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Abstract. We show that among tori of revolution the Clifford torus gives the minimum value
of the Mé&bius invariant surface energy defined by Auckly and Sadun.

1. Introduction and main result

Recently Fernando C. Marques and André Neves (Marques & Neves) proved the Willmore
conjecture, namely, they showed the following. Let ¥ be an immersed torus in R3. Let &
and kg be principal curvatures. The Willmore functional is given by

v () e ()

where the second equation is the consequence of the Gauss-Bonnet theorem. It is known to be
invariant under Mobius transformations of R®. Then the Willmore conjecture, now the theorem
of Marques and Neves, asserts that W(X) > 272 and that the equality holds if and only if ¥ is
a torus of revolution whose generating circle has radius 1 and center at distance v/2 from the
axis of revolution up to a Mobius transformation, in other words, if and only if 3 is the image
of a stereographic projection of the Clifford torus

{(zl,zg) €CxC||a1| = |22| = 1/\/5} S = {(21,22) eCxC|laf + |2 = 1}.

In this paper, we give another characterization of the Clifford torus using the surface energy
introduced by David Auckly and Lorenzo Sadun ((1)), which is also invariant under Mobius
transformations. To be precise, we have not yet succeeded in proving that the Clifford torus
gives the minimum energy among all the immersed tori!. We only show that it gives the
minimum energy among one-parameter family of tori of revolution. Since the energy we use is
conformally invariant, it follows that the Clifford torus gives the minimum energy among Dupin
cyclides. As the surface energy that we use in this paper is generelization of knot energy, we
start with the review of it.

Energy of knots was introduced in (5) motivated to give a functional on the space of knots
that can produce a representative configuration of a knot for each knot type as an embedding

L To show it, it suffice to show that the Clifford torus gives the minimum energy among all the embedded tori,
since the energy blows up if a torus has a double point
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that minimizes the energy in the knot type. Let K be a knot and = be a point on it. Define

: = lim 7dy —g an = T; x
V(g K)=1 </K\B5(a: 5)’ d E(K) /V( ; K)dx, (1)

e—0 ) |z —yl? K

where B.(x) is a ball with center x and radius €. Let us call a process as in the definition
of V(z; K) in (1) the renormalization in this paper. In general, when we are interested in a
diverging integral, we first restrict the integration to the complement of an e-neighbourhood of
the set where the integrand blows up, then expand the result in a Laurent series in €, and finally
take the constant term. In the case of a knot, the integrand of V' in (1) blows up at the one-point
set {x}. There are two ways to define an e-neighbourhood of it, according to the choice of the
distance between a pair of points on the knot; either the chord length as in (1) or the arc-length
along the knot as in (5). Both types of the renormalization give the same result ((6)).

The energy F(K) in (1) was proved to be invariant under Mobius transformations by
Freedman, He, and Wang ((2)), which is the reason why it is sometimes called the Mdbius
energy of knots.

After this energy was found, it has been generalized to functionals that can measure geometric
complexity of knots, surfaces, and in general, submanifolds ((1), (3), et al.). Among several ways
of generalization to surface energy, in this paper we study the one by Auckly and Sadun that
uses a similar renormalization process as in (1).

Let S be an embedded surface in R without boundary and = be a point in S. Define the
renormalized r~*-potential V and the renormalized r—*-potential energy E by

V(z;S)=lim </S ﬂ 12 i TA(x) log (A(:L’)sQ) " WK(:E)) ’

e—0 \B.(z) |7 — y|* = 16 4

B(S) = /S V(z; S)d2,

(2)

where d?y and d?z mean the volume element of S, A(x) is given by A(x) = (k1(z) — K2(z))?,
and K(z) is the Gauss curvature; K = kike. This energy F(S) was proved to be invariant
under Mobius transformations in (1). It blows up as S degenerates to an immersed surface with
double points.

As was pointed out in (1), the choice of the log-term in (2) is not the unique reasonable one.
The reason why there is a factor A(x) in the log-term is to make the resulting energy scale
invariant, but ¢A(z) (¢ # 0) also has the same effect. Thus there is ambiguity in the definition
of the renormalized potential.

