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Abstract. In this note I shall continue the study of the non-commutative phase space functor, Ph(A),
defined for any associative algebra A, and its derived differential co-simplicial algebra, Ph*(A). The main
focus will be on its relationship to the classical de Rham complex, to the dynamics of finite dimensional
Ph®°(A)-modules, and to the notion of Entropy. These subjects are treated within the set-up of my book
[2011 Geometry of Time-Spaces (World Scientific)].
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1. Introduction

If we want to study the dynamics, of some mathematical system, say composed of representations
of an algebra A, we should, according to [5], introduce the notion of a (non-commutative) Phase
Space-functor, Ph(—) : Algy — Algy, k being a field.

This functor extends to the category of schemes, and its infinite iteration Ph*(—), is
outfitted with a universal Dirac derivation, 6 € Dery(Ph*>(—), Ph*°(—)), with seemingly useful
applications in mathematical models of quantum theory, see [5].

The Ph functor extends also, by iteration, in a natural way, to a functor of algebras into
differential co-simplicial algebras, such that for any associative k-algebra A, the (graded) family
of algebras, Ph"(A),n > 0, is outfitted with a differential of degree 1, and a nicely related
co-simplicial structure, see [3, 4] and also [5].

The main purpose of this note is, to show the relationship between this differential co-
simplicial algebra Ph*(A) and the different versions of the classical de Rham complex to be
found in the literature.

This will force us to take a new look at the non-commutative versions of connections on
modules of associative k-algebras, A, their reformulations as representations of a dynamical
system, A(oy), induced by the choice of a metric g € Ph(A), in the commutative case, see [5].

Extending classical notions of Modular Suites, see [6], to the case of representations
of Ph*>(A), and by considering finite dimensional approzimations to vector fields, (as
representations of the corresponding Ph®(A)) we come close to a reasonable mathematical
formulation of Information, Entropy, and classical thermodynamics, in terms of deformation
theory.

2. Phase spaces

From now on, we shall be led to talk about an algebra, as a space, having in mind the relationship
between an associative (geometric), see [5], algebra and the moduli space of finite dimensional
simple representations, characterizing it.
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Given an associative k-algebra A, denote by A/k — alg the category where the objects are
homomorphisms of k-algebras x : A — R, and the morphisms, 9 : kK — &’ are commutative
diagrams

and consider the functor
Der(A,—) : A/k —alg — Sets

It is, see [4] and [5], representable by a k-algebra-morphism ¢ : A — Ph(A) with a universal
family given by a universal derivation d : A — Ph(A). Clearly we have the identities

d, : Dery(A, A) = Mora(Ph(A), A), d* : Dery(A, Ph(A)) = Enda(Ph(A))

the last one associating d to the identity endomorphism of Ph.

2.1. First properties
Let now V be a right A-module, with structure morphism p : A — Endi(V). We obtain a
universal derivation
c:A— Homy(V,V ®4 Ph(A))
defined by c(a)(v) = v ® d(a). Using the long exact sequence of the Hochschild cohomology

0— Homa(V,V ®4 Ph(A)) — Homy(V,V ®4 Ph(A))
5 Derg(A, Homy,(V,V ®4 Ph(A))) & Ext!y(V,V ®4 Ph(A)) = 0

we obtain the non-commutative Kodaira-Spencer class

c(V) := k(c) € Extyy(V,V ®4 Ph(A))
inducing, via the identity d., the Kodaira-Spencer morphism

g:04 := Dery(A, A) — Exth(V,V)
If ¢(V) = 0, then the exact sequence above proves that there exist an element, V €
Homy(V,V ®4 Ph(A)) such that ¢ = +(V). This is just another way of proving that if ¢(V') = 0,
then c is given by a connection

V : Dery(A, A) — Homy(V,V)
In particular, we deduce, from the corresponding long exact sequence

0 — Homu(V,V) = Homy(V,V) 5 Dery(A, Homy(V,V)) 5 Exty(V,V) = 0

the following elementary
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Lemma 2.1. Let p : A — Endi(V), be an A-module, and let 6 € Deri(A, Homi(V,V)),
map to 0 in Exty(V,V), i.e assume k(§) = 0, then there exist an Hamiltonian-element,

Qs € Homy(V, V), such that

p(d(a)) = [Qs,p(a)], Vac A

If V is a simple A-module then ad(Qs) is unique.

As is well known, in the commutative case, the Kodaira-Spencer class gives rise to a Chern
character by putting

ch (V) :=1/i! (c(V)') € Exty(V,V ®4 Ph(A))
and if ¢(V') = 0, the curvature R(V') of V, induces a curvature class
Ry € H? (k, A;© 4, EndA(V))

Any Ph(A)-module W, given by its structure map pw : Ph(A) — Endi(W) corresponds
bijectively to an induced A-module structure on W, and a derivation 6, € Dery (A, Endy(W)),
defining an element [6,] € Extl (W, W).

Remark 2.2. Since Ext!(V,V) is the tangent space of the miniversal deformation space of V
as an A-module, we see that the non-commutative space Ph(A) also parametrizes the set of
generalized momenta, i.e the set of pairs of an A- module V', and a tangent vector of the formal
moduli of V, at that point.

Ph(A) is relatively easy to compute. In particular, if A = k[z1, .., x,] =: k[z] is the polynomial
algebra, we have

Ph(A) =k < x1,..,xp,dx1, ... dxy > [([2i, 5], (25, dxj] + [dxs, z;4])

Notice that, in this case, any rank 1 representation of Ph(A) is represented by a pair, (q,p), of
a closed point, ¢ of Spec(k[z]), and a tangent, p at that point.
We shall need the following formulas,

Theorem 2.3. Given two such points, (q;,p;),i = 1,2, we find

dimi Extpy, 4y (k(q1,p1), (g2, p2)) = 21, for (q1,p1) = (g2, p2)
dimpExtpy 4 (k(q1,p1), k(g2,p2)) =, for 1 = q2,,p1 # pa
dimy. Extpy, 4y (k(q1,p1), kg2, p2)) = 1, for i # g2

Moreover, there is, in the last case, a generator of

Ext}Dh(A)(k((h,pl)?k(QQ;pQ)) = Dery(Ph(A), Homy(k(q1,p1)), k(q2, p2)))/Triv

uniquely characterized by the tangent line defined by the vector qiqs.

