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Supersymmetry: superfield equations of motion
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Abstract. Supersymmetry and superfields are considered in connection with Poincaré superalgebras. A
formalism of projection operators for deriving wave equations for ordinary fields and superfields is developed.
Superfield equations of motion in the case of massive and massless fields are presented together with an
application in linear supergravity.

1. Supersymmetry, superfields, Poincaré superalgebra

Supersymmetry has been known more than few decades, but it is still alive despite the absence
of experimental verification. Supersymmetry offers several relevant theoretical solutions for
modern physics.

1.1. Supersymmetry (Bose-Fermi symmetry)
Let us consider a general N = 1 superfield

Gi(x,0) = Ai(x) + 0¢i(x) + 00F;(x) + 05°0Gi(x) + 0in" v 0 A i + 000 (x) + (00)* Di(x)

where 0, is a four-component anticommuting Majorana spinor and ¢ is a Lorentz index.
Now we introduce the most general Poincaré superalgebra [1]. The generators of the Poincaré

group P* and MM and n supergenerators S, (o = 1,2,...,n) satisfy the following relations:
[P*,PY] =0
[MIW p] = /P PH — phrpv
[M‘“’ MPU] — T]VPM“U + T]“UMVP _ n”pMW _ nVUMMP
[Sa, P*] =0
[Sa M"] = By5Sg

where n#*” = diag(+ - - -).

The simple N = 1 supersymmetry algebra is related to the bispinor representation of the
Lorentz group. We have four bispinor generators S,, B* = %0‘“’ and A, = 7,C. The N-
extended Poincaré superalgebra is related to the direct sum of IV bispinor representations.

1.2. New possibilities [2]
e In the most general case the matrices A, are related to the 3-matrices of an invariant first
order wave equation

(108" —m)p(x) =0
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in the following way: A, = ,C. Here 9(x) corresponds to a representation of the Lorentz
group and B*” are the Lorentz generators of the corresponding representation.

o If we consider new possibilities for N = 1 superalgebras, we can take the Rarita-Schwinger
equation for a vector-bispinor field and use the S-matrices of the Rarita-Schwinger equation

a 1 b 1 a+b ¢ 3
HP:NP+ - _ Hmp 4+ — == PN+< ++>PN
(6%)5 = 7"n5 (\/3 2)77 Yo (\/3 2)7770 15 tats)re
e If we take an irreducible representation for generators S, (vector representation (1/2, 1/2),
e.g), then there is no first order wave equation and we get {S,, Sz} = 0.

e If we consider the Kemmer-Duffin equation for spin 0, ¢(z) is a direct sum of vector
and scalar fields and therefore 5 generators S, also correspond to vector and scalar
representations. As a result we get the Bose superalgebra.

Let us turn to the (N = 1) Poincaré supergroup and algebra. It is well known that there are
the following physically interesting irreducible representations: massive representations (m,Y),
where superspin Y gives Poincaré spins s = Y+1/2,Y | Y —1/2, and the massless representations
(0,Y), where we have the helicities s =Y +1/2 and Y.

The problem is: if we consider different Lorentz superfields ¢;(x,6), we need additional
conditions to guarantee that our field or combination of fields describe physical states with a
given mass and superspin. Such additional conditions are relativistic wave equations. The most
familiar of them for ordinary fields is the Dirac equation, which describes a fermion field with a
given rest mass m and spin 1/2.

We have developed a quite powerful method of constructing and analyzing relativistically
invariant wave equations for fields and superfields to describe states with a certain mass and
spin (superspin), and also wave equations for massless fields. Our method is based on spin
projection and superspin projection operators. In order to understand the main principles of
our method, we first describe its ideas used in the case of ordinary fields and then generalize
them to the case of superfields.

