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Abstract. The performance of various density functional theory (DFT) functionals in
reproducing the localization of Ce4f electrons to form polarons in cerium dioxide (ceria) is
studied. It is found that LDA+U with U=6 eV provides the best description, followed by
GGA+U with U=5 eV. Hybrids perform worse, with PBE0 better than HSE06 and HSE03.
It is also demonstrated that the improvement in the description of the polarons obtained from
LDA+U and GGA+U is due primarily to the effect the U has on the filled Ce4f states, but the
improvement obtained using the hybrids is primarily due to their effect on the empty states.
This difference can be expected to strongly impact some detailed predictions for the properties
of ceria obtained using the two classes of functional.

1. Introduction
The wide bandgap material cerium dioxide (ceria, CeO2,) has applications in fuel cells, gas
sensors and catalysis, but has proved a challenge for theoretical studies. It has an O2p based
valence band and a nominal Ce5d based conduction band, see Fig 1, but in between lies a narrow,
empty band of Ce4f states. Any potential conduction electron added via doping or defect creation
enters this band and localizes onto a single Ce site, breaking the crystal’s translational symmetry
and inducing a local lattice distortion around the Ce site in question. This forms a “polaron”,
ie a self-trapped electron, Ce−1

Ce , with an energy gain of roughly 1eV. Polarons generally form
coupled to other defects, such as Rh adatoms [2] or oxygen vacancies. Oxygen ions have a formal
charge of -2, so removing a neutral oxygen (as part of an oxygen molecule) necessarily leaves
behind a +2 charged vacancy V+2

O and two electrons, which in ceria both form polarons. These
three remain electrostatically bound in a neutral

[
V+2

O − 2Ce−1
Ce

]
complex, which can adopt a

wide range of configurations [5]. Conductivity studies [3] have shown that these polarons are well
described by the “Small Polaron Model” of Holstein [4], meaning that the radius of the localized
charge and lattice distortion are on the order of one lattice spacing. This is also supported by
scanning tunnelling microscopy (STM) images of vacancies and vacancy clusters [1], which are
best understood if the two electrons are indeed localized in Ce4f states on specific Ce ions.

Obtaining a localized description of these Ce−1
Ce polarons using Density Functional Theory

(DFT) is hard, requiring the use of either LDA+U , GGA+U , [7, 8, 9] or hybrid functionals
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Figure 1. Schematic band diagram for ceria,
showing the O2p based valence band, and
empty Ce5d and Ce4f bands, plus the filled,
localized (polaronic) Ce4f states.

[6, 9]. The performance of these in describing the bulk properties (structures, bandgaps etc)
of ceria and the sesquioxide, Ce2O3, as well as

[
V+2

O − 2Ce−1
Ce

]
complexes has been assessed

[6, 7, 8, 9]. The best description is obtained using LDA+U with U = 6 eV. The hybrids produce
qualitatively reasonable descriptions, but are not as good quantitatively. For example, B3LYP
does reasonably well for the electronic properties but not for the structure, while PBE0 does
well for the structure but not for the bandgaps.

While numerous DFT studies have examined polarons associated with
[
V+2

O − 2Ce−1
Ce

]
and

other defects, only a few have considered the properties of isolated polarons [10], and we are not
aware of any assessment of the quality of the description of lone polarons obtained using different
functionals. So we will here compare the description of lone polaron states in ceria using the
functionals LDA+U , GGA+U , PBE0 [11] and HSE (both HSE03 [12] and HSE06 [13]).

2. Method
We use plane-wave ab initio DFT with the Projector Augmented Wave method [14] (PAW)
within the VASP code [15]. O2s22p4 and Ce4f15s25p65d16s2 are treated as valence, with a
plane-wave cutoff of 300 eV. We use a 96 atom supercell, which is a 2×2×2 multiple of the 12
atom crystallographic cell. K-point integrations use a 4×4×4 and 2×2×2 Monkhorst-Pack grids
[16] for LDA/GGA+U and hybrid calculations respectively. We use the rotationally invariant
form of LDA+U due to Dudarev et al. [17], together with LDA and with the PBE form of GGA.