Proof. Assume for convenience that n = 3. Put
vi(qi, pi) == @i, dvi((qi,pi) = Dpij, @ =q;—q25, Bj=Dp1j—Da2j
See that for every element o € Homy(k(q1,p1), k(q2, p2)) we have

Tio = qj0, arj =g, drjo=pjo, adr;=pja



3Quantum: Algebra Geometry Information (QQQ Conference 2012) IOP Publishing
Journal of Physics: Conference Series 532 (2014) 012013 doi:10.1088/1742-6596/532/1/012013

with the obvious identification. Every derivation
6 € Dery(Ph(A), Homy(k(q1,p1), k(g2, p2)))

must satisfy the relations

O([wi, j]) = [6(24), ;] + [, 6(x5)] = O
O([dxs, z5] + (x4, dxj]) = [6(da;), x5]) + [dxi, 0(x5)] + [6(xs), daj] + [z4,0(dz;)] =0
Using the above left-right action-rules, the result follows from the long exact sequence computing

Ext}gh - The two families of relations above give us two systems of linear equations.
The first one, in the variables §(z1),d(x2), d(x3), with the matrix

— Q9 a1 0
—Q3 0 a1
0 —Q3 Q9

and the second one, in the variables 6(z1),d(x2),d(x3),0(dx1), d(dxe), 6(dxs), with the matrix

B2 B 0 —a2 o 0
B3 0 pi —az 0 o
0 —B3 B2 0 —a3

In particular, we see that the trivial derivation given by
o(x;) = ou, O(dxj) = B

satisfies the relations, and the generator of E:Ut}gh 4(E(q1,p1), k(g2, p2)) is represented by
d(x;) =0, d(dzj) = oy

This is, in an obvious sense, the ”tangent vector” —q1qs.
It is easy to extend this result from dimension 3 to any dimension n. O

Example 2.4. Let A = My(k) and compute Ph(A). Clearly the existence of the canonical
homomorphism, i : Ma(k) — Ph(Ms(k)) shows that Ph(Ma2(k)) must be a matrix ring,
generated, as an algebra, over My (k) by de; ;, 1,7 = 1,2, where €; ; is the elementary matrix. A
little computation shows that we have the following relations

det 1 — 0 (dern)12 = —(dez2)1,2
bl (de1,1)2,1 = —(de2,2)21 0

deo o — 0 (degp)12 = —(der1)1,2
2 (dea2)21 = —(de11)21 0
R e12(de2)a1  (derp)i2 = —(dez1)21
b2 0 —(deg2)2,1€1,2

S (dea2)1,2€2.1 0
21 (dean)2n = —(der2)12 €21(dern)2

From this follows that every cosection p : Ph(Mas(k)) — Ma(k) of i : Ma(k) — Ph(Mas(k)) is
given in terms of an element ¢ € My (k), such that p(da) = [¢, al.
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2.2. The structure of Ph*(—) and the de Rham complex
The phase-space construction may, of course, be iterated. Given the k-algebra A we may form
the sequence, { Ph"(A)}o<n, defined inductively by

PhY(A) = A, Ph'(A)=Ph(A),..., Ph""Y(A):= Ph(Ph™(A))

Let i : Ph™(A) — Ph™"1(A) be the canonical imbedding, and let d,, : Ph™(A) — Ph"T1(A) be
the corresponding derivation. Since the composition of ¢ and the derivation d,,41 is a derivation
Ph™(A) — Ph""2(A), there exist by universality a homomorphism J** : Ph"F1(A) —
Ph™*2(A), such that

dy o i?ﬂ =145 odpt1

Notice that we here compose functions and functors from left to right. Clearly we may continue
this process constructing new homomorphisms

{Z?’ : PR (A) — Ph”H(A)}OSan
with the property
n+1

. o
dp, ol =1j o dpt1

We find, see [4], the following identities

n-n+l _ n . n+tl

iply =lg_1ly, , P<(q
-n-n+l _ n:-ntl

iy = plpta

-n-n+l _ n-n+l

iplg = lglyiq, q<p

To see this, compose i ' with d,,_; and use induction. Thus, the Ph*(A) is a semi-cosimplicial
k-algebra with a cosection onto A. Therefore, for any object

k: AR €Alk—alg

the semi-cosimplicial algebra above induces a semi-simplicial k-vectorspace Derp(Ph*(A), R)
and one should be interested in its homology.
Consider now the diagram

1 32 ;3

70 i i
A—=2 Ph(A) —2> Ph?*(A) —= Ph3(A) L—

m{ m} L mi —
where, for each integer n, the symbol i for p = 0,1,...,n signifies the family of A-morphisms

between Ph"(A) and Ph""!(A) defined above, and where m), is the ideal of Ph"(A) generated
by im(d), which is the same as the ideal generated by the family



3Quantum: Algebra Geometry Information (QQQ Conference 2012) IOP Publishing
Journal of Physics: Conference Series 532 (2014) 012013 doi:10.1088/1742-6596/532/1/012013

for all possible p. And, inductively, let m™ be the ideal generated by mim™~!. Then we find an
extended diagram

-0 ;1 i2 -3

% PR(A) — 7~ PR2(A) — 2 PRI(A) T .

The diagonals are not necessarily complexes, but it suffices to kill d?, to kill all d*, n > 2,
and for this it suffices to kill didp, as one easily see, operating with the edge homomorphisms
on the elements, di(dp(a)) for a € A. Therefore we shall, in this general situation, make the
following definition.

Definition 2.5. The curvature R(A) of the associative k algebra A is the k-linear map
composition of dy and d;

R(A) = dod; : A — m3/m3

Now, kill the curvature R(A), and all the terms under the first diagonal, beginning with
m?/m$, together with all terms generated by the actions of the edge homomorphisms on these
terms, and let, 2™ be the resulting quotient of m™/m™+! for n > 0. Clearly, Q¥ = A for all
n > 0, and we have got a graded semi co-simplicial A-module, with a k-differential d, such that
d? = 0, looking like

0 -1 -2 7:3

— "% Ph(A) —T~ Ph2(A) — 2~ PR3 (A) 2~

T
A\\\\
\\\

It is a graded complex, in two ways. First as a complex induced from the semi-cosimplicial
structure, with differential of bidegree (1,0), and second, as complex with differential d, of
bidegree (1,1).

Lemma 2.6. Suppose A is commutative, then there is a natural morphism of complexes of
A-modules 0y C O with Q7 := A"Q g ~ Q).
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Proof. Let a; € A;i =1,...,r, and compute in Q] the value of, d"(ajas...a,). It is clear that
this gives the formula

Z di1 (al)diQ (ag) N dir(ar) =0

where the sum being over all permutation (i1,%2,...,%,) of (0,1,...,7 —1). Here we consider
A as a subalgebra of Ph"™(A) via the unique compositions of the i§ : Ph*(A) C Ph*T(A). In
particular, we have

do(a1)di(az) + di(a1)do(az) =0

for all aj,az € A. This relation and the relation dy(a2)di(a1) = di(a1)do(az), which follows
from commutativity, d(az)a; = a1d(ag), forcing the left and right A-action on 4 to be equal,
immediately give us, dyp(a1)di(a2) = —dp(az)di(aq).

