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Abstract. We study the resonant x-ray scattering (RXS) at Si K, Al K and Te L1-edges from
chiral materials, α-quartz, α-berlinite, and tellurium. For the forbidden re�ections (001) and
(001̄), we deduce the scattering matrix for the E1E1 event by summing up the local scattering
matrices. The oscillation terms proportional to cos (3Ψ ∓ δ) and sin (3Ψ ∓ δ) are obtained in
the spectral intensity as a function of azimuthal angle Ψ with an expression of possible phase
shift δ. We evaluate the parameters which cannot be determined in the symmetry argument on
the basis of underlying electronic structures given by the bond-orbital model calculation for α-
quartz and α-berlinite, and by using the FLAPW band structure calculation based on the local
density approximation for tellurium. The calculated spectra reproduce well the experimental
results which depend on photon polarization and crystal chirality. We point out that the �nite
core-hole life-time and the band e�ect in the intermediate states may cause together the phase
shift δ.

1. Introduction

Alpha-quartz (SiO2), alpha-berlinite (AlPO4), and tellurium (Te) are chiral materials, having
two stereoisomeric crystal forms, the right-handed screw (space group No.152, P3121) and the
left-handed screw (No.154, P3221). The two forms have been distinguished by using the optical
activity since the discovery of Arago and Biot [1]. In order to determine the atomic positions for
systems with di�erent chirality, the anomalous x-ray scattering has been utilized [2, 3].

Recently, another method has been attempted to distinguish chirality: the resonant x-ray
scattering (RXS) with circularly polarized beam [4, 5, 6], using the Si K, Al K, and Te L1-
edge resonances in α-quartz, α-berlinite, and tellurium, respectively. The tensor character of
scattering matrix of RXS could give rise to the intensity on the re�ections forbidden in Thomson
scattering [7, 8, 9]. Measuring the spectra on the forbidden re�ections (001) and

(
001
)
, Tanaka

et al. [4, 5, 6] have found characteristic patterns depending on chirality in the spectral intensity
by means of switching polarizations from the right-handed one (RCP) to the left-handed one
(LCP). Regarding the oscillation of the intensity as a function of azimuthal angle, interesting
phase shift has been also observed. The amount of the phase shift strongly depends on the
excitation energy. It has been suggested that the phase shift might be due to the interference
between the parity even E1E1 and the parity-odd E1E2 or E1M1 events [4, 5, 6]. As a possible
mechanism for the phase shift, the birefringence might not be ignored. Joly et al pointed out
the importance of the birefringence e�ect on on the analysis of the Cu L edge RXS spectra from
cupric oxide [10].
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Figure 1. Si, Al, or Te atoms projected onto the a-b plane in the unit cell. Atoms labeled by 1,
2, 3 are located at (u, 0, 0), (0, u, 13), (1−u, 1−u, 23) for No. 152, and at (u, 0, 0), (1−u, 1−u, 13),

(0, u, 23) for No. 154, respectively.

In this paper we discuss the dependence of the RXS intensity from chiral materials on
the crystal chirality, Bragg re�ection, and incident photon polarization. For the forbidden
re�ections(001) and

(
001
)
, we deduce the general form of the scattering matrix for the E1E1

event obtained by summing up the local scattering matrices. The oscillation term proportional
to cos (3Ψ∓ δ) and sin (3Ψ∓ δ) is obtained in the spectral intensity as a function of azimuthal
angle Ψ with an expression of possible phase shift δ. We demonstrate for tellurium that the
phase shift could be related to the core-hole life-time and the band e�ect in the intermediate
states as well as the e�ects of the parity-odd events and the birefringence. The present paper
is organized as follows. In Sec. 2, the crystal symmetry and the formula of the RXS intensity
are brie�y described . In Sec. 3, the calculated results are discussed. Sec. 4 is devoted to the
concluding remarks.

2. Crystal Symmetry and Formula of the RXS

Bravias lattice of α-quartz, α-berlinite, and tellurium is hexagonal. As shown in Fig. 1, Si, Al, or
Te atom sits at the positions (u, 0, 0), (0, u, 13), (1−u, 1−u, 23) for No.152, while at the positions

(u, 0, 0), (1− u, 1− u, 13), (0, u, 23) for No.154, where u = 0.47, 0.47, and 0.26, for Si, Al, and Te,
respectively. The a-axis is a two-fold rotation axis for both No.152 and No.154, and that the
crystal of No.154 is the mirror image of No.152 with respect to the a-b plane.

