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Abstract. We use one of the simplest forms of the K-essence theory and we apply it to
the classical anisotropic Bianchi type I cosmological model, with a barotropic perfect fluid
(p = vp) modeling the usual matter content and include the particular form of potential
V(¢) = constant = 2A. The classical solutions for any v # 1 and A = 0 are found in closed
form, using a time transformation. We also present the solution when A # 0 including particular
values in the barotropic parameter. We present the possible isotropization of the cosmological
model Bianchi I using the ratio between the anisotropic parameters and the volume of the
universe and show that this tend to a constant or to zero for different cases.
Keywords: K-essence theory; anisotropic model; classical solution;

1. Introduction

In recent times, some attempts to unify the description of dark matter, dark energy and inflation,
by means of a scalar field with non standard kinetic term have been conducted [1, 2, 3, 4]. The
K-essence theory is based on the idea of a dynamical attractor solution which causes it to
act as a cosmological constant only at the onset of matter domination. Consequently, K-essence
overtakes the matter density and induces cosmic acceleration at about the present epoch. Usually
K-essence models are restricted to the lagrangian density of the form [2, 5, 6, 7]

$ = [ dhv=g [i6) 9X) = V(). @)

where the canonical kinetic energy is given by G(X) = X = —%V u@VH@. K-essence was originally
proposed as a model for inflation, and then as a model for dark energy, along with explorations
of unifying dark energy and dark matter [5, 8, 9]. Another motivations to consider this type of
lagrangian originates from string theory [10].

In this framework, gravitational and matter variables have been reduced to a finite number
of degrees of freedom. For homogenous cosmological models the metric depends only on time
and gives a model with a finite dimensional configuration space, called minisuperspace. In this
work, we use this formulation to obtain classical solutions to the anisotropic Bianchi type I
cosmological model with a perfect fluid. This class of models were considered initially in this

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1



X Workshop of the Gravitation and Mathematical Physics Division, Mexican Physical Society =~ IOP Publishing
Journal of Physics: Conference Series 545 (2014) 012015 doi:10.1088/1742-6596/545/1/012015

formalism by Chimento and Forte [11]. The first step is to write the theory for the Bianchi type
I model in the usual manner, that is, we calculate the corresponding energy-momentum tensor
to the scalar field and give the equivalent Lagrangian density. Next, by means of a Legendre
transformation, we proceed to obtain the canonical Lagrangian L.,,, from which the classical
Hamiltonian H can be found.

This work is arranged as follows. In section 2 we obtain the corresponding K-essence field
equations and in simple way we applied to Cosmological Bianchi Class A models. In section
3 we construct the lagrangian and hamiltonian densities for the anisotropic Bianchi type I
cosmological model. In section 4 we present some ideas in as the anisotropic cosmological model
can obtain its isotropization via the mean volume function and next we obtain the classical
exact solution for all values in the gamma parameter. Finally, section 5 is devoted to some final
remarks.

2. K-essence field equation
One of the simplest K-essence models, without self interaction has the following lagrangian
density

,Cgeo =R+ f(¢)g(X)’ (2)

R is the scalar curvature, and f(¢) is an arbitrary function of the scalar field. From the
Lagrangian (2) we can build the complete action

I= /2 \% _g(['geo + EA + Cnlat)d4xa (3)

where L4+ is the matter Lagrangian, £5 = 2A is the cosmological constant lagrangian, and g
is the determinant of the metric tensor. The field equations for this theory are

Gop + Agap +£(0) [Gx D0t s+ G8asl = —Tag, (4)
f
f(¢) {gx¢’;ﬁg + QXXX;BQb’B} + ((jqﬁ G —2XGx] = 0, (5)

where we work in units with 87G = 1 and, as usual, the semicolon means a covariant derivative
and a subscripted X denotes differentiation with respect to X.