Consider now the diagram

i9 i i3
A—= Ph(A) ° ~ Ph%(A) > Ph3(A) 2

R T

2 7 1 3
A—2Ae0, —LAc0 e} —2A400 e0q00y —. ..

where the bottom line is a sequence of Nagata-extentions of the k-algebra A, and the vertical
homomorphisms correspond to the natural derivations among these, defined by the derivations

of the de Rham complex Q* of A.
The universality of the two systems proves that there is a surjective map

a:Qy — Q% = AN"Qy

The map that sends the element da; A das A ... Ada, € Q7 to do(a1)di(a2)..dp—1(a,) € Q) is
an inverse, proving that « is an isomorphism. O

Let now V be a right A-module and assume ¢(V) = 0, such that there exist an element,
V' € Homi(V,V @4 Ph(A)) with ¢ = ¢(V’). This implies that for « € A and v € V we have
V'(va) = V'(v)a+v®dy(a). Composing V' with the projection, o : Ph(A) — A, corresponding
to the 0-derivation of A, we therefore obtain an A-linear homomorphism P : V — V', a potential.
Since i) : A — Ph(A) is a section of o, we find a k-linear map

Vo=V -P:V>Veml
Using the property

n+l _ :n
41 = 4 At

dp o
we find well defined k-linear maps

Vi:V=VeQ, Vi:VoaVedy ... V,:VaVeQ, Yn>0
given by

Vot1 :=V, 0 i’f“, n>0
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such that, for all, v € Viw € Qp, the formula,
Va(v @ w) = Va(v)w + v @ dy(w)
makes sense, and defines a sequence of derivations

Vo : VR Vet

sometimes just denoted d,,, and called a connection V on the A-module V. We obtain a situation
just like above,

;1 2

i0 7 % i3
——"V ® Ph(A) —=V @ Ph*(A) —=V ® Ph3(A)'—

L, |
V\\\

VO Vel V@Q1
2'2 7;3
V ® Q3 L V @ 0% i

In general, there are no reasons for these derivations d,, := V,, n > 0 to define complexes and
we make the following definition.

Definition 2.7. The curvature R(V, V) of the connection V, defined on the right A-module V,
is the k-linear map, composition of dy and d,

R(V)=dyd,: V =V ® Q3

The following Lemma is then easily proved.

Lemma 2.8. Suppose A is commutative, and assume ¢(V) =0. Let V : O4 — Endy(V') be the
classical connection corresponding to Vo. Suppose moreover that the curvature R of V is 0, then
R(V) =0, implying that d> = 0, and so the diagonals in the diagram above, are all complezes.

Proof. We may put
v;) = Zaﬁjvjdo(a:k)
j7k7

and obtain

V() 'UZ Z Ujdl Xl d0($k> + Z aﬁjaé-’mvmdl(xl)do(xk).
ikl ok lm

Now the classical of curvature of V may be defined as

ol Ik
kl—z oz UJ“LZQ,J ajmV 3$ @i,j0j,mUm

jm

so if R = 0 and dy(x;)do(zr) = —di(xg)do(z;), it follows that V1(Vo(v;)) = 0, from which it
follows that d? = 0. O
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2.8. Dirac derivation

The system of k-algebras and homomorphisms of k-algebras {Ph"(A),i]}n0<j<n has an
inductive (direct) limit, Ph™ A, together with homomorphisms, i, : Ph"™(A) — Ph>®(A)
satisfying, see [5],

j ©ny1 = in, 7=0,1,...,n

)
Moreover, the family of derivations {d, }o<, defines a unique derivation, the Dirac derivation
d: Ph*°(A) — Ph™(A)
such that

inoézdnoin+1

and it is easy to see that this is a universal construction, i.e for any pair of a morphismi: A — B
and a derivation £ € Derg(B), ¢ o £ factorizes via Ph*°(A) and 6. Put

PR (A) = im i, C Ph™(A).

The k-algebra Ph*(A) has a descending filtration of two-sided ideals, {F,}o<n given
inductively by

Fi = Ph™(A) - im(J) - Ph*™(A)
and
0(F,) CFpy1, Fr,Fp, ... F,, CF,, VYni+...4+n.-=n

such that the derivation ¢ induces derivations é, : F, — F, ;. Using the canonical
homomorphism i,, : Ph™(A) — Ph*°(A) we pull the filtration {F,}o<, back to Ph"(A), not
bothering to change the notation.

Definition 2.9. Let

D(A) := lim Ph™(A)/F,

n>1

be the completion of Ph*°(A) in the topology given by the filtration {F,,}o<,. The k-algebra
Ph*>(A) will be referred to as the k-algebra of higher differentials, and D(A) will be called the
k-algebra of formalized higher differentials. Put

D, :=D,(A) := Ph™(A)/Fp+1
Clearly ¢ defines a derivation on D(A), and an homomorphism of k-algebras,
e:=exp(d) : D(A) — D(A)
and in particular, an algebra homomorphism
n:=exp(d): A— D(A)

Recall now that for any associative k-algebra A, and for any right A-module V', any derivation
§ € Der(A, Endi(V)) defines a class, £(v) € Extly(V,V), i.e a tangent vector of the formal
moduli of the representation V', at the unique point.
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Remark 2.10. The above implies that any representation p : Ph*°(A) — End (V') corresponds
to a family of Ph"(A)-module-structures on V' for n > 1, i.e to an A-module V{ := V, an element
& € Ext!y(V,V), i.e a tangent of the deformation functor of V; := V, as A-module, an element
& € Eazt}gh(A)(V, V), i.e a tangent of the deformation functor of V; := V as Ph(A)-module, an

element & € El‘t};hg(A)(‘/, V), i.e a tangent of the deformation functor of Va := V as Ph?(A)-
module, etc.

All this is just V, considered as an A-module, together with a sequence {{,},0 < n, of a
tangent, or a momentum &y, an acceleration vector &1, and any number of higher order momenta
&n. Thus, specifying a Ph®(A)-representation V', implies specifying a formal curve through vy,
the base-point of the miniversal deformation space of the A-module V. Formally, this curve
is given by the composition of the homomorphism €(7) := exp(7d) and p. This is the Time

Evolution of a representation p, to be treated later on.

