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Abstract. We construct the N' = 2 supersymmetric nonlinear sigma model on the cotangent
bundle over the compact Hermitian symmetric space E7/Eg x U(1) by using the projective
superspace formalism which is an off-shell superfield formulation in four-dimensional space-
time. We also give a simple formula giving the hyper-K&hler potential of the cotangent bundle
over all the compact Hermitian symmetric spaces.

1. Introduction

Supersymmetry (SUSY) has intimate relations to the complex geometry [1]. In particular,
the target space of SUSY nonlinear sigma models (NLSMs) possessing 8 supercharges must be
hyper-Kébler manifold [2]. It means that SUSY is a powerful tool to construct a new hyper-
Kabler manifold. In other words, a new hyper-Khaler manifold can be obtained through a new
SUSY NLSM with 8 supercharges. One of the most convenient formulations to construct SUSY
NLSMs with 8 supercharges is the projective superspace formalism [3, 4, 5, 6] being an off-shell
superfield formulation in theories with 8 supercharges .

The projective superspace formalism is a powerful devise to construct AN/ = 2 SUSY NLSMs.
With the use of this formalism, first the SUSY NLSMs on the tangent bundles over the
compact and non-compact classical Hermitian symmetric as well as, using the generalized
Legendre transform [4], the cotangent bundles corresponding to the hyperkdhler metrics have
been constructed [9, 10, 11, 12]. Developed the results in [9, 10, 11, 12], the cotangent bundle
over the compact type of Eg/SO(10) x U(1) have been also constructed [13]. After these works,
the closed form expression of the cotangent bundle over any compact Hermitian symmetric
space was obtained [14], which gives a form of the cotangent bundle presented in a matrix form.
We elaborated on this result to provide a new closed formula for cotangent bundle action, and
applied it to construction of the A/ = 2 SUSY NLSM on the cotangent bundle over the compact
E;/Eg x U(1) [15]. In this proceeding, we review our work based on [15].

! There is another A’ = 2 off-shell superfield formulation called the harmonic superspace formalism [7, 8].
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2. N =2 sigma models in the projective superspace
We start with a family of four-dimensional A/ = 2 off-shell supersymmetric nonlinear sigma
models that are described in ordinary A/ = 1 superspace by the action:

ST, 7] :2% ]{df /d8zK(TI(C),Y ©), M=(at04,0%, (2.1)

where ¢ = 0,1,2,3 and o,& = 1,2. The complex coordinate ¢ which is called the projective
coordinate parameterizes SU(2)gr/U (1) where SU(2)g is the internal symmetry. Action in the
projective superspace is written by using contour integral over (, and reality conditions are
imposed using complex conjugation of { composed with the antipodal map. The action is
formulated in terms of the so-called polar multiplet [4, 5, 6], one of N' = 2 multiplets living
in the projective superspace. The polar multiplet is described by the so-called arctic superfield
T(¢) and antarctic superfield Y(¢) that are generated by an infinite set of ordinary N = 1
superfields:

T =) Tu"=T+TC+0(%),  TQ=D Ta(-Q7", (2.2)
n=0 n=0

where T is the conjugation of T under the composition of complex conjugation with the antipodal
map on the Riemann sphere, ( — —1/(. Here ® is chiral, ¥ complex linear,

D.®=0, D?*% =0, (2.3)

and the remaining component superfields are unconstrained complex superfields. The above
theory is obtained as a minimal N' = 2 extension of the general four-dimensional N/ = 1
supersymmetric nonlinear sigma model [1]

S[®, | :/deK@I,(T) ), (2.4)

where K is the Kéahler potential of a Kéhler manifold M.
To describe the theory in terms of the physical superfields ® and > only, all the auxiliary
superfields have to be eliminated with the aid of the corresponding algebraic equations of motion

d¢ ., OK (Y, T d OK(T,Y
—CC"g = —CC7"¥ =0, n>2. (2.5)
¢ or! ¢ or!
Let Y,(¢) = T4(¢; @, ®, %, ¥) denote a unique solution subject to the initial conditions
T.(0)=a , T.(0)=%. (2.6)
For a general Kahler manifold M, the auxiliary superfields T, T3, ..., and their conjugates,

can be eliminated only perturbatively. Their elimination can be carried out using the ansatz
[16]

=N o (@8)n) whee sl sl n>2. (2.7)
p=0

Upon elimination of the auxiliary superfields, the action (2.1) should take the form [9, 10]

Sip[®, %] = /dgz{K(d),(i))—kﬁ((I),(i),E,i)}, (2.8)
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L(®, Zﬁh dgig, (@)1 RS S (2.9)
The first term in the expansion (2.9) is given as L;7 = —glj(q), <i>) and the tensors Ly ..; 7.7

for n > 1 are functions of the Riemann curvature R;jr(®,®) and its covariant derivatives.
Eq. (2.8) is written by the base manifold coordinate ® and the tangent space coordinate X.
Therefore this is the tangent bundle action.