2. Ordinary Lorentz fields, wave equations, spin projection operators
We consider a finite dimensional Lorentz field ¢(x) and demand, that 1 (x) is a solution of the
n-th order wave equation [3]

i0py - - - 10y, B Frap(x) = m" Y (x)

where the matrices S#1#» satisfy the commutation relations

[S/ﬂ’,ﬂﬂl---ﬂn] _ Z (m/H GHL bbb G Vefin )

l

The most simple example of equations is the well-known Dirac equation.

It is easy to verify that the wave equation determines the mass of a given physical state. If we
take the momentum representation and consider a p-system with momentum p* = (em;, 6) (the
rest system of a particle), the wave equation reduces to the eigenvalue problem of the matrix

BO...O

€em

B0y = ()¢ or A0 = Ay

my;

Now it follows that to each nonzero eigenvalue \; there corresponds a nontrivial solution ),
which describes masses m; = em(X\;) /",
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When dealing with equations it is natural to suppose that no other subsidiary conditions are
imposed, because it is well known that wave equations with additional restrictions on fields are
in general inconsistent when interactions with other fields are introduced. Also it follows from
the above given relation for masses that only the first and second order equations may have a
physical (real) mass spectrum. Using relativistic wave equations we define the proper Poincaré
basis. It follows that 4% commutes with the Lorentz generators S*, (k,1 = 1,2,3) (spin
generators). The Poincaré basis 1),,s, at rest is defined as the eigenfunction of three operators

390 G2 and $3:
BO'“O'(bmisa _ )\i¢mism S”meisa - 5(5 + 1)¢miso S31/)m¢50 = meisa

The state of an arbitrary momentum p = Lp is obtained from the rest state 1,,,ss via the boost
transformation.
Dealing with irreducible Lorentz fields ;,;,..., we introduce covariant spin projection

operators P, satisfying (no sum over j)

s ps’ __ s
Pz‘j jk—(ssS’ ik

where P;; are ordinary projection operators that extract spin s from ;, i.e. ¥] = Pj1;, and
P (i # j) are spin transition operators, i.e. ¥} = Pj1; . Now the n-th order wave equation
previously introduced is presented in a general matrix form

(—O)"28%-0(9)¢p(x) = m™p ()
where

anPii ... aPin V1 (z)
B2-9(0) = S : ;@)=
an1Pr1 .. annPan ¢n(1‘)

Here a;; are arbitrary numerical coefficients and operators P;; are
Pj=> ai(s)P}
S

In the first order equations case a;;(s) are uniquely determined, in the second order case there
is some freedom of choice for a;;(s).

Example 2.1 (spin 3/2). Spin 3/2 equations for a vector-bispinor field t,q(x) may be
represented in the following two-component form:

(g ) ()

Py cPy? ) \2 o
where 1 is a representation 1 = (1, 1/2)®(1/2, 1) and 2 = (1/2, 0)®(0, 1/2). Depending on
the choice of free real parameters a, b and ¢ we get a lot of different equations. For example, if
ab = —1/4 and ¢ = —1/2 we have a single spin 3/2 equation (Rarita-Schwinger equation). In
the case of ab = ¢/2 we have an equation which describes fields of spin 3/2 with mass m and of

spin 1/2 with mass m’ = m/|c 4+ 1/2| (the latter equations are important in the massless case).
There are also equations describing spin 3/2 and two spin 1/2 fields with different masses. The
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properties of spin 1/2 are determined by the eigenvalues of the 2 x 2 spin 1/2 matrix (11/)2 Z)

The covariant form of the above given equation is

B L

At that the invariant bilinear form and Lagrangian are given, which means that one can develop
the usual Lagrangian formalism for free and interacting fields, as well as derive Green’s functions.

Example 2.2 (spin 2). In the spin 2 case the second order wave equation has a matrix form

Pl — 3P} a > (7#1) (7#1) _
D( bpgzl CPoo (05 (0 =0

Its covariant form for a symmetric tensor field is

1 1 b
W gRg RPY _ v E hPH - _ LY P - _ pv po
Oh 0"0,h 0" 0,hPH + (2 \/3) oMo" hp) + (2 \/§> " 0,0,h

b 3
+ <a+ +C—> 0" he 4+ mh = 0

Depending on the choice of a, b and ¢ we get different equations, describing either a single spin
2, or spin 2 and spin 0.