In (1), Auckly and Sadun has computed the energy of spheres and planes and the potentials

V of an infinitely long straight cylinder and a surface called dimple. In this article we compute
the energies of one-parameter family of tori of revolution.

Theorem: Let Tr be a torus of revolution whose generating circle has radius 1 and center at
distance R (R > 1) from the axis of revolution. Then the renormalized potential energy is given

by

73 9 2

Corollary: Among tori of revolution, a stereographic projection of the Clifford torus gives the
minimum energy.



Flux in QCS IOP Publishing
Journal of Physics: Conference Series 544 (2014) 012019 doi:10.1088/1742-6596/544/1/012019

Proof of Corollary: Since

d w3 (R?—2) ((R? —2)? +3R'log (4/e))
7E(TR) - AR3 (R2 _ 1)3/2

)

dR

the energy takes the minimum value 73(6log?2 — 1)/2 when R = v/2. O

Problem: (1) Does T /3 give the minimum energy among all the embedded tori in R3, hence
among all the immersed tori in R3?

(2) When we change the power of |z — y| in the denominator in (2) from 4 to any number
A, we obtain a new potential energy E . after suitable renormalization. It is no longer scale
invariant when A # 4. What is R = R(\) that makes T give the minimum energy E, » after
rescaling to have area 17

2. Computation of the energy of a torus
Proof of Theorem: Let T be a torus of revolution parametrized by
p(u,v) = ((R+ cosu) cosv, (R + cosu) sinv, sinu).

Let z = p(a,0) = (R + cosa,0,sina) be a point on T. First we fix @ and compute
the renormalized r—%-potential of 7" at z. This is the main part of the paper. Some of the
complicated computation to obtain expansion in seiries in ¢ has been done with the help of
Maple.

Let Dist = Dist(u, v) be the distance between = and a point y = p(u,v):
Dist® = |z — y|* = |p(u, v) — p(a,0)?

= ((R+ cosa) — (R + cosu) cosv)® + (R + cosu)? sin? v + (sin o — sin u)?

=2R? 4+ 2+ 2R (cosa + cosu) — 2sinasinu — 2 (R 4 cosa) (R + cosu) cos v.

To compute the integral fT\ B.(x) |z — y|~*d?y, we will divide the domain of the integration
into four parts and use several kinds of changes of variables. We may assume without loss of
generality that u € [@ — m,a + 7] and v € [—m, 7]. Put

T O u—« u—

l=—-———— t=2cosf =2sin
2 2

Then, as (u — «)/2 € [-7/2,7/2] we have 6 € [0, 7] and cos(u — «)/2 > 0. Therefore,

2 —t2 tVa —t2 tV4 — 12 2 —t2

cosa — Tsina, sinu = TCOSO&-F

cosu = sin a,

which implies that the distance can be expressed as
Dist? =t + [4(R + cosa)? —2(R+ cosa)cosa - t? —2(R + cosa)sina - t/4 — tﬂ sin? %
=4 [cos29 + (R+cosa) (R+ cosa — 2cos acos® ) — 2sin asin 6 cos 6) sin? g}

=4 [cos2 0 + (R + cosa) (R — cos(a — 26)) sin? % .
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Define b = b(#) and ¢ = ¢(t) by

c(t)=2(R+ cosa) |2(R+ cosa) —cosa - t? —sina - t 4—t2]

c (3)
b= 1= (R + cosa) (R — cos(a — 260)) .
Then v v
‘42 2 22U 2 .2V
Dist* = t“ + ¢(¢) sin 5 4<cos 6 + bsin 2).
Put 2
Vie,x) = / / _4Y
Dist>e ’.% - y|
Since the area element of T is given by d?y = (R + cosu) dudv, V (s, z) is given by
// (R + C?S w 5 dudv
Dist>e (2R? + 2+ 2R (cosa + cosu) — 2sinasinu — 2 (R + cos ) (R + cosu) cos v)
// R+ (# cos o — ti“g_ﬁ sina) 2t ; @
= v
Dist>e (t2 + ¢(t) sin? %)2 4 —t2
1 — — 20
_! / / e—costa = 20)) 44, (5)
8 J JDist>e (cos2 6 + bsin? %)

The integration by dv an be executed as

/ dv
(A2 + Bsin? 2)?