The complex linear tangent variables ¥’s in (2.8) can be dualized into chiral one-forms, in
accordance with the generalized Legendre transform [4]. To construct a dual formulation, we
consider the first-order action

S:/dsz{K(cb,fb)+£(<I>,<I>,E,E)+\IIIEI+\IIIEI}, (2.10)

where the tangent vector ¥ is now a complex unconstrained superfield, while the one-form ¥
is chiral, D, ¥y = 0. Integrating out >’s and their conjugate should give the cotangent-bundle
action

Sewp|@, U] /d8 @) +H(2,D,W,) |, (2.11)
where
H(D,B,0,T) = S HE T (&, 8) Uy, L Uy, Uy, T (2.12)
n=1

with Hlj(q), <f>) = ng(<I>, <i>). The variables (®!, ¥ ;) parametrize the cotangent bundle 7% M
of the Kéhler manifold M. The action (2.11) is written by chiral superfields only, so the action
gives hyperkahler potential.

3. The tangent bundle
In what follows, we consider the case when M is a Hermitian symmetric space:

ViR g5 =ViRy 555, =0 (3.1)
Then, the algebraic equations of motion (2.5) are known to be equivalent to the holomorphic
geodesic equation (with complex evolution parameter) [9, 10]
d*1i(Q)
d¢?

dr{(¢) dYE(C)
d¢ d¢

under the same initial conditions (2.6). Here I'!;;(®,®) are the Christoffel symbols for the
Kahler metric g;7(®, ®) = 0r07K (P, ®). In particular, we have

T (120, @) —0, (3.2)

1 _
1L = _§FIJK (@, 0) 2/, (3.3)

According to the principles of projective superspace [4, 5], the action (2.1) is invariant under
the N' = 2 supersymmetry transformations

SY(Q) =1 (e7QL +5Q8) Y (Q), (3.4)
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when Y7(¢) is viewed as a N/ = 2 superfield. Here i = 1,2 is the SU(2)g index. However, since
the action is given in A/ = 1 superspace, it is only the A’ = 1 supersymmetry which is manifestly
realized. The second hidden supersymmetry can be shown to act on the physical superfields ®
and ¥ as follows (see, e.g. [6])

0! =&, DAx! 05! = —e*Do®! + &, DAY, (3.5)
Upon elimination of the auxiliary superfields, the action (2.8), which is associated with the
Hermitian symmetric space M, is invariant under
. 1 . _
5ol —2. D% 5% = —e*D,d! — §§&DQ{FIJK(<I>, ®) EJEK} . (3.6)
The invariance of the action (2.8) under (3.6) requires to satisfy the the following first-order
differential equation

The solution to the equation (3.7) was first presented in [13] in the form

R —
emr —1 =7
L= T Re< |E\2, ’Z|2 = QIJEIZJ~ (3.8)
3B

An alternative form of the solution was obtained in [14]:

L(P,O,0,%)=—-—-X% 3.9
(2,0,%,5) = —%'g Ry s , (3.9)
where .
_ (= _ (0 915
%= <21> ) g= <91J R (3.10)
0 Ry)! 0 ir I yEyL
Rzi: < I ( E) J> — <1 P oamel 27K LJ > . (3_11)
’ (Bg)", R 22
We shall rewrite (3.9) using the following differential operators
Ros=—(Re) ;57200 Rys=—(Rs), 272 (3.12)
>IP J o’ I ) J 82[ ’
These operators were originally introduced in [13]. They satisfy the relation
Ry 5™ = Ry 5™ (3.13)
Performing the Taylor expansion for (3.9), we have
_ N ) = ! 14
L nz::lc ) c — (3.14)
where the functions F(™ given by
kyJ -
FER2) Elglj<<R2Rz> ) (R EE k=012, (3.15)
kNJ _ -
FEED Zlglj<<RiRE> ) EE k=012, (3.16)
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satisfy relations