The same set of equations(4,5) is obtained if we consider the scalar field X (¢) as part of the
matter content, i.e. say Lx 4 = f(¢)G(X) with the corresponding energy-momentum tensor

Tap = 1(9) [9xb,00,5 + G(X)gas] - (6)

Considering the energy-momentum tensor of a barotropic perfect fluid, Tos = (p+P)uqgug +
Pg.p, with u, the four-velocity, which satisfy the relation u,u* = —1, p the energy density and
P the pressure of the fluid. For simplicity we consider a comoving perfect fluid. The pressure,
the energy density and the four-velocity corresponding to the energy-momentum tensor of the
field X, become

P(X) = 1f(#)g, p(X) = 1(¢) [2XGx — 7], uy, =

(7)

thus, the barotropic parameter is

g
- %o T ®
2XGx — ¢
and we notice that the case of a constant barotropic index wx, (with the exception wx = 0) can
be obtained by the G function

wx

1+wX

G =X 2%x . 9)
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We have the following states in the evolution of our universe in this formalism,

stiff matter :  wx =1, - G(X) =X.
Radiation: wx =%, = G(X) = X2

inflation like: wx = %, - §(X) = % (10)
wx = —%, — Q(X) = 47\}?'

In reference [4], the authors present the analysis to radiation era using dynamical systems
obtaining bouncing solutions.

2.1. Anisotropic cosmological Bianchi Class A models, f(¢)=constant

Considering the cosmological anisotropic Bianchi Class A models with metric (20), the equation
(5) in term of X, becomes (here and all where appear the / means, / = % = Nddt, with t the
usual cosmic time)

[Ox + 2XGxx] X' 4+ 6Q'XGx = 0, (11)

where the scalar function ) in some sense parametrize the mean scale factor of a isotropic
universe, with its corresponding solution

XG2 = ne % (12)

with 77 a constant.

Note that equation (12) give us the possible solutions X(A), as a function of the scale factor
and therefore the behavior of all physical properties of the k-essence (like p, P) , are completely
determined by the function X and do not depend on the evolution of the other types of energy
density.

2.2. quintessence like case: G = X and f(¢) # constant
The field equations for this particular case are

1
Gas + Ay +1(6) (9063 — 58ap0067) = ~Tup, (13
df
2H0)6%+ 550007 = O (14)

and the energy-momentum tensor (6) has the following form,

Tos =H6) (90,0~ 58050007 ). (15)

In this new line of reasoning, the action (3) can be rewritten as a geometrical part and matter
content (usual matter plus a term that corresponds to the exotic scalar field component of the
K-essence theory). The equation of motion for the field ¢ (14) has the following property, using
the metric of the Bianchi type I model (however, this is satisfied by all cosmological Bianchi

Class A models),

N " lﬁ 2 __
3Q¢f+¢>f+2d¢¢ =0, (16)

which can be integrated at once with the following result,

1

S0 =ne o [\fiede = vEy [ (17)
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here 7 is an integration constant and has the same sign as f(¢). Considering the particular form
of f(¢) = we™ or f(¢p) = we™? with m and w constants, the classical solutions for the field ¢ in
quadrature are

[(m+2),/35 [edr| ™7, f(¢) =wg™, m# 2

o(1) = Exp {\/%Tnf e_3QdT}v (@) =we™?, m=-2 (18)
% Ln [m \/%fe’mdﬂ, flo) = we™? m#0
V2 [emdr fl¢)=w, m=

In our particular case, it is evident that the contribution of the scalar field is equivalent to
a stiff fluid with a barotropic equation of state v = 1. This is an instance of the results of
the analysis of the energy momentum tensor of a scalar field (15) by Madsen [12] for General
Relativity with scalar matter and by Pimentel [13] for the general scalar tensor theory. In both
works a free scalar field is equivalent to a stiff matter fluid. In this way, we write the action (3)
in the usual form

- / VoE R+ La + Lanat + L) d'x, (19)
>

and consequently, the classical equivalence between the two theories. We can infer that this
correspondence is also satisfied in the quantum regime, so we can use this structure for the
quantization program, where the ADM formalism is well known for different classes of matter
[14].