3. Non-commutative algebraic geometry

The basic notions of affine non-commutative algebraic geometry related to a (not necessarily
commutative) associative k-algebra, for k an arbitrary field, have been treated by many authors
in several texts, see e.g [7, 8, 1, 2]. Given a finitely generated algebra A, we prove the
existence of a non-commutative scheme-structure on the set of isomorphism classes of simple
finite dimensional representations, i.e right modules, Simp.(A).

We showed, in [2], that any finitely generated geometric k-algebra A, k algebraically
closed, see definition in [5], including the commutative algebras, may be recovered from the
(non-commutative) structure of Simpco.(A), and that there is an underlying quasi-affine
(commutative) scheme-structure on each component Simp,(A) C Simp<s(A), parametrizing
the simple representations of dimension n. In fact, we have the following.

Theorem 3.1. There is a commutative k-algebra C(n) with an open subvariety U(n) C
Simp1(C(n)), an étale covering of Simpy,(A), over which there exists a versal representation
V ~ C(n) ® V, a vector bundle of rank n defined on Simp;(C(n)), and a versal family, i.e a
morphism of algebras

inducing all isoclasses of simple n-dimensional A-modules.

Endc(n)(f/) induces also a bundle, of operators, on the étale covering U(n) of Simp,(A).
Assume given a derivation, v € Derg(A). Pick any v € Simp,(A) corresponding to the right
A-module V| with structure homomorphism p, : A — Endy(V'), then v composed with p,, gives
us an element v, € Exty(V,V).

Therefore, v defines a unique one-dimensional distribution in © g, (4), Which, once we have
fixed a versal family, defines a vector field [y] € ©gjpyp,(4) and, in good cases, a (rational)
derivation [v] € Dery(C(n)). Notice also that we have the canonical isomorphism

Dery(A, A) ~ Mora(Ph(A), A)

Therefore the derivation v, and the A-module V, correspond to a Ph(A)-module V.

3.1. Dynamical structures and time

As we have seen, in the Remark (2.10), the dynamics of the space of representations of our
algebra A, i.e the dynamics of the space of measurements of the family of observables that A
is assumed to represent, can be encoded in the category of representations of the k-algebra
Ph*>(A), with the Dirac derivation as an infinitesimal time parameter. We would therefore like
to use the tools developed above, for the k-algebra Ph™(A).
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However, Ph®(A) is rarely of finite type, and so the space of simple modules does not have
a classical algebraic geometric structure. We shall therefore introduce the notion of dynamical
structure, to reduce the problem to a situation we can handle. This is also what physicists do.
They invoke a parsimony principle, or an action principle, originally proposed by Fermat, and
later by Maupertuis, with the purpose of reducing the preparation needed, to be able to see
ahead.

Definition 3.2. A dynamical structure, o, is a two-sided d-stable ideal (o) C Ph*°(A), such
that A(co) := Ph*(A)/(o) the corresponding, dynamical system, is of finite type. A dynamical
structure, or system, is of order n if the canonical morphism o : Ph("~1(A) — A(0) is surjective.
If A is generated by the coordinate functions, {t;}i=1 2. 4 a dynamical system of order n may
be defined by a force law, i.e by a system of equations

5ntp:Pp(tivdtjydztka"7dn71tl)7 p= 1727"'7d
Put
A(0) = PR (A)/(5"t, — T*)

where o := (0"t, — I'P) is the two-sided ¢-ideal generated by the defining equations of o.
Obviously ¢ induces a derivation 6, € Derg(A(o), A(o)), also called the Dirac derivation, and
usually just denoted 6.

Notice that if o;, i« = 1,2, are two different order n dynamical systems, then we may well
have

A(oy) ~ A(o3) ~ Ph"D(A) /(o)

as k-algebras.

Assuming that the k-algebra A is finitely generated, and that the dynamical structure o is
such that also A(o) is finitely generated, we can now use the machinery above, with v = 4, the
Dirac derivation. The following extension of Theorem (3.2), proved in [5], is important for the
philosophy of this paper.

Theorem 3.3. Formally, at any point v € U(n), with local ring C’(n)y, there is a derivation

~

0] € Dery(C(n),), and a Hamiltonian Q) € Endc(n) (Vy)), such that, as operators on V,, we
have ’

6 = [0] +[Q, -]

This means that for every a € A(o), considered as an operator p(a) € Endc(n)v(f/v) ~
M, (C(n),), 8(a) acts formally on V, as

p(o(a)) = [8](p(a)) + [Q, p(a)]

Notice that, to make visible the action of [§] on p(a), we have included the obvious
isomorphism, Endco(, (V) =~ Mp(C(n)), which will, in the sequel, be used without further
warning.

There are local (and even global) extensions of this result, where [y] and @ may be assumed
to be defined (rationally) on C(n), see [5].

In line with our general philosophy, we shall therefore consider [0] as measuring time in
Simp, A(0)), respectively in Spec(C'(n)). Assume for a while that £ = R, the real numbers, and

that our constructions go through, as if k were algebraically closed. Let v € Simp,(A(0))
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be an element, an event. Suppose there exist an integral curve c of [0] through some
element v(1y) € Simpi(C(n)), equivalent to v, ending at v(m) € Simpi(C(n)), given by the
automorphisms e(7) := exp(7[d]), for 7 € [19,71] C R. The supremum of 7 for which the
corresponding point, v(7), of ¢ is in Simp,(A(c)) should be called the lifetime of the particle
v(7). It is relatively easy to compute these lifetimes, and so be able to talk about decay, when the
fundamental vector field [0] has been computed. In [5], we have also proposed a mathematically
sound way of treating interaction, purely in terms of non-commutative deformation theory.

Let ¢(r9) € V(vg) =~ V be a (classically considered) state of our quantum system, at
the time 79, and consider the (uni)versal family p : A(oc) — Endc(n)(V) restricted to
U(n) C Simp1(C(n)), the étale covering of Simp,(A(c)). We shall consider A(c) as our ring of
observables. What happens to ¢(m9) € V(0) when time passes from 7y to 7, along ¢? This leads
to the problem of finding a solution of the Schrodinger equation, along c, given by the next
result, proving that ¢ is completely determined, by the value of ¢(7p), for any 79 € c. Here, we
shall not go into the problem of preparing (79) € V(19), i.e of how to exactly determin where
we are, at some chosen clock-time, 7, see [5].