3. Results
3.1. Real space charge localization with different functionals
In line with previous studies of

[
V+2

O − 2Ce−1
Ce

]
complexes, we find that all the functionals studied

can localize Ce4f electrons to form small polarons, as illustrated by the isocharge surfaces in
Fig 2. These show the partial charge density of the single filled Ce4f state. For each functional,
surfaces are shown containing 85%, 90% and 95% of the total polaron charge. Clearly, the degree
of localization varies, with LDA+U producing the most localized description, closely followed by
GGA+U , then the hyrbids PBE0 HSE06 and HSE03. Since the experimental evidence points to
very tightly localized Ce4f polarons, LDA+U=6 eV seems to be the most successful functional.

In order to check the choice of U=6 eV for LDA+U , we show in Fig 3 the percentage of the
supercell contained within the 90% and 95% isocharge surfaces, as a function of U . Clearly, the
most localized description is indeed at U=6 eV. Fig 3 also shows the equivalent data (from [7])
for the

[
V+2

O − 2Ce−1
Ce

]
complex. Although equally localized near the optimal U , the lone polaron

starts to localize at slightly higher U values than the vacancy bound polarons. It is apparently
easier to localize Ce4f electrons when the presence of something else (such as a vacancy) has
already broken the translational symmetry of the lattice.

3.2. Calculated band energies
Fig 4 shows band energies taken from the density of states (DOS) of a supercell containing a
single Ce4f electron, and no other defects. (c.f. schematic in Fig 1). Fig 4 (a) plots the variation
of these energies with U for LDA+U . (The inset shows very similar results for GGA+U .) Once
localized, the polaron state descends roughly linearly with U , falling 2.1 eV to reach the valence
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Figure 2. Isocharge surfaces containing 85%, 90% and 95% of the Ce4f charge, obtained using
the functionals LDA+U=6 eV, GGA+U=5 eV, PBE0, HSE06 and HSE03.

Figure 3. Volume of the supercell
contained within the 90% and 95%
isosurfaces of Fig 2 for the polaron
(solid lines) and for the

[
V+2

O − 2Ce−1
Ce

]
complex (dotted lines), as a function of
U for LDA+U . Data for

[
V+2

O − 2Ce−1
Ce

]
taken from [7].

band at U '10 eV. The effect of U on the empty states is much milder, with the Ce4f(empty)
states rising by only 0.7 eV and the Ce5d states falling by 0.4 eV over the same range of U values.
In other words, the improvement in the description of the polarons obtained from LDA+U and
GGA+U is due primarily to the effect U has on the filled Ce4f states.

The HSE functional contains a screening range separation parameter µ. Choosing µ=0 gives
the PBE0 functional, µ=0.2 gives HSE06, µ=0.3 gives HSE03 and the limit µ → ∞ recovers
pure PBE. In Fig 4 (b) we show the evolution of the band positions with µ. In contrast to
LDA/GGA+U , these hybrids have virtually no direct effect on the energy of the filled Ce4f
state, at least once it has left the Ce4f (empty) band. Instead, the improvements are obtained
by moving the empty states upwards in energy. While this is to be expected, given the nature of
the hybrids, the difference between this and LDA/GGA+U is striking. Both approaches produce
qualitatively reasonable results, but their detailed predictions for the properties of polarons and
other features of ceria can therefore be expected to be very different indeed.

Conclusions
We have shown that, while they all correctly localize Ce4f electrons in ceria to form small
polarons, the functionals LDA+U and GGA+U form much more tightly localized polarons than
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Figure 4. Bands in ceria with one filled Ce4f state, as a function of (a) U for LDA+U (inset:
GGA+U), and (b) µ for HSE-type functionals: PBE0 (µ = 0) HSE06 (µ = 0.2), HSE03 (µ = 0.3)
and pure PBE (µ→∞). Energies plotted relative to the valence band edge.

the hybrids PBE0, HSE06 and HSE03, and are thus more in keeping with the experimental
data. We have confirmed that U=6 eV is the optimal value for describing lone polarons with
LDA+U . We have also shown that the improvement in the description of polarons obtained from
LDA+U and GGA+U is due primarily to the effect that U has on the filled Ce4f states, but the
improvement obtained using hybrids is due primarily to their effect on the empty states. This
difference will impact many of the detailed predictions made using the two classes of functional,
and this fundamental difference in behaviour has not perhaps received the attention in the
literature that it deserves.
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