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Abstract. We investigate the spectral-angular distribution of the forward transition radiation
from an electron bunch interacting with an acoustic superlattice generated in a finite thickness
plate. In the quasiclassical approximation, a formula for the radiation intensity is provided for
a general distribution function of electrons in the bunch. We investigate coherence effects in the
case of modulated electron distribution. The features of the radiation intensity are described
in dependence of the ratio of the acoustic wavelength to the period of the modulation of the
bunch. We demonstrate the appearance of the peaks in the radiation intensity for special values
of this ratio.

1. Introduction

Transition radiation is produced when a relativistic particle traverses an inhomogeneous medium.
Such radiation has a number of remarkable properties and at present it has found many
important applications. In particular, transition radiation can be fruitfully exploited for energy
detection or mass identification of high energy particles. The detectors based on the transition
radiation have been used and are currently being used in a wide range of accelerator based
experiments and in astroparticle and cosmic ray experiments.

The intensity of the transition radiation can be increased considerably by using the
interference effects in periodic structures (for a review see [1]-[5]). The corresponding emission,
called resonant transition radiation, results from constructive interferences between the waves
emitted by each element of the periodic structure. In experiments, incident electrons cross stacks
of thin foils and the transition radiation is formed at the interfaces between the material and
vacuum. For the generation of high frequency transition radiation periodical structures with a
small period are needed and the fabrication of this kind of radiator is a difficult task. In addition,
irregularities in the spacing between the foils can rapidly destroy the constructive interference.
In Ref. [6] it was suggested to generate the periodic radiator for the X-ray transition radiation
by using acoustic waves. The parameters of this type of radiator are easily controlled by tuning
the wavelength and the amplitude of the acoustic wave. The radiation from a charged particle
for a semi-infinite laminated medium has been recently considered in [7]. The optical transition
radiation in an ultrasonic superlattice excited in a finite thickness plate is considered in [8] under
normal incidence of a relativistic electron and in [9] the results are generalized for the oblique
incidence. It is shown that the acoustic waves generate new resonance peaks in the spectral and
angular distributions. The heights and the location of these peaks can be controlled by choosing
the parameters of the acoustic wave. In the papers given above the transition radiation from
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a single particle is considered. From the point of view of the experimental observation it is an
important step to investigate the radiation from particle beams. Here we consider the forward
transition radiation generated by a monoenergetic electron bunch in a dielectric plate in presence
of ultrasonic waves.

2. Electromagnetic field and the radiation intensity

Consider the transition radiation emerging in the forward direction when a monoenergetic bunch
of N particles moves at constant velocity v = vn, along the z-axis, enters normally into a plate
whose surfaces coincide with planes z = —[ and z = 0. We assume that longitudinal ultrasonic
vibrations are excited in the plate along the normal to its surface (along the axis z), that form
a superlattice. The dielectric permittivity inside the plate we shall take in the form

£(z) = g0 + Accos (ksz + wst + @), (1)

for =1 < 2 < 0. In (1), ws, ks are the cyclic frequency and the wave number of the ultrasound, ¢
is the initial phase. Under the condition v4l/v < 1, with vy = w,/(27), during the transit time
of the electron the dielectric constant in the superlattice is not notably changed. For relativistic
electrons and for the plate thickness [ < 1 cm this leads to the constraint v, < 10! Hz. In the
discussion below we shall assume that the plate is immersed in a homogeneous medium with
dielectric permittivity ;.

Here we are interested in the radiation with frequencies w satisfying the condition w > kgc.
The presence of small parameter ksc/w allows one to use the quasi-classical approximation for
the evaluation of the radiation field. The current density will be taken in the form

-:einI(S(:ﬁ—Xj)(S(y—Yj)(S(z—zj () n.. )

In the Lorentz gauge, the vector potential of the electromagnetic field for j-th particle can be
written as A; = AWn,. This condition determines the radiation polarization. The magnetic
field intensity is perpendicular to the plane containing n, and the photon wave vector.