Theorem 3.4. The evolution operator u(7o,71) that changes the state ¢(m0) € V(vo) into the
state ¢(11) € V(v1), where 71 — 19 is the length of the integral curve ¢ connecting the two points
vo and vy, i.e the time passed, is given by

o) = ulm,m)(0() = exp | [ Qrlar] (6

where exp fc s the non-commutative version of the ordinary action integral, essentially defined
by the equation

exp [/CQ(T)dt} — oxp [/ Q(T)dT] o exp U Q(T)dT}

where ¢ is c¢1 followed by co.

3.2. The generic dynamical structures associated to a metric
Now, let C' = kf[t1,...,t,], kK = R, the real numbers, be a commutative polynomial k-algebra,
and let

1
g = 5 Z gmdtidtj S Ph(C)

ij=1,..,r

be a Riemannian metric. Recall the formula for the Levi-Civita connection
1 (Ogri  Ogjr 09
I'\l R b 7> _ »J
Zl:gl’k It 2 < 8tj + ot; oty

Since in Ph*°(C'), we have

1 99i. 1 2 2
8(g) = 2”; o digdtidt; + 5 Y gij(d*tidty + dtid’ty)

%,7,=1,..,r

and we may plug in the formula



3Quantum: Algebra Geometry Information (QQQ Conference 2012) IOP Publishing
Journal of Physics: Conference Series 532 (2014) 012013 doi:10.1088/1742-6596/532/1/012013

on the right hand side, and see that we have got a solution of the Lagrange equation §(g) = 0
in the the commutativization of Ph(C'), i.e in the classical phase space. This solution has the
form of a force law

d*t) = T = — Zrﬁddtidtj

generating a dynamical structure (o) := (0(g)) of order 2. The dynamical system is the algebra
C(o) = k[t, ], where &; is the class of dt;. The Dirac derivation now takes the form

_ 0 0
5_212(&37% Faﬁl)

coinciding with the fundamental vector field [0] in Simp,(C(0)) = Spec(k[t, &;]).

The equation [§](g) = 0 imply that g is constant along the integral curves of [d] in
Simpy(Ph(C)), and these integral curves projects into Simpi(C) to give the geodesics of the
metric g with equations

= ot
2]

We may also look at this from another point of view. Suppose given any dynamical structure
with Dirac derivation 6 on Ph(C). Consider Simpi(Ph(C)). It is obviously represented by
C(1) := k[t,&], and the Dirac derivation induces a derivation [0] € Derg(C(1)), and the
Hamiltonian must vanish. Therefore we have two options for the same notion of time in the
picture, g and [§]. The last derivation should therefore be a Killing vector field, i.e we must have
a solution of Lagrange equation [0](g) = 0 and we are left with the above solution for ¢.

3.3. Connections as representations
As a contrast to this 1-dimensional representation case, let us consider infinite dimensional
representations, for which the Dirac derivation [d] vanishes, and the notion of time is taken care
of by the Hamiltonian Q.

A non-degenerate metric g = 1/2 2?21 gijdtidt; € Ph(C) induces an isomorphism of C-
modules O¢ = Homc(Qc, C) ~ Qc. Consider the bilateral ideal (o4) of Ph(C) generated by

(0g) = ([dti, t;) — g™)

and put C(oy) := Ph(C)/(0o4). Let, moreover,

1 k k.app
T .= —5 ;Fk71dtl + kz g ’qrhqu’ldtl
k) ’p7q

and consider the inner derivation of C'(oy), defined by ¢ := ad(g —T'). After a dull computation,
we obtain, see [5], that in C(oy), 0(t;) = dt;;i = 1,...,d. Therefore we have a well-defined
dynamical structure (o,), with Dirac derivation, § = ad(g—T'). In partiucular, there is a unique
homomorphism, Ph*>(C) — C(0y), consistent with the Dirac derivation ¢ and ad(g — T'). It is
also easy to see that (o) is invariant w.r.t. isometries.

Example 3.5. The trivial metric, go = 1/2 Zle dt? will give us the dynamic structure,
[dt;, t;] = &; 4, with the dynamic system C(og,) = W (d), the Weyl space. Clearly [go,t;] = dt;,
and, of course, d’t; = [go,dt;] = 0 for all i = 1,...,d, so that this gives us the classical set-up
for Quantum Mechanics.
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Any connection V : ©¢ — Endi(FE), on a free C-module E is given in terms of the operators,

0
6ti = 87“7 V(Stz == 5ti + Vz

where V; € Endc(E) is now a representation
pv : C(og) = Endi(E)

mapping t; to the obvious operator and mapping d¢; to 2?21 g Vs;. Put

d
=Y g5
=1

Conversaly, every C-representation p : C(o,) — Endi(E) will map the element, dt; to a
differential operator &;, with [&;,t;] = g"7, i.e we have a connection on E.

Notice that the representation p = pg of C(o,) defined on O¢ by the Levi-Civita connection
has an Hamiltonian

Q:=p(g—T) Zg”%%

i.e the generalized Laplace—Beltraml operator, which is also invariant w.r.t. isometries, although
the proof demands some algebra.
Notice also that for the Levi-Civita connection, we shall use the notations

Dtl = V(;ti, D(g) = Vg for (Sti, ¢ e @km

As above, we now have two options for the notion of time, and time-development. In line
with classical Quantum Theory, we would, for a state £ € ©¢, consider the Schrédinger equation

%~ a

where 7 would be an ad hoc chosen time parameter. In our case there are just two natural
choices for 7, namely ¢ itself, or the metric g, measuring the time ¢, see the discussion above.
Since we have

De(§) = df

dt

where = g(f,g)l/ 2 it seems reasonable to replace the classical Schrgdinger equation, in our
situation, by the following one:

% _Qu), ccoc

Notlce that the left hand side of the Furniture Equation is
351
7D 5 Z §z§ j 61 + — Z gl

If we go to our Toy Model, see [5], then 1/u&;&; would, in the physical interpretation of that
model, have been written as 7%/ = 1/Ep;p;, where E := p is the energy, and (p;) is the
momentum of the particles that populate the universe. Classically T is called it the Mass-stress
Tensor, Tpart, in the classical relativity theory.

We shall return to this last equation, in the next section, where we, sometimes, will refer to
it as the Furniture Equation.