Similarly one can derive equations for higher spins: 5/2, 3 etc. These are of course more
complex.

3. Massless gauge invariant equations

Let us consider the problem of massless fields [4]. It turns out that the same formalism of spin
projection operators is useful to derive massless gauge invariant equations for a given helicity.
Moreover, we also get additional restrictions on external sources when interactions with an
external source are included.

There are different possibilities to describe massless fields, but the most common is to use
gauge invariant equations. If we use equations for massive fields, treated above, it appears that
some of them are invariant under gauge transformations and describe massless fields with a given
helicity. If we write the relativistically invariant wave equation in the massless case (m = 0) as
m)(x) = 0 and assume that there is a gauge transformation d9 = Q%, where Q9 is an operator
of gauge transformation, then for certain types of equations in addition to 9 there also exists
an operator %, satisfying Q*m = 0. The latter means that if we consider interactions with some
external source mi)(z) = J we get a source constraint Q*J = 0.

Example 3.1 (helicity 3/2). If ab = ¢/2, the equation
b 1 3 ab a+b
P <\/§ 2> T” 753 Y stV T T VP =

is gauge invariant under the following gauge transformation

ypH :8M6—1 <1+f> e

4

where € is an arbitrary bispinor field. In our formalisms there are no additional conditions on e.
The source constraint is

1
O JH — 1 (1 + f) Py J' =0
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Example 3.2 (helicity 2). If ab = —c¢/2, the equation

1 a 1 b
0 WY — 919 . hPY — Y. hPH L AN - pv po
h 0"0,h 0" 0,h"H + (2 \/§> oo hj, + (2 \/§) " 0,05 h

a+b ab 3
+ —— == |n"h? =0
(4\/3 2 8)"

is invariant under the gauge transformation

Shi = glier) — % (1 + \/§> Nt 0,€”

2a

The source constraint reads
1 V3
O JW — =1+ —]0"J" =0
# 4 ( T ) o
It should be mentioned that in our approach no other subsidiary conditions are needed. Usually
the gauge transformation is written as 0h** = 9e”) with the additional restriction 0pe? = 0.
Such additional restriction usually leads to inconsistencies when interactions are included.

It is interesting to note that the massive equations we obtain from gauge invariant equations
adding the mass term are not single particle equations. In the s = 3/2 case, for example, spin
1/2 is also present. The same is true in the s = 2 case, where spin 0 is also present.

4. Superfield equations of motion, superspin projection operators

Analogous considerations are applicable in the superfield case [5, 6, 7]. To consider irreducible
Lorentz superfields ;(x,0),1;(x,0),..., we introduce superspin projection operators EBJ/ ,
satisfying (no sum over j)

Y Y’ Y

E}f are ordinary projection operators that separate superspin Y from ;, i.e. wZY = E}; i,

and EBJ/ (i # j) are spin transition operators, i.e. %Y = EZJ/ y; . However, the calculation of
superprojectors is rather more complicated than in the ordinary field case. We have developed
the formalism of calculation of projection operators in the cases of N = 1 and N-extended
superfields.

Now the n-th order wave equation, previously introduced, is presented in a general matrix
form

(_D)"/2H(8, DW(% 0) = mnﬂl(% 9)
where

annky ... anb, Vi(z,0)
a1 En1 .. annFnn 1/}n(x’ 9)

D is a four component superderivative. Here a;; are arbitrary numerical coefficients and
operators Fj;; are

Eij = Z Qg (Y)E};
Y

In most cases a;;(Y’) are uniquely determined.
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5. Massive superfield equation (Y = 3/2)

Here we consider, as an example, only the superspin 3/2 case which is mostly used in the N =1
linear massive supergravity [8, 9]. It appears that if we use only the vector superfield h*(x, 6)
we obtain the equation

o
O (Ef{Z _ gE%) WY (z,0) + m?h*(x,0) = 0

v

which describes superspin 3/2 and also superspin 0 with nonphysical mass zmm For that
reason some other additional restrictions must be added to eliminate nonphysical superspin 0.

