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Abstract. We predict quantum features in angular distributions of parametric X-radiation
from channeled relativistic electrons (PXRC). The effect is connected with the number of
quantum states of channeled electrons, form-factors of the transverse quantum channeling states
and initial populations of these quantum states. The main motivation of this work is theoretical
prediction for the future experiment at the SAGA-LS facility.

1. Introduction

Recent experiments [1, 2, 3] on studies of angular distributions of parametric X-radiation
from 255 MeV channeled electrons (PXRC) in a Si crystal showed some differences between
of that distribution and standard angular distribution of parametric X-radiation (PXR) from
non-channeled electron. According [1], this difference is connected with manifestation of two
quantum effects: a) form-factors of the transverse quantum states of channeled electrons; b)
initial populations of these quantum states. The band structure of transverse quantum states
in a periodic planar channeling potential sufficiently influences the form-factors and initial
populations of these states. As a result, the angular distribution of PXRC changes with
appearance of every new quantum channeling state following increase of the electron beam
energy.

2. Basic equations
According [1], the formula for angular distribution of PXRC intensity from planar channeled
electrons captured into a transverse quantum state with a number n reads:
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here ¢ = (k — g)y = wgby/c and Ipxgr is the standard angular distribution of PXR intensity
near the Bragg direction calculated in a two-wave approximation:
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0z, 0, — the angular coordinates counted from the Bragg direction kp and p — the Bragg angle
defined by [4] sinfp = |v|g[/(vg) — see, in figure 1, hwp = 27he/d — energy of PXRC photon
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(we consider the first allowed order of the Bragg reflection), d — spacing between the channeling
planes, k — the wave vector of PXRC photon and g — reciprocal lattice vector (see, in figure 1).
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Figure 1. The angular coordinates 6, and 6,, describing angular distribution of PXRC near
the Bragg direction kp, and mutual arrangement of the vector of longitudinal velocity v, wave
vector k of PXRC photon and g — reciprocal lattice vector: (a) 3D view; (b) the schematics of
mutual arrangement of the vectors.

The important quantity entering Eq.(1) is the form-factor of the transverse quantum
channeling state with the number n:

/2
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Here, ¢, (y) is the wave function of channeled electron in a quantum state with the number n.
Other quantities entering Eq.(2) are [5, 6]:
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here v = E/mc? is the relativistic factor of electron, xo, Xg — the Fourier components of the
local electric susceptibility of a crystal.

The angular distribution of PXRC from electrons planar channeled in a crystal is calculated
using the following formula [1, 2, 3]:

N
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where N is number of bound channeling states and
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is the the initial population [7] of the n-th quantum state depending on the angle of incidence
6o of electron beam with respect to the channeling planes (p is initial momentum of electrons).
Looking at Egs.(3, 5, 6) one may conclude that the angular distribution of PXRC depends on
the number of quantum channeling states, on the wave functions of these states and on the angle
of incidence 8.

Let us further consider the simplest case of PXRC, when the angle of incidence 8y = 0. In
this case, only sub-barrier (bound channeling states) are populated. As is known [7], the number
of those channeling states increases proportionally ,/y. When the beam energy increases, the
new quantum channeling states appear and contribute to the sum in Eq.(5), every with its
own form-factor F),, and population P, (). Therefore, an appearance of every new quantum
channeling state will lead to a change in the PXRC intensity.

3. Beyond the separate plane approximation
The ”true” wave functions for (220) planar channeling in Si crystal used in further numerical
calculations have been obtained using the method described in [6, 8].
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Figure 2. PXRC and PXR (dashed line) angular distribution calculated with the ”true”
periodic planar (220) Si channeling potential: a) for v = 45 and the number of bound channeling
states N = 4; b) for v = 55 and N = 5. The increase of the number of bound states N
manifests itself as ~ 200% increase in Ipx e intensity. The maximums of Ipxrc are located at
0y = £60,7". In fact, the PXRC intensity graphs are not single lines but rather broad bands. We
illustrated this drawing 10 lines (inside the band) corresponding to 10 positions inside transverse
energy band of planar channeled electrons. In figure 2a the width of the band is small and these
10 lines are invisible, while in figure 2b the lines are visible and form the broad band.

In figure 2 we presented PXRC angular distributions calculated with the periodic planar (220)
Si channeling potential for two values of relativistic factor in a vicinity of the ”quantum jump”:
v = 45 corresponds to the number of bound channeling states N = 4 and v = 55 corresponds
to N =5.

To each line on the graph of PXRC in figure 2 corresponds a certain part of energy band of
the channeled electron transverse motion. For calculation the each band was divided into 10
equal parts (by the transverse momentum) as it described in [6, 8]. As the result, the PXRC
intensity graphs are not single lines but rather broad bands. We illustrated this drawing 10
lines (inside the band) corresponding to 10 positions inside transverse energy band of planar
channeled electrons.

The difference in magnitudes of Ipxrc in figure 2 is explained by the influence of the band
structure of energies and corresponding ”true” wave functions on the transverse form-factors
and initial populations.