But, first, notice the generic equation of formal motion for representations of C'(oy).
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Corollary 3.6 (the Generic Equation of Motion). Consider a C(o4)-representation, p : C(og) —
Endi (V). Then the time development is, formally, given in terms of a parameter T as

p(1) = p(e(r)) : Cog) = End,(V)

where

€(r) = exp(7 - ad(g = T))

Now, to be able to handle this time development, we need to know formulas, in C(oy), for
d't;, 1>1, i=1,...,n. To this end, put

=> "¢ g V=), T= ZTldtl

Then

Ty =—1/20) (1%, +T9) = —1/2(tr V; + tr V),
J
Oty =g —T,dt;] = =1/2 (T}, +T%)dtpdty +1/2 " gy q(Rpidty + dtyRy ;) + [dt;, T
p,q p,q

where, as above, R; ; = [dt;, dt;]. Put
T)' =Y "g"*T},, Fij:=Ri;— > (T3 —Ti)dt,
k p

and recall (see [5], p. 82) that for any connection p on a C-bundle E, the corresponding
representation of C'(oy) will map F; ; to the ordinary curvature of the connection. In fact,

p(Fij) = [p(dti), pldty)] = > (U5 =Ty )p(dty) = Ve, Ve, ] = Vieg

p

Put, for short,

F(&,&) = Fij = p(Fij) € Endc(E)
Computing, we find, see [5], for a proof, the following.

Theorem 3.7 (the Generic Force Law). In C(o4) we have the following force laws

(1) d®ti = — 1/2> (T}, + T dtydty +1/2 " gpo(Rydty + dtyRy,) + [dt;, T

p.q
2) d’t; = — > T} dipdty —1/2) " gpo(Fipdty + dt,Fig)
p.q
+1/2 " gpgldty, T = TP]dt; + [di, T)

l,p,q

Notice that considering the representation, pg, corresponding to the Levi-Civita connection,
the above translate into

d
pe(dti) = [Q, i, Zdet
7j=1
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where @ is the Laplace-Beltrami operator.
Given any observable f € Ph(C'), we would expect that the dynamics of the future values of
f, measured via some representation, F/, to be the spectrum of the operator

F(7) = exp(7 - ad(Q))(f)

Notice again that any representation E of C(0y), is of course a representation of Ph™(C).
However, Ph*°(C) is now infinitely generated, and the representation E of C(cy), is never
of finite dimension so we may not use the nice non-commutative algebraic geometry, and its
quantum theoretical look-alike without some kind of adaptation, or at least, some kind of
approximation, to which we shall return.

Remark 3.8. We shall consider the above formulas as general Force Laws, in Ph(C'), induced
by the metric g. This means the following: Let ¢ be the §- stable ideal generated by any one of
these equation in Ph®(C'). Since the force laws above holds in the dynamical system defined by
(0g4), we obviously have ¢ C (04), and we might hope these new dynamical systems might lead
to new Quantum Field Theories, as defined above, with equally new and interesting properties.

For a connection V on a free C-module E, the second Force Law above will now take the
form, in Endc(F),

pp(d®t) +> Th Ve Ve, =1/2> F,Vs, +1/2> Vs, F,;
p.q p

P
+1/2) " 0,(L71 =TV, + [Ve,, pu(T))]
lq

where p(dt;) =3, gVs, = &.

4. Entropy

Consider an algebraic geometric object X, and let aut(X) be the Lie algebra of automorphisms
of X. The sub-Lie algebra auty(X) that lifts to automorphisms of the formal moduli of X, is a
Lie ideal. Put a(X) := aut(X)/auty(X), then if X(¢) is a deformation of X along a parameter
t, we find dimia(X(t)) < dimga(X). One may phrase this saying that an object X can never
gain information when deformed. Moreover, deformation is, obviously, not a reversible process,
so information can get lost.

4.1. The classical commutative case

In [6], studying moduli problems of singularities in (classical) algebraic geometry, we were led
to consider the notion of Modular Suite. This is a canonical partition {IM,}, of the versal base
space, M, of the deformation functor of an algebraic object, X. The different rooms, M,
correspond to the subsets of equivalence classes of deformations in M, along which the Lie
algebra a := aut/auty deforms as Lie-algebras, and therefore conserves its dimension. Working
with Thermodynamics, see [Laudal O A Cosmos and its Furniture (Worls Sci.) to appear], it
occurred to me that the notion of entropy has an interesting parallel in deformation theory. In
fact I have proposed the following,

Definition 4.1. Let X(¢) corresponds to the point ¢ € M, then we shall term Entropy of the
state t, the integer S(t) := dimy(M,).

In this classical situation, assuming that the field is algebraically closed, and that M is of finite
Krull dimension, the modular suite {M,,} is finite, with an inner room, the modular substratum
and an ambiant (open) mazximal entropy stratum. But the structure of the modular suite may
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be very complex, even for simple singularities X, see the example of the quasi homogenous
plane curve singularity 3 + 1!, in [6]. It is also clear that for any algebraic dynamics in M,
the entropy will always stay or grow, see again [6]. To be able to construct situations where the
entropy is lowered, or the information goes up, we must leave classical algebraic geometry, and
venture into non-commutative algebraic geometry. Here is where non-commutative deformation
theory comes into play.

4.2. The general case
In the general situation, where our algebras of observables are associative but not necessarily
commutative, the first interesting cases are deformations of associative algebras, A, or
deformations of finite families of representations V; of an associative algebra A. In [Laudal
O A Cosmos and its Furniture (World Sci.) to appear] I will touch upon the first case. Here we
shall look at the second case, based upon the technique of the previous sections.

There we worked with a polynomial algebra, C' = kl[t1,. .., t4], with a metric g € Ph(C'), and
the Levi-Civita connection, considered as a representation

A := Ph(C)/(c4) = Endy(0¢)

The Dirac derivation, [d], in this case, vanish and the corresponding Hamiltonian turned out to
be the Laplace-Beltrami operator, @ € Endi(©¢). We were then, in analogy with Quantum
theory, led to consider, for every state £ € O¢, the time development, or Schrodinger equation,
and the corresponding Furniture Equation [Laudal O A Cosmos and its Furniture (Worls Sci.)
to appear] reads

s _
dt

We have shown in [Laudal O A Cosmos and its Furniture (Worls Sci.) to appear] that in the
special case of our toy model, see [5] and Cosmos and its Furniture, this equation amounts to a
combined Heat and Navier-Stokes equations. The corresponding notion of entropy, in the above
sense, might be defined by the modular suite of the versal base of the deformation functor of
the corresponding representation

Q&)

¢: Ph(C) = C = Endc(C)

The formal moduli has a tangent space given by Ext}gh(c) (£,€), which is given by the classical
long exact sequence

0 —Hompp(c)(€,€) = Home(€,€) = Derc(Ph(C), Home(€,€)) = Extpyc)(£,€) — 0
Here, : = 0 and Hom¢(&,§) = C, so that
Extpe(§,€) = C?~ 00

as all relations [dt;, t;] + [t;, dt;] in Ph(C') are mapped to 0 by any C-derivation into C.