We construct the resonant scattering matrix based on the symmetry. We brie�y summarize
the derivation of formula for the RXS intensity. For the detailed derivation we refer the readers
to ref. [11]. Let the incident and scattered photon polarizations be speci�ed as xβ and xα in
Cartesian frame that the x1(≡ x) and x3(≡ z) axes are along the a and c axes of the hexagonal
lattice. We introduce the local dipole-dipole correlation function at the core-hole site j excited
by absorbing an incident photon, which is de�ned by

[ρ̂j(ε)]α,β =
∑
n

〈g|x̂α|n〉〈n|x̂β|g〉δ(ε+ εg − εn), (1)

where the dipole operator x̂α is measured from the nuclear position of site j. Ket |g〉 represents
the ground state with energy εg, and |n〉 represents the intermediate state with energy εn. Let the

local dipole-dipole correlation function at site (u, 0, 0) be ρ̂
(±)
1 with + and − signs corresponding

to No.152 and No.154. It takes the following matrix form according to the local symmetry:

ρ̂
(±)
1 (ε) =

 a(ε) 0 0
0 b(ε) ±d(ε)
0 ±d(ε) c(ε)

 , (2)

where a(ε), b(ε), c(ε), and d(ε) are real functions of energy ε. The presence of the o�-diagonal
elements is due to the lack of inversion symmetry around the Si, Al, and Te atoms. The zero
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Figure 2. Scattering geometry. Left : Side view of the scattering geometry. The unit vector for
the σ and π polarizations are de�ned as shown. Center : Top view of the scattering geometry
at the azimuthal angle Ψ = 0 for G = (001), looking down along the c axis from the top of the
axis. Right : Top view for G = (001), looking up along the c axis from the bottom of the axis.
Vectors a and b are translational vectors along the a and b axes, respectively. Vector a∗ is the
reciprocal lattice vector conjugate to a.

components are originated from the two-fold rotation symmetry around the a-axis. The ± signs
are originated from the mirror-image relation with respect to the a-b plane between No.152
and No.154. The elements a(ε), b(ε), c(ε), and d(ε) are determined on the basis of underlying

electronic structure. The local correlation function ρ̂
(±)
2(3)(ε) on the atomic site 2(3), are obtained

by rotating ρ̂
(±)
1 (ε) by ±2π/3(∓2π/3) around the c-axis. We may express the total resonant

scattering matrix for scattering vector G = kf − ki as

M̂(G;ω) =
∑
j

ˆ
ρ̂j(ε) exp(−iG · rj)

ω − ε+ iΓ
dε, (3)

where ki and kf are the wave vectors for the incident and scattered x-rays, respectively. The
scattering geometry is shown in �g. 2. For G = (001̄), the total resonant scattering matrix is
written as

M̂((001);ω)

 A(ω) ∓iA(ω) −iB(ω)
∓iA(ω) −A(ω) ±B(ω)
−iB(ω) ±B(ω) 0

 , (4)

with

A(ω) =
3

4

ˆ
a(ε)− b(ε)
ω − ε+ iΓ

dε, (5)

B(ω) =
3

2

ˆ
d(ε)

ω − ε+ iΓ
dε, (6)

where ω and Γ represent the photon energy and the life-time broadening width of the core hole
state, respectively. We note that A(ω) and B(ω) are complex functions, and generally linear
independent of each other. The matrix for G = (001) is obtained by changing the sign before
the pure imaginary constant i in eq. (4).

We rotate the crystal right-handedly around G with azimuthal angle Ψ. Following the
experimental setup by Tanaka et al., [4, 6] we de�ne the origin of Ψ such that the scattering
plane contains the b axis, as shown in Fig. 2.

