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Abstract. Algebraic-rational nature of the four-dimensional, Fj-invariant integrable
quantum Hamiltonians, both rational and trigonometric, is revealed and reviewed. It was
shown that being written in 4y Weyl invariants, polynomial and exponential, respectively,
both similarity-transformed Hamiltonians are in algebraic form, they are quite similar
the second order differential operators with polynomial coefficients; the flat metric in
the Laplace-Beltrami operator has polynomial (in invariants) matrix elements. Their
potentials are calculated for the first time: they are meromorphic (rational) functions with
singularities at the boundaries of the configuration space. Ground state eigenfunctions
are algebraic functions in a form of polynomials in some degrees. Both Hamiltonians
preserve the same infinite flag of polynomial spaces with characteristic vector (1,2,2,3),
it manifests exact solvability. A particular integral common for both models is derived.
The first polynomial eigenfunctions are presented explicitly.

1. Introduction

In four dimensional Euclidian space there exist several remarkable completely integrable
quantum systems originally discovered in the Hamiltonian reduction method (for a review,
see [1]). These are particular cases of the Calogero-Moser-Sutherland systems and all of
them are characterized by a discrete symmetry given by Weyl group W, acting on root
spaces Ay, BCy, Fy and Hy. In such models, the potential has four possible forms (rational
(~ 1/22), trigonometric (~ 1/(sinz)?), hyperbolic (~ 1/(sinhz)?) and elliptic (~ p(z))).
All these 4D Hamiltonians are exactly solvable in terms of Weyl-invariant variables. For
rational and trigonometric (also hyperbolic) systems, exact solvability was obtained in an
explicit constructive fashion in [2, 3, 4, 5|. The spectrum is found explicitly, in closed
analytic form being a first/second degree polynomial in the quantum numbers for the
rational /trigonometric systems respectively.
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The purpose of the present paper is to revisit the Fj-invariant model in its rational and
trigonometric forms showing how it looks like in the space of orbits, in the space of Fy
invariants. For the rational Fy model it is mainly reduced to a review the results obtained
in previous studies [4] (see also [6]) and their reinterpretation. In addition, we show for
the first time the explicit form of the ground state eigenfunction and the original potential
in terms of Weyl invariant variables. For the Fj trigonometric model we present a more
succinct solution compared to our previous analysis [4] (see also [7]), and we also present for
the first time the explicit form of the ground state eigenfunction and the original potential
in terms of trigonometric Weyl invariant variables. For both F} rational and trigonometric
models the extra, particular integral [8] will be derived and it will be shown that is the
same in the space-of-orbits. Eventually, it will be given a place to both models in the
space-of-orbit formalism [9, 10].

2. Generalities

The Fj;-Weyl-invariant Calogero-Moser-Sutherland Hamiltonian is defined as follows

1L 2 1
_ = - 2 )
i = 2;(%?*2 > gl V(- 2) (1)

acFyt

where F4 T is the set of positive roots, N = 4 is the rank of the root system (the dimension
of the configuration space), and g|,| are coupling constants. For roots of the same length
the same coupling constant g|,| is assigned. In (1) z denotes the (N = 4)-dimensional
vector x = (x1,x92,x3,24). The potential consists of a linear superposition of the terms
V((a-z)) of the argument (a-z) where o € F4 is a positive root (see [1]). For the rational
case the four-dimensional isotropic harmonic oscillator potential is usually added to the
Hamiltonian (1).
The set F4 T consists of 24 positive roots:

Olghort = €1,€2, €3, €4, %(61 + €2 + €3 + 64)» |ashort| = 17
(2)
CVlongzez’j:eja Z>.] la]:1747 |along|:\/§7

where eq, es, €3, e4 are the standard orthonormal vectors in the 4-dimensional Euclidean
space. From a geometrical viewpoint, the short root vectors in (2) are, in fact, the vertices
of the 4-dimensional 24-cell regular polytope (see [11]), while the long roots are the vertices
of its dual 24-cell. The rotational symmetry group of the 24-cell has the order 576. The
full symmetry group of the 24-cell is the F; Weyl group (of order 1152), which is generated
by reflections on the hyperplanes orthogonal to the Fj roots.
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3. I, Rational Model
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In a four-dimensional Euclidean space with coordinates x = (1, z2, 3, x4) the Hamiltonian

of the F; Rational Model is given by

4

4
Hrat - —82 +w 22 _’_ge |: (3)
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with Y /s = even. The parameters gy, gs are coupling constants associated with long

and short roots respectively, and w is the frequency of 4D-

potential. The configuration space is the F;-Weyl Chamber.

isotropic harmonic oscillator

The ground state eigenfunction of the Hamiltonian (3) has the form

Yo(z) = (Ay A_)(A Do) e 29 Zis
where
4 4
AL A_ = stx), AA
+ Klj_[l(m $J) 0= 256

are generalized Vandermonde determinants.
eigenfunction (4) are connected to the coupling constants gy

p(p—1),

gZZV(V_1)7 gs =
and the ground state energy is

Ep =2w(l+6u+6v).

H:L‘, x1 £ xo a3+ 24),

1%

(4)

(5)

The exponents v, u of the ground state

, gs by the relations

(6)

(7)

The eigenfunctions ¢, () of the Hamiltonian (3) have a factorized form

'(/}n(x) = 1/10(95)%(90) ’

(8)

where the common factor 1g(z) is the ground state eigenfunction (4) and n is multi-
index given by four quantum numbers of the eigenstate. The functions ¢, (z) in (8) are

eigenfunctions of the transformed Hamiltonian

brat

Then, the eigenvalue problem becomes

hrat On = €nPn,

—200~! [H™ = Eo vy,

(9)



8th International Symposium on Quantum Theory and Symmetries (QTSS) IOP Publishing
Journal of Physics: Conference Series 512 (2014) 012014 doi:10.1088/1742-6596/512/1/012014

where €, = —2(FE,, — Ep).

The Hamiltonian (9) acquires an algebraic form (i.e. the form of a second order
differential operator with polynomial coefficients) when it is written in terms of an
algebraically independent set of Weyl invariant variables defined as

1€

1
Q) _ a
tg ) - E ;(&k,.’ﬂ) ) L € 97 (10)

where a = 2,6,8,12 are the degrees of the polynomial invariants of the F; Weyl group,
and «ay, are the roots of a conveniently chosen Weyl orbit 2. In the present study, Q2 was
chosen as the orbit generated by the highest root ! e3 + e4 with size Q2| = 24. As a matter
of fact, this orbit consists of all (positive and negative) long roots. The factor 1/12 in the
definition (10) was introduced for convenience.

The fact that the invariants of given degrees (10) are defined up to polynomials in
invariants of lower degree was used in [6] to obtain a particular set of invariants of
fixed degrees 7, (a=2,6,8,12) leading to a simple algebraic form of the Hamiltonian. These
invariants are related to orbital ones (10) in the following manner

() 1l 1, @3
=ty , Tﬁ_ﬁtﬁ —E(t2 )7, (11)
1@ (Q),(Q) ()4
— —t t t
™= 80 57— 3ph2 + 48( ) !
A D (@32, @33, _ 29 q@ye_ 1 @)y2
T2 = 720 2~ 558 LI 27 (t )"t 1440( ) - 1080( )"
and are given explicitly in Appendix A. In terms of the 79, 74, 75, 712, the Hamiltonian (9)

ra 0? 0
b t( ) A“?a 8 877';1’ (12)

takes the algebraic form where the coefficient functions A, ,, B, are polynomial in 7,,

82 2 2 2
f]rat( ) =4drn—7F 2 + 7'2(7'27'6“1‘107'8) 2 +2(7’27’12+27‘5Tg) 2 —|—6T8(7'2T12—|-27’67'8) 5
o or o, 7%,
2 82 82 8 2
24 32 48 6
T2y PG s AT (T 4 br) 5
2 82
+ 4(7‘227'12 + 87’82> + 4(27’27'8 + 37—67_12) (13)
076712 078712
0 0
— 4wy — 2(6v + 64 + 1)]877_2 — [12w76 — (40 + 2 + 1)]8—7_6
— 4[4&)7‘8 — T6(1 + 31/)]887'8 — 4[6&)7’12 — 7_27—8(2 + 31/)]876_12 .

