not include the intermediate ionization channels (electronic
continuum intermediate states), which dominate over charge exchange at high energies.
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4. Conclusions
We have studied the single charge exchange in collisions between bare nuclei (p, He2+, Li3+, Be4+,
B5+ and C6+) and He targets at intermediate and high impact energies, within the framework of
CB1-4B approximation. The results for the prior and post cross sections (both differential and
total) for p+He collisions are nearly identical, provided that the repulsive electron-electron inter-
action 1/r12 is taken into account in Vf . Moreover, we proved that the contribution from ∆V12

increases with augmenting impact energy and decreasing scattering angles. The prior form of
the total cross sections has been also calculated by using Silverman et al. [12] and Hylleraas [13]
wave functions for ground state of helium atom. The relative difference between these results is
small, and decreases with increasing the charge of the projectile. On the other side discrepancy
between DCS obtained with Silverman et al. [12] and Hylleraas [13] wave functions increases
with augmenting scattering angle. The contribution from the excited states is more significant
at higher than at lower scattering angles. The CB1-4B method is found to be systematically
in very good agreement with the available experimental data for p ,He2+,Li3+ projectiles, but
for multiply-charged projectiles B5+ and C6+ the CB1-4B approximation slightly overestimates
measurements at higher impact energy. This behaviour is mainly attributed to the neglect of
the intermediate ionization channels which are important in this region.
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