The miniversal base space of £, is therefore of infinite dimension, and since the Lie algebra
of the automorphism group of C is the Lie algebra Deri(C) = ©¢, the Lie algebra of the
automorphism group of the representation ¢ is

aut(€) == {n € O¢|n, €] = 0}

We should now define the entropy of the state £ as
S5(8) == dim{nfaut(§) - aut(n)}
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where aut(§) F aut(n) should mean that 7 is a deformation of ¢ inducing a deformation of the
Lie algebras of automorphisms. Obviously this is unrealistic, as most of the terms involved will
be of infinite dimension.

We may try to overcome this difficulty by approximating the state &, as a representation, by
a finite dimensional representation, defined for every point set object P = {P,} of Simp;(C) by
&p 1 Ph(C) — Endy(P) where

Ep(ti) = a(p),  &p(dts) = aj(p)

where we, in anticipation of the treatment via the technique of the next section, have put

oz?(p) = P az‘l(p) = ()i

We may look at the object P as the set of molecules in our observatory (or in the Universe),
and £ as the combined state of these, at the outset maybe considered independently. Extending
the representation &p to a representation {p : Ph*°(C) — Endy(P), or cutting it down to a
representation of some dynamical system,

&po: A(o) :== Ph™(C)/(0) — Endy(P)

for some reasonable dynamical structure (o) of Ph*(C'), we can now use the technique of section
(3), and look at the versal family M of the representation &p , for some fundamental state £, of
the Furniture of the Universe. There will be a canonically defined Moduli Suite {M,} and for
any deformation 7 of {&p ., there will be one « such that n € M, and the resulting definition of
the entropy would be S(n) = dim(M,). The goal is to show that for reasonable classical cases,
this should come out close to the Boltzmann’s definition

S(n) :=logVol(My), n€ M,

where M, is the substratum of the corresponding Coarse Graining of the classical phase space
of the situation, containing the distribution 7, see again the very readable text of [9].

4.3. Representations of Ph*™
Now let A = k[t1,...,tq], and consider a representation of Ph*>(A) as a k-algebra,

p: Ph*°(A) — Endi(V)

where V' a k-vector space. Put

DY = p(t:), DPi=p(dt), p>1

The composition of exp(7d) and p is a homomorphisms of k-algebras
Phe(A) S Endy (V) @y k[[7]]

for which we have

X; = p(7)(t:) = plexp(r6)) = Y _ 77 /p!D¥

p=>0

Since [t;,t;] = 0, we must have [X;, X;] = 0 and, since the relations in Ph*>°(A) are given by

1
prg=n>0"""
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This is the condition:

> [prot] =0

1!
pra=n>0 V"¢

for the family of matrices {D¥, p >0, i =1,...,d} to define a homomorphism p of k-algebras.
Clearly if dim V' = 1 there are no conditions, and we may pick arbitrarily Df € k, and obtain
formal power series,

X, =S pr
R
n

which, when convergent, gives the dynamics of the point.

Example 4.2. Assume dimy V' = 2 and put

=0t = (" 0= (" )

' 1(2,1) o
Put
Yk
al(rs) = al(r) = al(s). k) =3 (} )ocatroodal(ris), ros=1,2
1=0
where the sequence {o;(r,s)}, | = 0,1,... is a sequence of arbitrary coupling constants with

oo(r,s) = 0. Then p(d"t;) := D} defines a representation p : Ph*(A) — Endy(V), if and only
if
1 P 4
> o) =o
prq=n>0""""

which is exactly when

1
Z ol (af(r, s)r?(s,r) —rP(r, s)a?(s,r)) =0

p+q=n=0
Computing, we find the condition

1 1 1
> —salrns) (X sl (s,7) — af(r s)al(s,r)) = 0

p+g=n>0""""

for r,s = 1,2 and [ > 1. The situation above arises when we consider two (different) points

P = (@), 0l(1). Pr= (a@).....04)

in space, with pre-described tangents, & = (af(1),...,ak(1)) and & = (af(2),...,ak(2)). For
these two points, considered as dimension 1 representations of Ph(A), we saw that there is a
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1-dimensional space of tangents between the points, i.e the E:Ut}gh(A)(k:(Pl), k(P2)) = k. This

leads to possibly non-zero elements 77 (1,2), 7(2,1)) in the matrix representation of the non-
commutative deformation of the family {k(P1), k(P2)} of Ph(A)-modules.

We now have a much more complete picture of the situation. The dynamics of the pair of
points is described by the Dirac derivation. Assuming that for the time-moment 7 = 0 we know
the position a’(1),a’(2) and the momenta a'(1),a'(2) of the two points, then the dynamics is
described, in terms of the time 7 by the matrices X; = p(exp(79))(t;). Putting

a;i(r,s) = Z ) aj(rys), o(r,s)= Z ) on(r,s)
n=0 n=0

we find the explicit formulas

o a;(1) o(1,2)a;(1,2) i
Xi = <0(2,1)ai(2,1) @i (2) > , =1,

The trace, and determinant are
tr(X;) = (i (1) + @i(2)), det(X;) = (ai(1);(2)) — o(1,2))ei(1,2)0(2,1))a;(2,1)

The spectrum of X;, or the eigenvalues, are given as

X,(r) = % (6r(x0) + V(X2 —4det(Xp)) . r =172

From this we see that if all coupling constants vanish, i.e if o(r,s) = 0 (r, s = 1, 2) then we have
undisturbed independent motions of the two points, X;(r) = «a;(r), » = 1,2. If the coupling
constants are nonzero the representation becomes simple, with trivial automorphism group, and
so, according to the definition, of maximal entropy.

Moreover, assume 0;(1,2) = 04(2,1) = 0 for | = 0 and [ > 2, then the conditions above
becomes for r,s = 1,2 and for all n > 0,

oi(r,s) - Z ! (af(r, S)@?il(s,r) - a?il(r, S)(X?(S,T)) =0

ptq=n p'¢!

If d = 3 this simplifies to,
1
o1(1,2) - Y = (a”(1,2) x a®1(2,1)) =0

where, of course
a™(r,s) =—am(s,r) r,s=1,2, m=>0

In general, considering an Object, P in space, consisting of r points {Pp,}p=1,. r, we find
that the dynamics is closely related to the interaction process, involving non-commutative
deformation of families of representations, described in [5]. In fact, we easily obtain the following.