0 0
oI Fm = ST =) — pp() 1
Bl o5 n (3.17)
o J
b e
SO = 2k + 1)y, j( (RsRy) ) Sk, (3.19)
Using these identities, one can easily prove
—Re o)
Fn+l) @ ISP . (3.20)
n!
Putting this into (3.14), we arrive at
N (Res)™ ! / efles 1
E:—Z"|E]2:—/dtem2,i]2\2:—|22. (3.21)
o— n. , RZ,E

This form coincides with (3.8).

4. The cotangent bundle
We start with (2.10) to construct a dual formulation [13]. The action can be shown to be
invariant under the following supersymmetry transformations

5! = %D?{Fezf},
vl = oD@l - %5 DA (2,8) B85} — %?arfm(cb,ci)) >/ D25k
1 oo _ L _
SU; — —§D2{59K1(q>,q>)}+§D2{59rf§J(q>,q>) zJ} U . (4.22)

These transformations induce the supersymmetry transformations making the action (2.11)
invariant

5ol = DS (2,,0,)},

sur = — (K (@, ®)}) + DTN, (2,8) 2 (2,8, 0,0) fuk,  (423)
with
> (®,0,0,0) = 83 H(P, 0,0, 0) =H'. (4.24)
I

The requirement of invariance under such transformations can be shown to be equivalent to the
following nonlinear equation on H [13]:

1 -
H gy — 5 H M Ry, 0y =0 (4.25)

This equation also follows directly from (3.7) using the definition of the U’s, or, as a consequence
of the superspace Legendre transform.
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The closed form expression of H for any Hermitian symmetric space was obtained as a solution
of (4.25), which is given by [14]

H(Qai)qu?\Il) = §\IITg_1f(_R\I/,\I/)\II? (426)
where .
) sl %)
v= (1), =( : 4.27
(‘1’1 s g’ 0 (427)
0  (Rey),’ 0 LRI 0,
Ry g = = - o - 201 , (4.28)
vy <(R¢,)1J 0 IRAILG ) 0
and
1 14++v1+4
f(x):[\/1+4$lln(+2+x>]. (4.29)
T

We rewrite (4.26) to a convenient form for our purpose. In a similar way to the tangent
bundle case, we introduce the following differential operators

= 0 _ 0
Ryg=—(Ry)’V;—, Ryg=—(Rg)/V;j—=. 4.30
VA (Rw); Tow, VA (Rg); J8\III— (4.30)
They satisfy -
Ry gH™ = Ry g H™. (4.31)
Performing the Taylor expansion for (4.26), we have
o0 _1\n—11(n-1) 0
_ (n) _ (=) A (0) 1.3
H ;an , Cn = 1) , (4.32)
where the terms G are given by
2k+2 IJ Ry K L
G2 — Urg ((R@R\p) 3 (Rg)gVr, k=0,1,2... (4.33)
- k\ K
G = wigl ((RgR Uz =0,1,2... 4.34
19 << U \I/) )j K> 5 Ly ( )
and satisfy following relations
0 -0
UG =0;—aM" = nGg™ 4.35
T, T9%, e (4.35)
0 - k\ K
(2k+2) _ IJ _ L
55, C 2k +2)g" ((RuFw) ) =~ (Ry) " 0s. (4.36)
O Gkt _ o 4 1)gU((R— R\p)k) "5, (4.37)
oV v j K '
By using the above identities, one can show
—Ry §)" -
gt - fea) v, 0)? = ¢" 0,05 (4.38)

n!
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Figure 1. The contour of integration in eq. (4.42).

Putting together (4.32) and (4.38) we find

© F)(o)RE ;
D TR (459
= ! !
Now we use of the formula,
z" de et
— =0 — 4.4
n! fc 2migntl’ (4.40)

where, at this point, contour C' can be any closed loop containing the origin with positive
(counterclockwise) orientation. Using this identity we obtain

X FM™0) [ ode v
:Z — féczm s |w|?, (4.41)

n=0

where now the contour C' must be chosen such that it lies in the region where the factor efv.v | @2
is analytic. With this in mind we can rewrite eq. (4.41) as

H = fdgfl/ﬁ S Ruw g2, (4.42)

2mi

The function F(1/€)/§ gives a branch cut between —4 and 0. Therefore, the contour has to be
chosen so that it does not cross the branch cut because the H is real and regular. Combining
both requirements we see that the contour C' in addition to avoiding the branch cut must be
also bounded by the poles of the factor e*.#|W¥|? (see fig. 1). In the subsequent section, we
derive the tangent bundle as well as the cotangent bundle over E;/[Eg x U(1)] by using (3.21)
and (4.42).