For the j-th particle in the bunch one has Z; (t) = —l 4+ v(t — té])). Assuming that |Ae| < 1,
the Fourier transform of the vector-potential in the region z > 0 is presented as

ieeikgl)z l —in-/v—ikzX-—ik:yY- €i¢(j)_il(W/v_kgl)) —1 ia sincp(j)
Ak w,z) = szz i 5= ikyY; _ D
2micky’ 5 2i(w/v—ky )
I : (0)
—imeo@) —il(w/v—k@y osin(l(w/v — ks, ) /2
xS Tlar)e et -l k) /2 (U(w/ 2 /2| 3)
m=—00 w/v — kSm

where and in what follows k| = (k1,k2), Z; = Z;(0), Ju(x) is the Bessel function of the first
kind, k) = k{” + mk,, and

) = w2, i=0.1, o0 = o~ (Z; + Dws/v,
oD = (k§0) _ ]{;él))l + 2ay sin(ksl/2) cos(o) — kl/2), ay = WQAa/(QCkak:(’,O))- (4)

The spectral-angular density of the radiation intensity during the electron transit time in the
forward direction (z > [), averaged over the phase ¢, is given by the formula

4 21
In (,0,6) = zwg§/2°ggsin3900s29/o do [A(ky,w,2)?, (5)
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where 6 is the angle between the z-axis and the wave vector of the radiation,

ky = (w/c)y/e1sinfcos ¢, k, = (w/c)\/e1sinfsin ¢, (6)
with ¢ being the azimuthal angle for the radiation direction. By taking into account the
expression (3), we get

2 0 too
In (w,0.6) = 27/:1 Sj» Z etk X =ik Y LN B(0,w)
J:g'=1

[ i (0, W) I —m (201 sin gj5 e im! —m) (sl =m)/2 gi(m"+m)q; 5

+mjm,(bl)e%m’w sin[(6”) — w/v)1/2 + (m! — m)kl/2 + m/W/Q]}
— Ml

X WpB2(0,w) 1+ Jo(2b sin aj5) — 2cos[(k§0) —w/v)l]Jo(b1)
U Z —+ 2 ’ (7)
1— B cosf 4(1— pycosb)

where 3; = v\/gi/c, Ujy =U; —Uy, U =X,Y, q;jy = (Z; — Zj)ws/2v, b1 = 2a; sin(ksl/2), and

in(l 2 k [€o
B, (0,w) = Jm(al)%M, Wi =W +mv—, W=1-p 6— —sin? 6. (8)
m w 1

Now one has kéo) = (w/c)V/eg — g1 sin? 6,

1/2
a; = wAe U= €1 c059/502 / . ()
2cks\/eo — €1 sin® 0 £0/e1 —sin® @

For N =1 the expression (7) reduces to the one derived in [8].

m,m/=—00

3. Averaging over the coordinates of particles
For the radiation intensity averaged over the coordinates of particles in the bunch we get

In (w,0,0) = NI (w,0) + N(N = 1)1, (w,6,¢), (10)

where the contribution of the coherent effects is given by the second term on the right-hand side
with

L(.0.6) = 5 [ R, [ @ RyLiy 0.6.0) S(R)F(Ry). 2 ). (1)

(Note that the formula (10) is valid for various types of radiation processes, including the
transition radiation, the diffraction radiation and the synchrotron radiation (see [10]).) We
assume that the distribution function is normalized in accordance with [ d®R;f(R;) = 1. In (11),
I;jr (w, ) is given by the expression (7) if we remove the summation sign and R; = (X};,Y}, Z;).
Assuming that f(R;) = fo(X;)fy(Y;)f.(Z;), with the functions f,(U;) separately normalized to

2
1, and introducing the notation Fy(7) = ‘fj;o dsf.(s)e'™| , with u = z,y, z, we find

23?2 sin3 0
2m2c,/e1
m—m’ I (a1) T (b1) . [lw
— — ' F, /
2 ) 1—picosf S 20 Wi+ et ()