B 242+ B ton— \/A2+Btang N Btan § (6)
N A3(A2 +B)% A%(A%+ B) ((A%2 + B) tan? § + A%)

A 2

We devide the domain of the integration 7"\ B:(x) into eight parts as is illustrated in Figure
1. Using symmetry, we have only to compute integrals over the following four regions

{p(u,v)|2sin"'(e/2) Su—a<m0<v<7},

{p(u,v)|0 <u—a<sin"(e/2),0 <v <7, |p(u,v) — x| > e},
{p(u,v) | -7 <u—a<—2sin"!(g/2),0 < v < 71},

{p(u,v)| —2sin"*(e/2) <u—a <0,0<v <, [plu,v) — x| >e},

which we denote by I, I, I3, and I respectively. We remark that the regions given by the first
and the third lines do not have intersection with B.(x).

Let us first compute I and I, using variables (t,v).  Since 0 < u — a < 2sin~!(g/2) we
have
0<t=2sin((u—a)/2) <e,

and the condition |p(u,v) — x| > ¢ implies

9V _DiSt2—t2 g2 — 12

52 _ t2
sin® — = > , le,v> 2gin~! .
2 c(t) c(t) c(t)
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Figure 1. Parts of the domains of integration of I (blue or light grey) and Iy (red or dark
grey) near the point x

Therefore, I is given by

I _/5/” 2R+cosa‘(2—t2)—Sina'tmdv dt
2T o Josn (\/52#) (t2 + c(t) sin® §)? va-

c(t)

By the formula (6) we get

I _/6 2R +cosa- (2 —12) —sina - t\V/4 — 2
? 0 V4 — t2
22 + c(t) tan_1< 2+ c(t) v)

X | ————3 tan -
t3(t2 + ¢(t))2

t 2

c(t) tan §

TRE 1 e(t) (2 + e(t)) tan2 & + 2) dt

v=2sin"! ( Ei(_gz )

_/E 2R+ cosa - (2 —t?) —sina - tV/4 — t2
0 V4 —t?
X{ 22 + c(t) (71' - <\/52 —2 | c(t)+ 82 >> V2 +t2—52}dt
3 % t

(12 + c(t)) c(t) +t2 — &2 e2t2(t2 + ¢(t))

Putting 7 = sin~1(t/¢), i.e., t = esin T, we have

s 2202 o . . 22
I /2 2R+ cosa- (2 —¢e’sin”7) —esinasinTy4 — e?sin” 7
2:
0

4 —e2gin?r

) _cosT (2¢?sin? 7 + c(esinT)) (7 o1 [ cot c(esinT) + €2 sin? 7
— —tan"" | cot T . _
£2sin3 7(e2sin® 7 + c(e sin 7-))% 2 c(esinT) 4 2sin® 7 — £2
cot> 7y/c(esinT) + 2sin® 7 — 2
- ) N dT.
£2(e2sin” 7 + c(esin 7))
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Expanding the integrand in a series in € with the help of Maple we obtain

us . jus
1 [2( cosT cos’T sin «v 2 ([ cosT cos’T
12:72 T3 -~ - 3_ dr — ——— T — dr
2e2 )y sin®7  sin®T 4(R + cosa)e Jy sin“7  sinT

R? 2/ cosT 1 2
—_— — d —_ 2rd O(e).
* 16(R + cos a)? /0 (T sint 0 T) T 8(R + cos ar)? /0 cos” 77 + O(¢)

(7)

Direct integration shows
jus
2 CoST cos T
T dr = =
0 sin®rt  sin?7 2
jus s
2 COST cos T T 12 4—7
T dr = — = = .
0 sin® 7 sin T sinTlo 2

On the other hand, [;? (7‘ cot T — cos? 7') dt can be computed as follows.
Put

(ME]

NS

2

T+ sinTcosT — 27 cos® T
sin“ T

’ (8)

s

I= /2 log(sin 7)dT.
0
Then

I= /075 log (sin (g - T')) dr' = /02 log(cos 7)dT.