5. The compact Hermitian symmetric space E;/(Fg x U(1))
Locally, the compact Hermitian symmetric space E7/(EgxU(1)) can be described by complex
variables ®' transforming in the 27 representation of the Eg and their conjugates [17, 18].

ot D; = ()", i=1,...,27. (5.1)
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The Kahler potential is
_ _ 1 , 1 o
K(®,®)=1In <1 + O'P; + Zyrijk@@’fy? + %yrijk@@@ﬂ?) : (5.2)

Here we have used the notation, |[;;x®/®%|? = (T, ®7®%)(Im®;®,,) and |y, @' PI0k? =
(Fijkq)i(pj OF) (I @, d,,,®,,) , where [';jk is a rank-3 symmetric tensor covariant under the Eg.
Its complex conjugate is denoted by I'*7*.

Products of these tensors satisfy an identity [19]

LT = 1006}, . (5.3)
And
Py (TTIP  APDI 4 AT ) — gLpmne 4 gPEnl g GEDIP 4 T (5.4)

which is called the Springer relation [20].
Let us calculate the tangent bundle Lagrangian by using (3.21). In our notation, the first-
order differential operator defined in (3.12) is given by

Lo sk g Iy 1 9
Ry 5 = —52129‘2 R (g7 )" oo (5.5)
where (g_l)ij = (gji)_1 is the inverse metric of gij, that is gik(g_l)kj = 5ij. Since we are
considering a symmetric space, it is actually sufficient to carry out the calculations at a particular
point, say at & = 0. The Riemann tensor at ® = 0 is given as
R/ = 00'g, — (97)mOng 0" gy
i k d—=0 % m i H—0
= 078 + Ty l™ — 5,765, (5.6)

Substituting this into (5.5), we have

1 1
Ry 5 =aD — anm - §zay ; D =20, +ydy + 20-, (5.7)

where we have used (5.4) and invariant quantities under the Eg action

z =%, (5.8)
y = (DX £ (T EE,), (5.9)
2= (DX S SR (I 88,,5,) (5.10)

Using the Baker-Campbell-Hausdorff expansion formula, one can show, that

+2

- t ¢ t2 3
etRE,E _ etxDe—Eyaze—gzayeﬁzaze—TyDe—ﬁzD ) (511)

By straight-forward application of each exponential we obtain

2
elfesy = 9, InQ(t;x,y, 2), Qt;z,y,2) =1 —tx + 7Y 554 (5.12)
Plugging (5.12) into (3.21) we get the tangent bundle action at ® = 0.
ﬁ—ln(l—x+1 —iz) (5.13)
- 1Y 7367 ‘
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This result can be extended to an arbitrary point ® of the base manifold by replacing

T — gijEiij ) (5.14)
1 1 1 g e _
W S0 b LRSS, (515)
1 1 y It 1 ’L mn
BET A _6(91']2 %) - 4(9/2 DR " EE)
12’ ]kaz EZ | (5.16)

Let us turn to the cotangent bundle action. Again we restrict the calculations to the origin
of the base manifold ® = 0. Defining Ejg invariant quantities in terms of the cotangent vector

Ti= 0,0 (5.17)
§ = (TR0, ) (g, U™ (5.18)
2= (DR, 0 ) (T O™ | (5.19)

we obtain the differential operator (4.30) of the form

| 1 .
R\I,,q, xD — 5 70z — gi@g, D := 20z + 905 + 203 . (5.20)
Repeating the same calculation as below (5.11), we find

§R = _af an(Ev Z,Y,% ) ) (521)

where the function Q is given in (5.12). Eq. (4.42) with the above leads to

[ deF)) -+ 52
H= fc%i £ Gt (5.22)

Note that the factor in (4.41) e*f%.% |¥|2 produces poles, given by the roots of the cubic equation:

S 2
TV 567 T 3@ O - 9E -8 =0. (5.23)