) [1 —2cos(lwW/v)Jy(b1)] Fr(w/v) 4+ 2F (w,0)
v Z B COSH F(w/v) + 4(1 — f3; cos 6)? } - (12)
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In (12) the following notations are introduced:

o0 L TWs m +m T m—m/
Fr(w,0) = /0 drG(T) I/ —m (2a1 sin <%)> CoS ((ws 5 w) ST ) ,

+oo o0
Glr) = / du fo(u— 7) fo(u), Fp(w) = /O drG(7) cos((2mws — w) 7 /),

—00

Flw,0) = /OOO drG(7) cos(w/v)Jo(2b; sin(Tws/(2v))). (13)

Note that we can write F,(u) in terms of the function G(7): F.(u) = 2 [~ drG(7) cos(ur).

Note that the dominant contribution in the integrals for the form-factors in (13) comes from
the region of the integration 7 < L., where L, is the longitudinal size of the bunch. Now one has
Tws/v S 2w (L, /As) (vs/v), where Ag and vy are the wavelength and the velocity for the acoustic
wave. If L, < Ag one has Tws/v < 1 for relativistic electrons. In this case the form-factor
From (w, 0) is small for m # m’ and the main contribution in the corresponding part in (12)
comes from the term m = m’ with Fy,(w,0) = Fp, 5(w). We also have F(w,0) = F.(w/v)/2.
If in addition, m is not too large, so mws < w, we see that Fy,(w) ~ F,(w/v)/2. In this case
the summation over m’ in the second term in the square brackets of (12) is done explicitly by
using the addition theorem for the Bessel function and one finds

Ie (w,0,¢) ~ Fy(ky) Fy(ky) Fo(w/v) 11 (w,0,6). (14)

Hence, under the conditions L, < Ay and mws < w the influence of the bunch structure is
separated in the form of the form-factor F,(ky)Fy(ky)F.(w/v).

The general formula (12) is further simplified for large values of the plate thickness.
Introducing the quantity I° (w,0) = lim;_, I. (w, 0) /1, from (12) we get

e2fiw  e1sin®fcosb
2 S 2 Z
2me €0 80/61 — sin“ 0 M= —00

with d(x) being the Dirac delta function and Cp,(w) = Fpm(w,0). This expression for
the radiation intensity is valid under the condition [ > 27v/v, where v = w/(2m). Note
that one has v > v, and this condition does not contradict the condition | < wv/vs (see
the paragraph after formula (1)) we have assumed before. In (15), the term with m = 0,
which we denote by 173 (w, 8, ¢), describes the radiation which propagates along the direction

0y = arcsin(y/eo/e1sinbcy), fcn = arccos(1/5p) is the Cherenkov angle in the medium with
permittivity €. This term corresponds to the Cherenkov radiation in the plate which propagates
in the region z > 0 after the refraction at z = 0. Integrating over 6 we find

15 (w,0,0) = Fi(ks) Fy(ky)

Cn (W) (a1)6 (W), (15)

™ e2w
= (w0, ¢) = /0 40 1% (0,0, 6) = 2 Fy(ka) Fy (ky)Co(w) (1 — 1/62) J2(ar),  (16)

e
where now a1 = wvAe/(2c¢%k,) and in the expressions (6) one has 6 = 6.
Now we consider the terms with m # 0. For a given m, the frequency for the radiation

propagating along the direction 6 is given by the relation w = mvk / W, where m > 0 for W > 0
and m < 0 for W < 0. After the integration over w, for 129 m;éo = [dwIX (w,0,¢) we find

e233k2sin®  cos 0
1% 0(0.0) = — < oS Fa(ka)Fy () Con (ks W) T2 (ar), (17)

2megy/€0/e1 — sin? 0 |W| V=0

where in the expressions (6) the substitution w = mvks/W should be made.
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4. Example of a microbunched beam
As an example of a microbunched beam we consider a beam with Gaussian distribution functions
in z and y and with modulated Gaussian distribution in the longitudinal direction:

o—72/(202) o—72/(207)