In the case that the incident beam is circularly polarized and the polarization of scattered
x-ray is not detected, the scattering intensity may be expressed in the following form using Stokes
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parameters P1, P2, and P3 [12]:

I((001̄);ω) = I0 − I1 sin(3Ψ∓ δ)− I2 cos(3Ψ∓ δ), (7)

with

I0 = |B]2 cos2 θB + |A|2 1 + sin2 θB
2

×(1 + sin2 θB ± 2P2 sin θB + P3 cos2 θB), (8)

I1 = |AB| cos θB(P2 cos2 θB ∓ 2P3 sin θB), (9)

I2 = ∓|AB| cos θB(1 + sin2 θB)P1. (10)

where the upper (lower) sign corresponds to the crystal of No.152 (No.154), and B∗A is replaced
by |AB|eiδ. I((001);ω) is obtained by changing the sign before I1 and I2 in eq. (7). Right(Left)
circularly polarization correspond to P2 = +1(−1). We note that the phase δ could take any
value in principle. If A (ω) and B (ω) are linearly dependent on each other, δ can only take 0
or 180 deg because B∗A takes positive or negative real value. In case of P1 = 0, the oscillating
term as a function of azimuthal angle Ψ consist only of the term proportional to sin(3Ψ∓ δ).

3. Calculated Results and Discussions

In order to determine the parameters a(ε), b(ε), c(ε), and d(ε), we exploit the bond-orbital
model for α-quartz and α-berlinite [11], which are insulators with a wide energy gap. We make
use of the FLAPW band structure calculation based on the local density approximation (LDA)
for tellurium, which is a semiconductor with a tiny band gap ∼ 0.3eV. For α-quartz and α-
berlinite, the FLAPW calculation ignoring the core-hole potential fails to reproduce the observed
absorption spectral curves. On the other hand, for tellurium, the FLAPW calculation rather
well reproduce the observed absorption spectral curve. Therefore, one particle approximation
based on the LDA calculation ignoring the core-hole potential is expected to work safely for
discussing the nature of the RXS spectra in tellurium. In the one particle approximation, the
local dipole-dipole correlation function ρ̂j(ε) may be calculated from the single particle density
matrix projected on the p-symmetric states at the scattering site. Each element in the density
matrix can be explicitly expressed in terms of the FLAPW basis.

We concentrate our attention on the azimuthal angle dependence of the spectral intensity at
the ω giving the main absorption peak for G = (001) for α-quartz and α-berlinite belonging to
No. 154. Figure 3 shows the RXS intensity as a function of azimuthal angle Ψ comparing with
the observed ones in α-quartz and α-berlinite [4, 5]. Although G is de�ned by ki − kf in the
experiment, which is opposite to ours (see the errata in Ref. [4]), we present G's in our de�nition.
The calculated intensities are smaller for RCP than those for LCP in No.154, being consistent
with the experimental curves shown in panels (b) and (d), while the former is larger than the
latter in No.152 (not shown). As regards the oscillation terms, we notice from the eqs. (7) and
(9) that they take the form of −a1 sin(3Ψ − δ) for RCP in No.152, and a1 sin(3Ψ + δ) for LCP
in No.154 with a1 a positive number, and that they take the form of b1 sin(3Ψ − δ) for LCP in
No.152, and −b1 sin(3Ψ + δ) for RCP in No.154 with b1 a positive number. Their ratio is given
by b1/a1 = (|P2| cos2 θB + 2P3 sin θB)/(|P2| cos2 θB − 2P3 sin θB) ∼ 0.2 for α-quartz and ∼ 1.71
for α-berlinite, which is independent of the model. These values are quite well consistent with
the observed ones. However, there are noticeable discrepancies between the calculation and the
experiments. In α-quartz, the intensities for RCP in No.154 are too small in comparison with
the experiment. Concerning the phase shift, the experimental curves in α-quartz seems to have
the phase shift δ = 120 ∼ 180 deg. It is also reported that the phase shift depends on the photon
energy ω in α-quartz and α-berlinite. Although the phase δ in eq. (7) could take any value in

REXS 2013 — Workshop on Resonant Elastic X-ray Scattering in Condensed Matter IOP Publishing
Journal of Physics: Conference Series 519 (2014) 012009 doi:10.1088/1742-6596/519/1/012009

4



0

0.4

0.8

-90 -60 -30 0 30 60 90
Azimuthal Angle (deg)

0

0.4

0.8

In
te

n
si

ty
 (

ar
b
.u

n
it

s)

-90 -60 -30 0 30 60 90
Azimuthal Angle (deg)

(c) berlinite 154  G=(001)

(b)

(a) quartz 154  G=(001)

(d)