3. Hamiltonian for the Bianchi type I cosmological model
Let us recall here the canonical formulation in the ADM formalism of the diagonal Bianchi Class
A models. The metric has the form

ds? = —(Ndt)? + ?2®) (2PO); Wl = —dr? + XU (280 o ) (20)

where €(¢) is a scalar, N the lapse function and 3;(t) a 3x3 diagonal matrix, £ = diag(8+ +
V3B, By —V/3B_,—-2B,), w' are one-forms that characterize each cosmological Bianchi type
model and obey dw' = §Ci-kwj A wk, Cik the structure constants of the corresponding invariance
group. For the Bianchi type I model we have

w! = dx! w? = dx?, wd = dx?

The total Lagrangian density then for this metric becomes

0z @B g
Ly =3 [6N — 6% —6 t %dﬁ +2Np + 2NA] ) (21)

and the corresponding Hamiltonian density is
—-3Q

12
H, = 624 (-H?2 - @Hé + 112 + 112 4 bye 30702 4 48Ae69> : (22)

with b, = 48, where we have used energy-momentum conservation the law for a perfect fluid,

T =0,—p= u,ye’?’(”*l)ﬂ, we assumed an equation of state p = ~yp,



X Workshop of the Gravitation and Mathematical Physics Division, Mexican Physical Society =~ IOP Publishing
Journal of Physics: Conference Series 545 (2014) 012015 doi:10.1088/1742-6596/545/1/012015

8.1. Classical equations

The corresponding Einstein field equations (13) and (14) for the anisotropic cosmological model
bianchi type I are the following (remember that the prime ’ is the derivative over the time
dr = Ndt,

39'2—352—35?—£¢’2—p—1\:0

f

20" + 302 - 3QB — 3V3YB. — B +38% — V38" + 382 + qu’z +p—-A=0, (23)
f

20" + 302 — 3 +3V3 B — B + 367 + V33" +38% + 100 tp—A=0,

f
20" + 3072 + 6V + 287 + 3672 + 387 + 1<z>’2 +p-—A=0
1 df

f(3Q'¢" +¢") + §£¢>’2 =0, (24)

the solution of this last equation was putted in (17),
1 . .
@ =% o [\iele = van [ ar (25)

The combination between the second and third equations us give the solution for the anisotropic
function (_, also the sum of third and fourth equations, putting the S_ solution, give us the
form of the g1 function,

Ba(r) = ax [ e3%0ar, (26)

where ay are integration constants. So, the (23) are rewritten as

3Q/2 — 3016769 4 lul’ye*?’('}"i“l)g + A’ clL = a’i + aQ_ + g,
29// + 39/2 + 35/2 + 36/2 4 £¢/2 + _ A =0 (27)
+ - 4 P -

4. Isotropization

The current observations of the cosmic background radiation set a very stringent limit to the
anisotropy of the universe ( [15]), therefore it is important to consider the anisotropy of the
solutions. Recalling the Friedmann equation (constraint equation),

f

302 — 367 — 387 — 1

¢/2_p_A:07 (28)
we can see that isotropization is achieved when the terms with 32 go to zero or are negligible
with respect to the other terms in the differential equation. We find in the literature the
criteria for isotropization, among others, (872 + 82)/H?* — 0, (B2+B%)/p — 0,
that are consistent with our above remark. In the present case the comparison with the density
should include the contribution of the scalar field. We define an anisotropic density p,, that is
proportional to the shear scalar,

Pa = f+ Bl—Qa (29)

and will compare it with p,,ps, and 2. From the Hamilton Jacobi analysis we now that

pa ~ 6_697 p¢ ~ 6_697 Q/2 ~ 48A + K/§226_69 + 576_3(1+’Y)Q (30)
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and the ratios are

Pa Pa 3Q(y—1) Pa 1
— ~ constant, — ~e , — ~ . 31
P P~y V2 K? + 48AeB? + b e31-7)0 (31)

Here we see that for expanding an universe the anisotropic density is dominated by the fluid
density (with the exception of the stiff fluid) or by the Q2 term and then at late times the
isotropization is obtained if the expansion goes to infinity. Hence it is necessary to determine
when we have an ever expanding universe.