5 =Y, Jz - dn inkrz’ 18
V2moy, v=ay, S (2) V2mo, Z ‘ 1)

n=-—o0o
where k, is beam modulation wave number and d_,, = d},, dp = 1. For these functions one has

fu(T) =

oo
Fulky) = ek w=a,y, Fa(u) =] Y dpe 2 0krru?/22, (19)

n=—oo
For the function G(7) one gets the expression
e~ T2/ (402)

G(r)= ——+— N h(kros,7/(20)), h(z,u) Z dndyyre™ S cos(n — n')zu]. (20)

With the use of (20), the expression for the function F,,(w) takes the form:

n,n'/=—oo

1 / 47 2
Fp(w) = 267(2”“"5 w)Q Z dydye™ WTIET g [(n —n') (2mws — w) kT% . (21)

In the simple case d,, = 0, n = +2, 43, ..., defining d; = dpe’®, the distribution function is

given by
e—%2/(202)

L (2) = —— [1 4+ 2dp cos(krz + . 22
For the function h(z,u) we find
h(x,u) = 1+ 2d; cos (2zu) + Adye™**/* cos B cos (xu) + 2(1%675‘“"2 cos(20). (23)

For the numerical example we consider large values of the plate thickness. For the angular
density of the number of quanta radiated at a given frequency w,, = muvks/W, per unit trajectory
of the particle, one has

NN,m (07 ¢) = NNl,m (93 ¢) + N(N - 1)Nc,m (03 ¢) . (24)

For large values of the plate thickness, for the coherent part N5, (6, ¢) = lim; oo Nen (6, ¢) /1,
from (17) one gets

e? slﬂgk sin® @ cos @
he 2meoy/ €9 — €1 sin? W2

In figure 1 we have plotted the quantity (25) for m = —1 as a function of o,ks and 6 for the
electron energy 17.5 MeV and for the longitudinal distribution function (22) with d, = 0.5,
B =0, 0, =3x10"%cm. We assumed that the plate is made from fused quartz and e; = 1.
For the velocity of the acoustic wave one has vs = 5.6 x 10°cm/s and we have taken Ae = 0.02.
For the left plot 0.k, = 5 and for the right one o,k. = 10. For the transverse part of the
distribution function we have taken F,(k.)Fy,(k,) = 1. With increasing o.ks the separation
between the peaks and the height of the right peak increase. In addition, the right peak exhibits
microstructure. We have numerically checked that the contributions of the higher harmonics
m = —2,—3, ... are small compared to the one for m = —1.

Nem(0,6) = Fy (k) Fy (ky) Con(wim) Im| T3, (a1). (25)
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Figure 1. Coherent part in the number of the radiated quanta, 108./\/5?” (see (25)) at a given
harmonic corresponding to m = —1.

5. Conclusion

In the present paper we have considered the coherence effects in the transition radiation of a
microbunched electron beam on an acoustic superlattice excited in a finite thickness dielectric
plate. Assuming that the amplitude of the modulation for dielectric permittivity is small, the
spectral-angular density of the radiation intensity in the forward direction is given by formula (7).
After averaging over the coordinates of particles in the bunch, it is presented as (10), where for
the contribution of coherent effects one has the expression (12). Under the conditions L, < Ag
and mws < w, the influence of the bunch structure on the radiation intensity is separated
in the form of the form-factor (see (14)). For a thick plate, the general formula is further
simplified to (15). In this formula, the m = 0 term corresponds to the Cherenkov radiation in
the plate which propagates in the region z > 0 after the refraction at the plate boundary. As
an application of the general expression for the transition radiation intensity, in section 4 we
have considered a beam with Gaussian distribution functions in transverse directions and with
modulated Gaussian distribution in the longitudinal direction. The spectral-angular distribution
of the radiation intensity can be controlled by tuning the parameters of two periodic structures:
the beam modulation wave number k, and the acoustic wave number k.
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