Therefore it is useful to add scalar superfield ¢(x, §) and use two superfields. Let us consider
the following equation:

O (B =3B aB) (o) e (o) _
0 0 -
bE3, cEyy ) \¥2 ©2

where 7 is a vector superfield and 3 is a scalar superfield.
The superspin 0 depends on the eigenvalues of the matrix <_i/ 3 Z) A single superspin 3/2

is described if ab = —4/9 and ¢ = 2/3, in other cases one or two superspin 0 fields are also
present. In the covariant form the equation reads

2 d2 v 1 opv , @ 2 b v C 2
g OJ + Z h'u — (")“(")Vh —EEquaapd h +§d8“cp+m h'u = 0, —idﬁyh _Zd gp—l—m © = 0

where
d= DD, d*=iDy*4°D
Different approaches to massive equations are presented in Ref. [10].

6. Massless superfield equation for Y = 3/2

Let us consider the gauge invariant massless equations presented in Ref. [11]. If we substitute
m = 0 in the massive superfield equation and write it as wi(x,0) = 0 we get massless equations
only if there exists a gauge transformation v = @9, where Q9 is an operator and € a superfield.
Moreover, in addition to @9 which satisfies 7Q9 = 0 there also exists an operator @)%, satisfying
@Q*m = 0. The latter means that if we consider interactions with an external source

m(x,0) = J(x,0)

we get a source constraint Q*J(z,0) = 0. Gauge transformations also set conditions on free
coefficients aj1,a12,... . As a matter of fact, the operators Q9 and Q% are uniquely expressed
via the superspin projection operators.

Example 6.1 (massless superspin 3/2). The above mentioned superspin equation is gauge
invariant only if ab = —2¢/3. Take for simplicity a = b = —2/3, then

2 d? 1 1 1 1
- ‘:‘ _ Mmoo Ml/V _7,U,UUpO'l/_7 14 _7 - 1/1/_72 .
3[( +4>h Gﬁh} 66 poc0°d7h 3d8cp—() 3d8h 6dgp_0

The gauge transformation is now

Sh* = DAyte(x,0), ¢ = De(x,0)
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where €(z, 6) is a spinor superfield.
If we consider interaction with an external source

2 D—l—dj Wi — 91O, hY —16“1, apdahu_ldaﬂ(pzjﬂ(x 6)
3 4 6" 3 ’

%d@,,h” — éd% = J(z,0)
we have the source constraint
(YuD)a " (x,0) — Do J (2,0) =0
From the last constraint it follows that
2i0,J" =dJ, D(d)DJ =0

In N =1 supergravity models J#(z,0) is connected with an axial source superfield
(supercurrent), J(z, ) is a scalar source superfield, and h*(z, ) is called the metric superfield.
It should be mentioned that the latter conditions were posed out of some physical considerations.
But adding to h*(x,0) a scalar superfield ¢(z, 8), we obtain normal gauge invariant second order
equation, which in the free field case describes massless superspin 3/2. Including interaction with
an external source we obtain a unique source constraint, which has previously been used in a
more complicated and artifical form.

7. Conclusions

We have developed an interesting approach to fields and superfields of arbitrary spin and
superspin. At present the field equations for higher spins and superfield equations may seem
uninteresting, since they have no useful applications in modern field theory, but this need not
remain so. For example, it is possible to analyze different string and superstring models via the
fields and superfields. We have analyzed a few string models, writing down the equations for
the component fields, and it appears that these equations are not consistent if interactions are
introduced.
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