In the following we obtain exact solutions in order to gives the volume function V to each
case.

4.1. Ezact Classical solutions

In order to find the solutions for the remaining minisuperspace variables we employ the Einstein-
Hamilton-Jacobi equation, which arises by making the identification % = II, in the
Hamiltonian constraint H; = 0, which results in

in order to solve the above equation, we assume a solution of the form S(, 8+, ¢) = S1(2) +
Sa(B+) + S3(B=) + Sa(¢) which results in the following set of ordinary differential equations

(%)2 — (bye 307D 4 48AS? 4 10?) = 0 (33)
(%)2 — ki 2=0 (34)

((;1%)2 —k 2=0 (35)

1 (B) —ret =0 (36)

Here the x; are separation constants satisfying the relation ko? = k42 4+ r_2 + H¢2, K+ are real,
kg2 should have the same signs as f(¢) and for consistency with Eq.(17) we have ry? = 247.
Recalling the expressions for the momenta we can obtain solutions for equations (33-36) in
quadrature, in particular

dQ2

AT = 12/ .
\/48A + k2e=09 4 bye3(1+7)%

(37)

Ay =5 / =32 qr. (38)

We already know the solution for (36). As can be seen from (38), in order to obtain solutions
for S+ one needs to find a solution for €, which can be obtained from (37), and this one does
not have a general solution, however, it is possible find solutions for particular values of the
barotropic parameter v with A # 0.

(i) A=0and y#1
The equation (37) can be written as
3QdQ
dr = 12 ¢ . (39)
\/HQQ + bye32(r-1)
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when we consider the time transformations dr = e37dT, and the change of variable
u=rao?+ bve_3(”7_1)9, this equation has the solution

1
Q(T) = Ln [0,T% 4 6,T| *7, (40)
2
where 0, = (77_1) by and 0y = —/ K/QQ’YT_l. With this, the time transformation becomes

dr = 0,12 + 5VT}’“+” dr.

and the closed form is [16],

(L= 1) 7o i 2 y-2 T0,
T= O, 7%+ 0,T| 7 oF1 [ 1,— ; ;T , 41
0y [ v 7 } y—1"~v-1 0y (41)
here 9 F} is a hypergeometric function. We also have
1 T
—-3Q
e dr = —Ln (42)
/ 0y 0, T + 0y
The anisotropy functions and the scalar field are given by
K4 T
Aﬂi = F Ln [ :| . (43)
120, 0,T + 6,
2
1 T m+2 m
[(m—|—2) %ZLH[WH s (@) =we™, m# =2
M1y, [ T 9 o
d’(T) _ EXp{ w 8, Ln [Q,YT_H;,Y} 5 f(¢) =wo 4, m= -2 (44)
2 [ 1 T m
1 T
V215, In [@TMJ f(@)=w, m=
As a concrete example we consider the particular value v = 0, then 7 =T and 2 becomes
) 3 /e 2
Q) =Ln | Spem2 4 YA p| " a3, e VRS, g
4 4 4 4
So, the classical solutions for the anisotropic function S+ and ¢ field are,
Kt T
ABy = F Ln [ ] . (46)
2
3VEKQ Vi ZQQ + %MOT
2
m+2
(m +2)/55Ln \/7213” v f(@) =we™, m# =2
A 4“‘07—
2 T _ -2 _
EXP{ L‘?Ln!\/mjs]}’ f(¢) =wop™=, m=-2
o(1) = T faker (47)
an[m 2"[411[ 27— ]]7 f(¢):wem¢, m;éO
~Q 3
X3
V2 L”[F+ ] fig)=w, m=0
4 4/’4/07
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(ii) A=0and y=1
In this case equation (37) is