Theorem 4.3. Given an object, P consisting of v points {Pp}p=1,.. ,r in d-space, Simp(A),

where A = k[t1,...,tq]. With the notations above, in particular, of'(p,q) = al'(p) — al'(q),
1=1,...,d, consider the matriz

g?(l) r?g’ 2) rZ(l, r)
pr - T (2, 1) of (2) vl (27 )
r(r, 1) r(r,2) ... al(r))

20
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with
" n
r(p,0) =0, rpg)=> <l>a§(p, Q)on-1(p, q)
=0

where 0,,(p,q) € k are arbitrary coupling constants, with o9 = 0. Then these operators define
a representation p : Ph®(A) — M, (k) with p(d"t;) = D} if and only if, for alln > 1,

> <Z> Tn—n (P, q) (a? (p)a(p,q) — o} (p, 9)o} (p, Q)>

h
_ oy k—m P, )O'kfl(sy Q) m 1 ! m
= 2 Ttk - (70, $)ak(s,0) — ol (p 5)a'(5,0))

Proof. As above, consider the matrix

Xi = plexp(rd))(t) = 3 7 DY
n>0
and put
= nzzo %T'L ai(r), ai(r,s) = ,;0 ;—T aj(rys), o(r,s)= nzzo %T: on(r,s)
we find the explicit formulas
a;(1) o(1,2)e;(1,2) ... o(l,r)ay(1,7)
X = o(2, 1)?4(2, 1) ozi:(2) 0(2,7“)?@(2,7“) =14
o(rDai(r 1) o(n2m(rn2) .. )

Now compute [X;, X;] = 0 and see that the condition of the theorem emerges. O

Remark 4.4. We may consider the space

A(r) = kla}'(p), on(p, @)l /a

with coordinates

{ad'(p),on(p,q),i=1,...,d, p,g=1,...,7, n >0, oo(p,q) =0}

and where the ideal a is generated by the equations above, as the versal base space for the versal
family of the non-commutative deformation theory applied to the family of Ph*°(A) modules
defined by the object P, and with Dirac derivation, § acting as, [0] (a7 (p)) = o (p).
Since Ph™°(A) is infinitely generated, there is, strictly speaking, no such thing, but we shall
see that in special cases, we can overcome this difficulty by finding clever dynamical structures.
In (4.2) we saw that to overcome another difficulty related to non-existing moduli spaces, we
opted for approximating a state £ € O¢ by a finite dimensional representation, defined for every

finite point set object P = {P,} of Simp:(C) by &p : Ph(C) — Endy(P), where

Ep(ti) = al(p),  &p(dti) = o (p)

21
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We wanted to look at the object P as the set of molecules in our observatory (or in the Universe),
and at £&p as the combined state of these.

Extending the representation {p to a representation &p : Ph*(C) — Endy(P) or cutting
it down to a representation of some dynamical system, A(c) := Ph™(C)/(0) &py : A(o) —
Endy,(P) for some reasonable dynamical structure () we might be able to compute the versal
family M of the representation {p, for some fundamental state &, of the Furniture of the
Universe, and also the Moduli Suite, {My}.

For any deformation n of {p , represented by an equivalence class 7} in the versal base space
M there will be one « such that 7 C M, and the entropy of 1 would be S(n) = dim(M,).

From the classification above, it follows that the minimal entropy would correspond to all
o1(p,q) = 0, i.e to some dust-like furniture of the space. And the maximal entropy would
correspond to all oy(p, q) # 0, i.e to some black hole-like object P containing a huge number of
gravitational and/or other parameters.

The goal is still to show that, for reasonable classical cases, this should come out close to the
Boltzmann’s definition

S(n) :=logVol(My), n€ M,

where M, is the substratum of the corresponding Coarse Graining of the classical phase space
of the situation, containing the distribution 7, see again [9], chapter 2. In particular, consider
Penrose’s need (for) some clear-cut way of saying that ”the gravitational degrees of freedom
were not activated”, and his need to identify the mathematical quantity that actually measures
"gravitational degrees of freedom”. I suggest that the above, coupled with my ” Toy Model”, see
[5], i.e working on Hilb®)(A3) instead of the trivial affine space A% = Spec(k[ty, ..., t4]), may
be of interest for this quest.

We have already looked at the case r = 2 and seen that the result makes physical sense. For
r =3 and n = 2 we find

a1(p, @) (o7 (p, )l (p, @) — ¥ (p, q)a} (p, @) = 1 (p, 5)o1 (s, q) (a9 (p, 5)ad (5, q) —l (p, 5)a¥(s, q))

In dimension d = 3 this has a particularly nice interpretation. Let a°(i,j) be the vector
starting at P; and ending at Pj, and let & be a tangent vector at P; for ¢« = 1,2,3. Put
al(i,j) = & — &;, then the condition above reads

o1(p,q) (a'(p,q) x °(p,q)) = —o1(p, s)o1(s,9) (a°(p, s) x a°(s,q)), Vp,s,q=1,2,3

This says that for any two of the three points in space, the relative momentum must sit in the
plane defined by the three points, the length being determined by the 3 coupling constants.
Moreover, the sum of all three relative momenta must be 0. In fact, there are coefficients,
u,v € k such that

a'(p,q) = ua®(p, s) +va’(s, q)
Put this into the left side of the formula above, and find

o1(p,q)(v — u) = a1(p, 8)o1(s, )

assuming that the three points are not co-linear.
Assume now that the coupling constants are given as

o1(p,q) = m(p,q)|a’ (p, q)| >
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Then after some computation we find the following differential equations for the dynamics of
the 3 points

al(p,q) = —m(q,p)la’(p, )| e(p,q) — m(p, s)|a’(p, s)| " 'e(p, s) + pa’(p, q)
a'(q,s) = —m(s,q)|a’(s,q)|'e(q, 5) — m(q, p)|a’(q,p)| " e(q, p) + pa’(q, 5)
a'(s,p) = —m(p, s)|[a’(p, s)| 'e(s,p) — m(s,q)|a’(s,q)| "e(s, q) + pa’(s,p)

Here €(4, j) is the unit vector from the point P; to the point P;.

Notice that there is a different set-up, related to Grothendieck’s generalized differential
algebra. For A commutative, consider an A-module F, and an extension of this representation
to p: Ph*°(A) — Endi(E). We have seen that p must be given in terms of operators,

Df = p(dpti) S Endk(E)

satisfying the conditions

3 i[Dng] —0, Vn>0

ptg=n P’

There is an obvious family of solutions of these equations, given by any differential operator
Q € Dif f(FE), with

DY =p(t;) =t;, DI':=ad(Q)"(t;) € Diff(E), p=>1

Looking at the case of finite dimensional representations, treated above, one sees the difference
between the two set-ups, and the much greater generality obtained by considering the
representations of Ph®, the way we do.
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