Adding the two above, we get
21 = /2 log(sin 7 cos 7)dr
0

jus

2 T
= / log(sin 27)dT — —log 2
0 2
1

T ™
= / log(sin 7')d7" — 5 log 2
0

(/2 log(sinT)dT+/ 10g(sin7)d7'> - glogQ
0 jus

2

which implies
I= / log(sinT)dr = —g log 2.
0

Now we have

jus

3
7 log(sin 7'):| - /2 log(sin7)dT — %
0 0 9)

(2log2 —1).

us
2 COST
(T —— — cos? 7') dr =
0 Sin 7T

»M>l'—'

Substituting (8) and (9) to (7) we obtain

s (m—4)sina T R? T
Ih=— 2log2 -1 —_—
2= gzt 8(R+ cosa)e * 64(R + cos a)2( ©8 )+ 32(R + cos «r)? *

O(e).
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The integral I4 can be obtained from I» by changing o to —a:

/ / / 2R+ cosa-(2—1t%) —sina-tv/4—t2  dt i
o —& J2sin™ 526 t2 (t2 + C(t) sin? 5)2 4 — 2
(m— 4) sin « TR? T
2log2 — 1)+ ————— )
852 8(R +cosa)e  64(R + cos a)Q( o8 )+ 32(R + cos )2 +0(e)

Let us next compute I; and I3. Since u — a € [2sin™Y(e/2),7] 0 = 7/2 — (u — )/2 €
[0,cos™!(g/2)]. The integral I is given by

_1/ R— cos(a — 20) dvdd,
8 (cos? 6 + bsin® &)?

where b = (R + cos a) (R— cos(av — 20)) as was given by (3). Put a =cosf. Then (6) shows

/” dv _ 2a +b ™
o (a®+0bsin?4)2  3(a24b)3 2

Since
R — cos(a — 20) = R+ cosa — 2cos a cos?  — 2sin asin 6 cos 6,
we have
cosT! £ 2
2 b
I = = ’ (R— cos(a — 26)) L3d9
16 Jo a3(a®+b)2
cosT! £ 21 2
:% ’ [(R—i—cosoz)—2(3080400829—QSinasinﬁcose]Wd9
0 a’(a* +b)2
(R 4+ cosa) T COS (v 7 sin o (R 4+ cosa) T COS (v 7 sin
SISl Iy — I T — Iis — I
16 11 g 112 g 13 + 16 14 g 15 g 16
where
. /60815 do . /Cosli cos’fdf /00813 sin 0 cos 0 df
S Bva+o o Jo Sva+o a3vVa2+b’

cos™! £ do cos™' 5 0520 do cos™! 3 sin 6 cos d9
Ly = —, lis= — =, e = e
0 a(a® +b)2 0 a(a®+b)2 0 a(a® +b)2

These integrals can be computed using

— 2
a? +b = cos’ 0 (R2 + ((R+ cosa) tanf — sina)z) , tan (cos_1 <E)> _vize :
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We have used Maple to expand them in series in € (the last step of each computation of I;).

-1

cos™! £ 1
Iis :/ do
0 cos? 0 (RQ + ((R + cos ) tan § — sin a)2>

[SI[e

Cos

N

(R + cosa) tanf — sin «
( 2

R%(R + cos o) \/R2 R + cosa) tan f — sin )

(R + cosa)v4d —e? — (sina)e N sin «
R?(R + cos a)\/R2€2 + (R+cosa)Vd—e? — (sina)e)2  R*(R+cosa)VR? + sin” o
1
= + sine +0(e),

R*(R+cosa)  R2(R+ cosa)y/R? +sin o

-1

cos™t £ inf
Lo = / : Sin _df
0 cos3 0 (R2 + ((R + cos ) tan f — sin a)z) ’

—
o

COs

sina ((R + cosa) tan§ — sin o) — R?

R?(R + cos ) \/R2
sin « <(R + cosa)v/4 — 2 — (sin a)5> — R%¢ VER? +sina

= -

)
+((

(R + cos a) tan § — sin a)?