Figure 3. RXS intensity from α-quartz and α-berlinite of No.154, for G = (001). The ω is �xed
at the value giving the absorption peak (not shown). P1 = 0, P3 = −0.31, P2 = 0.95 (RCP), and
P2 = −0.95 (LCP) and sin θB = 0.625 for quartz, and P1 = 0, P3 = +0.30, P2 = 0.95 (RCP),
and P2 = −0.95 (LCP), and sin θB = 0.361 for berlinite. Lower panel shows the experimental
curves reproduced from Refs. [4] and [5]. Solid curves and solid circles are for RCP, and dashed
curves and open circles are for LCP.

principle, the bond-orbital model gives the phase shift δ = 180 deg. independent of the photon
energy. This is may caused by the fact that the four sp3 hybrid orbitals on the scattering site are
assumed not to interact with each other in our bond-orbital model, which leads to the result that
A(ω) and B(ω) are linearly dependent on each other. The most serious discrepancy is that the
phase shift in α-quartz looks to depend on the photon polarization and the Bragg re�ection G
[4], although the phase shift δ should be independent of them in accordance with the symmetry
argument within the E1E1 approximation.

In accordance with eqs. (5) and (6), the energy dependent phase shift δ is expected to be
caused by the life-time broadening Γ of the core hole and the band e�ect on the intermediate
states. In order to elucidate these e�ects, we adopt the FLAPW band structure calculation
for tellurium to evaluate the parameters a(ε), b(ε), c(ε), and d(ε). We assume the life-time
broadening for Te 2s core hole state Γ = 1.5 eV [13]. Figure 4 shows the calculated absorption
and RXS intensities as a function of photon energy ω at Ψ = 0, reproducing well the observed
spectral shape [6]. The absorption spectra show a peak structure near the edge and broad
structures in higher energy region. On the other hand, RXS spectra show almost single peak
structure with small shoulder structures in higher energy region. The calculated phase shift δ is
found to strongly depend on the photon energy as shown in the �gure 4(center). The phase shift
at the photon energy giving the RXS peak intensity is δ ∼ 196 deg, which is nearly equal to the
observed value δexp ∼ 194 deg. The calculated intensities are slightly smaller for RCP than for
LCP in No.154 and the ratio b1/a1 equals to 1. These are well consistent with the observations.

4. Concluding Remarks

We have analyzed the RXS spectra at Si and Al K-edges and Te L1-edge on forbidden re�ections
in chiral materials, α-quartz, α-berlinite, and tellurium, using the expressions of scattering matrix
for the E1E1 event. The expressions include the oscillation term as a function of azimuthal angle,
which has the phase shift and the amplitude with chirality dependence.

The calculated spectra based on the bond orbital model have reproduced well main aspect of
the experimental observations α-quart and α-berlinite. However, some discrepancies remain in
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Figure 4. Calculated absorption and RXS intensities as a function of photon energy (left),
phase shift δ as a function of photon energy (center), and RXS peak intensity as a function of
azimuthal angle (right) in tellurium of No.154 for G = (001). The energy zero corresponds to the
energy di�erence between Te 2s level and the conduction band bottom. The life-time broadening
is chosen as Γ = 1.5 eV. P1 = 0, P3 = 0, P2 = 1 (RCP), and P2 = −1 (LCP) and sin θB = 0.212.
Solid and dashed curves are for RCP, and LCP, respectively. The azimuthal angle zero in the
experiment corresponds to Ψ = −90 deg.

the average intensities and the phase shift of azimuthal angle oscillation in α-quartz. The phase
shift depending on the photon energy has not been explained within the bond orbital model
calculation. On the other hand, for tellurium the calculated spectra based on the band structure
calculation have well reproduced the observations. We have demonstrated that the �nite core-hole
life-time and the band e�ect in the intermediate states can cause together the energy dependent
phase shift δ in the azimuthal dependence of the scattering intensity even for the E1E1 event
as well as the e�ects of the parity-odd events and the birefringence. It is interesting that the
�nite core-hole life-time causes not only the broadening of the spectra but also the phase shift.
Using FLAPW band structure calculation to evaluate the dipole-dipole correlation function, and
assuming the core-hole life-time broadening Γ = 1.5eV, we have successfully reproduced the
absorption and RXS spectra at the Te L1 edge as functions of photon energy, and the azimuthal
angle dependence of RXS intensity, including the amount of the phase shift for tellurium. For
better understanding the phase shift behavior for α-quartz and α-berlinite, further studies taking
account of the core hole potential and band e�ect are required.
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