12
AT = /7dQ 48
Vhoo 0 ()
with by = ko2 + 481 that we assume positive.
The corresponding solutions are
S Vbo AT
4 )
1
ABy = $% /e_m(T)dT = Fk4 3\/b>LIl(AT),
[(m+2), /L Ln(AR)| ™7, f(9) =we™, m# -2
27] 4 — -2 —
é(r) = Exp Ln } f(@)=wod=, m=-2 (49)
21n|m L \/ 55 \/%LH(AT)}, fl@) =we™, m#0
2ﬁTan(AT)a f(@)=w, m=0
(i) A#0and v=—
(37) has the form
12
Ar = / a0 (50)
VTt by

where by = 481 + 48A .

4 [ o2
AT = T arcesch ( %6739 (51)

solving for €

0= %Ln ’g sinh (%F'AT) . (52)
So, the others solutions become

ABy(T) = 3\/7 Ln 3], ¥ = tanh (%FAT) (53)

2 EAtalsl] T f0) —wer, w2

2 _ 4 — b _

B B e e Lo | M (ORI R I

Z1n {—m\/;an |E|] (@) =we™, m#0

—\ﬁan|E| f(¢)=w, m=0

with the condition w > 0.
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(iv) A#0and y=0
For this case, equation (37) is

123

AT = dQ) 55
VEQ? + 4811038 + 4862 (55)

1 bo + 96Ae3? 1
= n + ka2 + boe3? + 48AebS? 56
V3A A8A 2v3A Vo + o (56)

with by = 48up, and A > 0.
The function €2 become

2
T b
1| 128 (V3887 = o) — kg?

Q= gLn 48AemAT (57)
and we have for the anisotropic functions S+ and field ¢,
_y 2k _ o [3A (b0 ERA-
ABy(T) = :I:3 7 arctanh (¢), £E=2 o <_48UX +e )
2
|~ +2) [ S arctanh ()] 7, f(6) —wom, m £ -2
E — /s h } =2 — 9
¢(T) — Xp{ w WarCta’n (5) ’ f(¢) Wd) ) m (58)
% Ln [—m o iQZarctanh (5)], fl¢) =we™, m#0
~ V2 arctan () f(@)=w, m=
(v) A#0andy=1
Equation (37) becomes
Ar— / 12 4o (59)
vV b4€_6Q + 48A

where by = ko? + 48p1. In this case also we have two possible solutions depending on the
value of the cosmological constant

e A>0.
1 3A
AT = —— arcsinh {4,/ —e*” 60
T marcsm ( b4e ) (60)

The solution become

so, the function €2 is

1 1 /b
0= gLn Z“ 3—2 sinh (\/37&A7’) . (61)
The others functions become

ABy = iB\/bT;Ln =], = = tanh (MAT)

[—m+2), /3 A [E] "7, f(9) =wo™, mA =2
o(r) = Exp ¢ — %"\/%Ln =] ¢ f(9) =wep™?, m=-2 (62)

2inf[-m/g AIn(E)],  f(@)=we™, m#A0

V2 Ln [ F(@) =w, m=
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e A<O.
The corresponding solutions are

1
AT = — arccos | 4 63
V3IA| by (63)
the function
Q= lin|l [ b ( 3[A|A ) (64)
= —1n|— _—
3 3|A|cos T

as the volume has an oscillatory behavior, the isotropization do not yield for this case,
and for completeness we calculate the anisotropic functions S+ and field ¢,

Afy = 3\/>Ln|;b| ¥ = sec (\/MAT + tan (\/3|7AAT> ,

N——

[(m+2 \/E 4 Ln|1/)|}m7+27 F(6) =wd™, m £ —2

o(r) = Exp{ﬁ 4 Ln|1p|}7 F(¢) =wp™2, m=—2 )
B [my/ Al S0) = e m o
&vrrtl f@)=w, m=0