At the same time the PXRC intensity increases by almost a factor of two, following increase
of v from 45 up to 55. The reason is that into Eq.(1), besides form-factors |Fy,|?, enter initial
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populations P, ().

In figure 3 we present PXRC angular distributions calculated with the periodic planar (220)
Si channeling potential for two values of relativistic factor: v = 460 corresponds to the number
of bound channeling states N = 14 and v = 480 corresponds to N = 15.
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Figure 3. PXRC and PXR (dashed line) angular distribution calculated with the ”true”
periodic planar (220) Si channeling potential: a) for v = 460 the number of bound channeling
states N = 14; b) for v = 480 = N = 15. Here, the increase of the number of bound states
N manifests itself as ~ 20% increase in Ipx e intensity. The maximums of Ipx o are located
at 0, = £6;"**. As in figure 2, the PXRC intensity graphs are not single lines but rather broad
bands.

The electron relativistic factor in the figure 2a and 3 was taken equal to v = 45,55 and
v = 460,480, corresponding to the program of planned experiments on PXRC studies with
20 — 255 MeV electrons at the SAGA-LS accelerator center [1, 2, 3].
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Figure 4. a) The maximums of PXRC and PXR (dashed line) as the function of v in the (220)
Si (along the plane 8, = 0). b) The number N of bound channeled states as the function of ~.
As in figure 2 and figure 3, the graphs are not single lines but rather broad bands. We illustrated
this drawing 10 lines (inside the band) corresponding to 10 positions inside transverse energy
band of planar channeled electrons.
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The maximums of angular distributions Ip%%(v) = Ipxrc(7)lg,=gpe= (in the plane 6, = 0)
as the functions of beam energy are presented in figure 4. The correlation of the number of
quantum bound states N = N(v) and values of the maximums of I2'¢%~(v) manifests itself
at definite ~ values. Here, for comparison, we plotted also the maximums of PXR angular
distribution (see, in details the Section 4).

4. Comparison of PXRC and PXR
To characterize the difference in angular distributions of PXR and PXRC, we introduce the
quantity
max max
5 = 5(9;710@; ) _ “PXR ~— “PXRC =

mazx
IPXR
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which depends on the number of quantum states N (a function of relativistic factor =), initial
population of every n-th state (a function of angle of incidence 6y and wave function ¢, (y)).
Both ¢, (y) and form-factor F,,,,(¢) depend on the relativistic factor.
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Figure 5. Dependences on relativistic factor v of: a) maximum values of the § = §(6;"**;v)
(formula (7)); b) number N of bound channeling states for (220) planar channeling in a ”real”
1D periodic potential Si crystal. Here, the wave functions are obtained numerically following
procedure described in [6, 8] and are used to calculate the initial populations P,(fy) and
transverse form-factors | Fy,, (0,;v)|>. The vertical lines correspond to the values of the relativistic
factor v = 45 and v = 55 (see, figure 2) and the circles at the ends of these lines mark the values
of §, corresponding IP$%0(7) = Ipxre(7)|o,=opes in figure 2. The origin of 10 lines is explained
in caption to figure 2.

As is well known in quantum mechanics, at least one bound state always exists in a 1D
potential well of finite depth. We would like to stress, that in the problem of planar electron
channeling there is an additional parameter - relativistic factor of the beam -, which allows the
change of the number N of quantum channeling states.

The evolution of the quantity § (formula (7)) with the beam energy increasing is presented
in figure 5, where we plotted both the number of quantum states N = N(v) and the values
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§ = (6% v) taken at the maximums of angular distributions Ip§% and IP$%- (along the

plane 6, = 0). As one can see, the correlation of the number of quantum bound states N = N(v)
and ¢ = §(0;'*"; ) manifests itself at the definite v values.

In figure 3 — figure 5, to each line on the graph corresponds a certain part of energy band of
the channeled electron transverse motion (as in figure 2).

In figure 5, the band structure of transverse quantum channeling states (sequence of
periodicity of planar channeling potential) decreases the value of transverse form-factor squared
| Foun|? and, in addition, sufficiently changes the values of initial populations P, (fg) of quantum
states. Both two factors increase the difference in angular distributions of PXRC and PXR, i.e.
increase the § value.

5. Conclusions
To summarize, as it was first suggested in [1], the difference in angular distributions of
the standard Parametric X-Radiation (PXR) from plane-wave electrons (no channeling) and
Parametric X-Radiation from channeled electrons (PXRC) is connected with manifestation of
two quantum effects: form-factors of transverse quantum channeling states and their initial
populations. In the present work we showed that this difference has non-trivial dependence
on the electron beam energy: it undergoes some quantum jumps with appearance of the new
quantum channeling states following increase of the electron beam energy. The magnitude of
the jump depends on form-factors and initial populations of these quantum states.

The experimental studies of predicted quantum features in PXRC angular distributions are
planned with 20 .. 255 MeV electrons at the accelerator center SAGA-LS [1, 2, 3].
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