1_
S T

By construction, these poles are not inside the contour which only encircles the branch cut
between the origin £ = 0 and £ = —4. Since the function F(1/€)/¢ has no singularity at infinity
in the &-plane, the contour can be equivalently respected as encircling the poles &1, &2 and &3 in
the opposite direction. Thus, we can apply the Residue theorem, picking additional minus sign
from the orientation of contour (which kills another minus given by eq. (5.21)) to obtain

2y — F(1/&) n F(1/&) n F(1/&) . (5.24)
&1 &2 &3
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The explicit form of &1, & and &3 are given by

6 = 37, 21/3(—8132 + 108%%)
YT 2 T 35(— 14583 + 2916077 — 97222 + A)1/3
— 145873 + 2916272 — 97222 + A)'/3
 (—1458y° + 2916272 ~97 zZ2+ A) 7 (5.25)
3.21/37
6 = 37 (14 iv/3)(—81§% + 1082 %)
7 Z T 3.92/33(—1458)3 + 2916372 — 97232 + AL/3)
1—iV3
+7“[~(—1458g3 +2916F§2 — 9723 + AY/3), (5.26)
6-21/3z
6 = 37 (1 —iv/3)(—81§% + 108%%)
5 T 2 3.22/33(—1458)3 + 2016377 — 97252 + AL/3)
14iv3
+6+2i>£(—1458g3 + 2916572 — 97232 + AY/3), (5.27)
. z

where A = /4(—8172 + 108%2)3 + (—145873 + 29165§Z — 97222)2. The result at an arbitrary
point of ® can be obtained by the following replacements

T (g7 v, (5.28)

iﬂ — %((g’l)ij\lf )2 4 R’ QAR (5.29)
gt (g wp_ DR

- %!(g‘l)ijﬁj’“zm%@@mﬁ, (5.30)

6. Generalization

Our reformulation suggests an alternative expression for the cotangent bundle over any
compact Hermitian symmetric space. In order to explain it, let us look at the equation (5.22).
We can rewrite it as follows

M= —7{ ;flf(z/% O 7,5, %) (6.31)

It is easy to see that € is related to the Kihler potential K (®,®) by uniform rescaling of
coordinates

InQ(&; 2,9, 2) = —VED, D — \JED) 1= K (U, ). (6.32)
Thus, we see that the cotangent bundle action for any Hermitian symmetric space is given by
d¢ F(1/¢€) 7
=— Ke(U, U .
H ]{ omi ¢ — 0K (0, 0), (6.33)

where, as in the F7/(Fgs x U(1)) case, the contour C' must encircle the branch cut of F(1/£)/&
and it must be bounded by the poles of 0:K¢, in the same manner as depicted in fig. 1. Since
for all Hermitian symmetric spaces the € is a finite-order polynomial in £, we may write
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where &; are the solutions of characteristic equation € = 0. Since we are interested in (derivative
of) logarithm of the above quantity, the constant of proportionality is actually not important.
Thus, we are led to

1
OcKe =) - (6.35)
¢ 5 - Ez

Substituting this back into (6.33) and using the Residue theorem, we arrive at
¢ F(1/¢) 1 F(1/&)
= 6.36
SN A= R U (6.0

where minus sing is absorbed because the contour C' encircles poles in the clockwise direction.
We checked that the results obtained by this formula for all the compact Hermitian symmetric
spaces perfectly coincide with the previous results in [9, 10, 12, 13].

7. Conclusions

In this proceeding we have reviewed how to construct the closed formulas for tangent and
cotangent bundle action over the compact Hermitian symmetric space E7/(Eg x U(1)), starting
from the result in [14]. This particular case allowed us to establish the correspondence between a
cotangent bundle action and poles of derivatives of the Kéahler potential under uniform rescaling
of coordinates. Based on this correspondence we have present a general formula for a cotangent
bundle action for any compact Hermitian symmetric space in Eq. (6.36). In the former methods
n [9, 10, 12, 13], the Legendre transform is used to obtain a cotangent bundle action. This
procedure, although in principle applicable to the E;/(EgxU(1)) case, is not straightforward and
one often must find a suitable ansatz to solve involved algebraic equations. Our simple formulae
of the cotangent bundle action obtained from the result in [14] avoids such a complication and
clearly demonstrates the reduction of work in constructing of a cotangent bundle action.
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