! Since the root e; 4+ e2 € Q(es + e4), the orbit actually coincides with the orbit used in the previous
studies[4, 6].
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This algebraic Hamiltonian has infinitely many invariant polynomial subspaces of the
form

PL223) = (7D1P3PATPS| () < 1py 4 2p3 + 2ps +3ps <n), n=0,1,2,... (14)

which are marked by the characteristic vector (1,2,2,3) of minimal possible gradings for
the invariants 7o, 76, 78, T12, respectively. Incidentally, this characteristic vector coincides
with the Fj highest root among short roots when written in the basis of simple roots.
Interestingly, the invariant subspaces (14) form an infinite flag

pit22S) c p{t2Y c pibAAA) o p(h22d) (15)

which we call minimal flag. Since the algebraic Hamiltonian bﬁt(ﬂ (7 stands for
To, T6, T8, T12) preserves this infinite flag (15), thus it is exactly solvable (for a discussion

(1 2273) = 0,1,2 are presented in

see e.g. [6]). The eigenfunctions from the spaces P
Appendix B.

There exists an algebra of differential operators for which the space 73(1 22:3) s the finite-
dimensional irreducible representation space [4]. This algebra is called f (4) | This algebra
is infinite-dimensional but finitely-generated. The rational F; Hamiltonian in algebraic

form h*(7) can be rewritten in terms of the generators of this algebra (see [4]).

3.1. Flat Metric of the Fy-rational Model.
Gauge rotated Hamiltonian h2* (9) in algebraic form (12) can be written as

0
rat b 1
O = Ay + Cy (16)

where the Laplace-Beltrami operator

1i(ab1/2)i ab 0? b8 b

1
W@Ta on, g 071,01 T 877, 9= W

Ay =

— (9"g"?)  (17)

with a,b = 2,6,8,12 and g is determinant. The symmetric in a — b metric, g% = ¢** has
polynomial in 7 matrix elements

47 127¢ 1673 2479
%7-2(7-27—6 + 107’8) %(TQQTg + 67’12) 2(7’227'12 + 87’82)

2(7’27‘12 + 27—67—8) 2(27—27—82 + 37—67—12)

675(T2T12 + 27673)
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This metric has a special property: any component g® of the vector § in (17) is also
polynomial in 7

—

g = (877-2277—6727-27-6) .

The same property has the vector C® (see (16)) which characterizes the interaction in (3)
—C = <4[w7'2 —12(v + p)], 2[6wrs — (2v + )%, 4[dwrs — 3vTe), 12[2wT2 — 1/7'27'8]>

3.2. Spectrum of the Fy-rational Model.

Since the invariants 7o, 74, 7g, 712 have a natural ordering given by their degrees, the
Hamiltonian (13) has a triangular form in the basis of monomials 7y 75?7y  The
spectrum is easily obtained:

€ntnamans = —4w(2ny + 6ng + 8nz +12ny) , n1234=0,1,2,... . (19)

The spectrum (19) does not depend on couplings gy, gs and is equidistant with a degeneracy
corresponding to the partitions of integer N = 2nj + 6no + 8ng + 12n4. So, the interactions
in (3) have the only effect of modifying the degeneracy of the energies corresponding to
the 4-dimensional isotropic harmonic oscillator part of the Hamiltonian (3).