R2(R + cos «r)?
R2(R + cos a)?y | R?c% + ((R + cosa)V4 — 2 — (sin a)s)
sin« V R? 4 sin?
"~ R2(R + cos )2 + R%(R + cos)? +0(),
cos_lg 1
Iio :/ do
0 cos209\/R2 + (R + cos ) tand — sin )
. cos™1 g
_ sinh-1 (R4 cosa)tanf —sin 2
R+ cosa R 0
_ 2 _ . .
_ 1 sinh- (R+ cosa)vd —e? — (sina)e +ginht (SR
R+ cosa Re R

1 1 R2:2 N 1 S sin o +0(e)
- in
2(R + cos a) °8 16(R + cos a)? R+cosa R ’
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cos™! § sin 0
113 = / de
0 00539\/R2 + ((R + cos a) tan 6 — sin a)?

—1¢
COs 3

sin «v 2 s N2
Io R—i—cosa [\/R ((R+ cos ) tan f — sin «) ]

" R+cosa 0
2
_ sina . \/R252 + ((R + cosa)V4 — &2 — (sin a)s) VR +sin’a
" R+cosa (R + cosa)?e (R + cosa)?
sin « 2 sin « V R2 + sin® a
" R+cosa + {(R+cosa)5 ~ (R+cosa)? +O(5)} ~ (R+cosa)?’
cos™! £ 1
114:/ 5 df
0 cost 0 (R2 + ((R + cos ) tan 6 — sin a)z) ’
B 1 [ (1 —2Rcosa — 2cos? a) 2sin «
" (R+cosa)? 2 (R + cosa)? YT Rcosa C

1 1+ 2Rcosa (14 2R?)sina + 2R?sina cos a
=R 2112+R2 7 3 — +0(e),
(R + cosa) (R+cosa) R2(R + cos )3/ R? + sin” «

and

—1

o

I :/ ! df
0 cos40\/R2 + ((R + cos ) tan § — sin or)?

_R2—1+4Rcosa—|—3(:052aI 3sina
N 2(R + cos av)? 2T 9(R+cosa)
cos™! s
51n9\/R2 ((R + cos &) tan 6 — sin o)
2(R + cos av)? cos
0
_R2—1+4RCOSQ+3COSQQI 3sina
N 2(R + cos av)? 2T 9(R+cosa)
2
V4 — 52\/R252 + ((R + cosa)v4 —e? — (sin a)s)
+ 2(R + cos ar)?e?
_R2—1+4Rcosa+300sgal 3sin
N 2(R + cos a)? 12 2(R+ cos ) !
n 2 sin «v R? +4Rcosa + 2cos? a 0(e)
— — g)p -
(R+cosa)e? (R4 cosa)’e 4(R + cosa)?
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Therefore

7TR+COSOZ T COS ’ﬂ'SiHOZ 7TR+COSOZ T COS (X ﬂ'SiIlOé
Il:( 16 )I”_ g 1127 g Il3+( 16 ) 8 8

_ R? m sin a 7(R? + 4R cos o + 2 cos? a) s

L S T _ _
32(R + cosa) + 82  8(R+ cosa)e 64(R + cos «r)? 16 R?(R + cos a)?

msin? 7 sin o msinay/ R2 + sin? o

+ - + +O(e
32(R+cosa)®  16R2(R + cosa)2y/R? + sin a 32(R + cos a)? (€)
T R? R2c2 TR2 . .1 (sina
=— log + sinh
64(R + cos ar)? 16(R + cos a)? 32(R + cos a)? R
LT sin «v B 7(R? + 4R cos a + 2 cos? o) B ™ n 7sin? a
82 8(R+cosa)e 64(R + cos o)? 16R%2(R+ cosa)?  32(R + cos a)?
7sin o 7sin ay/ R? + sin? o
- + >— +O0(e).
16R2(R + cos a)2v/ R? + sin o 32(R + cos )
The integral I3 can be obtained from I; by changing o to —a:
1 cosTlE o2 _ —a—2
= / 2/2 R COS( « 0) — dvdd
8 Jo 0 (cos?60 + (R + cosa)(R—cos(—a — 26)) sin® §)2
T R2 R2%¢2 TR2 . .1 (sina
=— log — sinh
64(R + cos a)? 16(R + cos a)? 32(R + cos a)? R
T sin o m(R? + 4R cos a + 2 cos? o) T 7sin? a
T2 T B 2 o 2 7 T 2
82 8(R+cosa)e 64(R + cos ) 16R?(R + cosa)?  32(R+ cosa)
7 sin a msin ay/ R? + sin? o
+ - >— +O0(e).
16R2(R + cosa)?y/R? +sin?a  32(R+cosa)
By putting all the formulae together we obtain
Ve, z)=2(I1 + Ia + I3 + I4)
S —WRQ lo R + i 3log?2
~£2 16(R +cosa)? & (R + cos «)? 8(R + cos a)? &
v T 7(1 + sin® a)