5. Final remarks

In this work we present the study of the classical cosmological anisotropic Bianchi type I in
the K-essence formalism. In previous work made by Chimento and co-researcher [11], they
present the possible isotropization of this model. Our goal in this work is that we obtain the
corresponding classical solutions for a barotropic perfect fluid and cosmological term A that
mimic the scalar field in equation (1). In the case of A = 0 and vy # 1 we obtain the solutions
in closed form. With these solutions we can validate our qualitative analysis on isotropization
of the cosmological model, implying that these become isotropic when the volume is large in
the corresponding time evolution. So, only one solutions do not present the large volume, when
A < 0 in stiff matter era in the ordinary matter content.

Acknowledgments

This work was partially supported by CONACYT 167335, 179881 grants. PROMEP grants
UGTO-CA-3 and UAM-I-43. This work is part of the collaboration within the Instituto Avan-
zado de Cosmologia and Red PROMEP: Gravitation and Mathematical Physics under project
Quantum aspects of gravity in cosmological models, phenomenology and geometry of space-time.
Many calculations where done by Symbolic Program REDUCE 3.8.

[1] Armendariz-Picon C, Mukhanov V and Steinbardt P J 2000 Phys. Lett. 85, 4438 ; 2001 Phys. Rev. D 63,
103510

[2] Bose N and Majumdar A S 2009 Phys. Rev. D 79, 103517 A k-essence model of inflation, dark matter and
dark energy, [arXiv:0812.4131]

[3] De-Santiago J and Jorge L. Cervantes-Cota 2011 Phys. Rev. D 83, 063502 Generalizing a Unified Model of
Dark Matter, Dark Energy, and Inflation with Non Canonical Kinetic Term

[4] De-Santiago J, Jorge L. Cervantes-Cota, David Wands 2013 Phys. Rev. D 87, 023502 Cosmological phase
space analysis of the F(X) — V() scalar field and bouncing solutions

[5] Roland de Putter and Eric V. Linder 2007 Astropart. Phys. 28, 263 Kinetic k-essence and Quintessence.
[arXiv:0705.0400]

[6] Chiba T, Dutta S and Scherrer R J 2009 Phys. Rev. D 80, 043517 Slow-roll k-essence, [arXiv:0906.0628]

10



X Workshop of the Gravitation and Mathematical Physics Division, Mexican Physical Society =~ IOP Publishing
Journal of Physics: Conference Series 545 (2014) 012015 doi:10.1088/1742-6596/545/1/012015

[7] Arroja F and Sasaki M 2010 Phys. Rev. D 81, 107301 A note on the equivalence of a barotropic perfect fluid
with a k-essence scalar field, [arXiv:1002.1376]
[8] Bilic N, Tupper G and Viollier R 2002 Phys.Lett. B 535, 17
[9] Bento M, Bertolami O and Sen A 2002 Phys. Rev. D 66, 043507
[10] Armendariz-Picon C, Damour T and Mukhanov V 1999 Phys. Lett. B 458, 209; Garriga J and Mukhanov
C 1999 Phys. Lett. B 458, 219
[11] Luis P. Chimento and Ménica Forte 2006 Phys. Rev. D 73, 063502 Anisotropic k-essence cosmologies
[12] Madsen M 1988 Class. and Quantum Grav. 5, 627
[13] Pimentel L O 1989 Class. and Quantum Grav. 6, L263
[14] Ryan M P 1972 Hamiltonian cosmology, (Springer, Berlin)
[15] Martinez-Gonzalez E and Sanz J L 1995 Astron. Astrophys. 300 346
[16] Andrei C Polyanin and Valentin F Zaitsev 2003 Handbook of Ezact solutions for ordinary differential
equations, (Second edition, Chapman & Hall/CRC)

11