8 4R%2(R+cosa)?  8(R+cosa)?
As the Gauss curvature and A = (k1 — k2)? at the point = = p(a, 0) is given by

2
Ccos Alz) = R

K(z) = (R+cosa)’ (R+cosa)2 ’

the renormalized potential is given by

s T wA(x) 9y TK(z)
V(z;T) —il_r)r(l) <V (e,x) — =T 16 log (A(z)e*) + 1
TR? T v 7(1 4+ sin? a) T COS &
=TT 3log2— ~ — + + .
8(R + cos ar)? 8 4R?>(R+cosa)?  8(R+cosa)?  4(R+cosa)
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Finally, it implies that the renormalized r~*-potential energy of the torus T is given by

ﬂﬂzﬁvwﬂfx

2m 7 R? ™ T 7(1 + sin® a)

=2 TV 3lg2— T -
7T/0 <8(R + cos a)23 ©8 8 4R%(R+ cosa)? * 8(R + cos ar)?
T COS (v

4(R + cosa)
72 [T 5 2 1
S log2 —1)+2— — ) —— 4
2/0 ((R (3log )+ R2>R+cosa> “
2

2 2 R—-1 o "
2 1

log2 -1)4+2 - — | ———— —_— —
(R (3log ) R2>mtan ( R ltan2>]0

73 2
=—— [R*(3log2 -1 —|—2—>.
2\/R2—1( (31og ) R?

) (R + cos o) dov

_
2

3. Application as another motivation
First we state our framework ((O’Hara & Solanes)). Let M be an m-dimensional compact
orientable submanifold of R™ and A be a real number. Put

A ={(z,y) e R" xR" ||z —y| < €}

It is interesting to see the asymptotics of

Ex(e,M) = // |z — y|N d™zd™y,
M xM\Ac

where d™x and d™y denote the standard Lebesgue measure of M. To be precise, we expand the
above in a series in ¢ and study the coefficients. For example, if K is a knot in R? and A = —2

then
2L(K)

E.2(e,K) = + E(K)+ O(e),
where L(K) is the length of the knot and F(K) denotes the knot energy given by (1), and if S
is a closed surface in R® and A = —4 then

™ T ™ w2
E.-4(e,S) = ?A(S) -3 loga/SA(a:) d*x + E(S) — 16/SA(:L') log A(z) d?x — 7)((5),

where x(5) is the Euler characteristic of S, and if € is a 2-dimensional compact submanifold of

R? then
2

Fya(,9) = 5 A®) - 2L09) + Fos(2) ~ T x(@) + 0(e),

where A(f2) is the area of 2 and Epg is the energy defined in (O’Hara & Solanes). We remark
that Fopg is also invariant under Md6bius transformations. We conjecture that a similar formula
holds for compact bodies in R3.

Let us focus on the constant term of the series of E,x (e, M), which, after some modification
if necessary, we call the renormalized r*-potential energy of M, denoted by E, x(M).
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Now we can define functionals for knots as follows. Let N.(K) be an e-tubular neighbourhood
of K. Expand E,x(ON:(K)) and E_y (N.(K)) in series of . We conjecture that functionals that
can capture global properties of knots appear as a coefficient of £2-term of E, . (ON.(K)) and as

a coefficient of e*-term of E v (N.(K)).
When K, is a round circle with radius 1, our main theorem implies

mie 3log2—1
E,-4(ON.(K,)) = 2 — 22
r 4( 6( )) 2\/@( 82 + 13 >
~ m(3log2—1)  3w3(log2+41) | 7 (9log2—11) 4

5
= 9z + 1 €+ 16 e”+0(e”).

Therefore, the functional thus obtained from the e2-term of E, 1(ON(K)) vanishes for round
circles.
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