3.3. Ground state eigenfunction and Potential in T variables
The ground state eigenfunction (4) and the original potential can be written in terms of the
invariant variables (11). After straightforward but sometimes rather tedious calculations
we find that

(AL A)? = 64(=37% +475) =64 Py(7)

2 1
(AO A) :M(_IQQ 7'122 + 256 Tg’ + 144 7'62 T — 277’51 — 192715 74 7'82

1
+ 48 7'22 T8 T12 + 30 7'22 7'62 Tg — 12753 T6 T12 + 575 7'63

1 1 1
+T§1782 _575)7678+6 26712) = ﬁPQ(T) ,

hence, the unnormalized ground state eigenfunction (4) is
dolr) = Pi(r)Py(n) 2 ez (20)

(cf. (4)).

The potential Vlfft can be represented as

ViRt = WV, + gV + g5V (21)
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Vw — 5 5 (22)
(T2 T12 — 276 78) T8
V, = =9 , 23
v Pl (T) ( )

] (724 — 48 19 16 + 192 7'8) <T23Tg - 37’2(762 + 8719) + 4875 7'8)
V, = — <
K 8 Py(T)
Thus, the original potential (3) is a rational (meromorphic) function in 7-variables.
From the expressions (23) and (24), it is clear that the singularities of the potential are
defined by the zeroes of the (ground state) factors Pi(7), Po(7) (cf.(5)), and therefore they
define the boundaries of the configuration space.

(24)

3.4. sl(2) quasi-exactly-solvable Fy-invariant rational model
It can be shown [6] that the polynomial generalization of the potential Vlgat) (21),
Yy —12p — 120 — 1)

2
Vlgfes)(r) = Vfgat)+a27'§+2aw7'22—|—2a[2kz—’y—|—3(4,u—|—41/+1)]7'2+ - ,
2

where a,~y are real parameters, k is non-negative integer, u, v are given in (6), leads to the
so-called sl(2) quasi-exactly-solvable Fj-invariant rational Hamiltonian

HE = —Ay(r) + VEr) .

This Hamiltonian has a single finite-dimensional invariant subspace 73]9’2’2’3) (see (14)).
Hence, (k + 1) eigenfunctions have the form

W = (A_AL) (A0AY 7 Pi(m) exp [~wm - O] )
_ P ~ 2wy = Pu(r)l
5 Pi(72) exp 172 )% = k()%™

where Py (72) is a kth degree polynomial, and can be found algebraically. It can be easily
checked that

es es -1 es es
0 (r) = (w™) [ - By | Wi

is algebraic operator.
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3.5. Particular integral
Let us consider a certain Euler-Cartan operator in 7-variables

0 0 0
0
— 2 2 .
J a + 7‘28 + ’7’3a +37'48T4
and form i
() = T[(7°=4) (26)
j=0
It is easy to check that
I(,lfl%n(T) : 12’2’3) — 0.

So P(1’2’2 3) is the space of zero modes for zpa,«(r) Hence, this operator commutes with
both mt and h%”°,
4

B (05) L il ()]s P e 0.

Lpar

The operator z](,a)r is called a particular integral.

4. Fy Trigonometric Model
The Hamiltonian of the quantum Fj trigonometric model is given by 2

o 1 1
trlg
= —z + + 27
Z@ 2 gl 4 Z (sin2g( sinQQ(xi—l—xj)) (27)

1<j<i<4 Ti — ;)

4
B 1 B2 1
R > ,
-1 v;=0,1 gin2 & (ml + ()220 + (5)P s+ ()™ x4)

where g5, g¢ are coupling constants assigned to the potential terms associated with short and
long roots respectively. The configuration space is the Fy-Weyl Alcove. The Hamiltonian
(27) is invariant with respect to Fy-Weyl group transformations. The parameter S (the
inverse of the period) is a parameter introduced for convenience in such a way that

hm ng — Hi' (w = 0),

i.e. the rational model (without the harmonic oscillator term) is reproduced. If § — if3,
the Hamiltonian (27) becomes the Hamiltonian of the Fj-invariant hyperbolic model.
The ground state eigenfunction of the Hamiltonian (27) is given by

Yo(z) = (Ar A)” (A Ag)", (28)

2 In previous studies [4, 7] the analysis of the Fj-trigonometric Hamiltonian was done in the dual root
space.
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where 5
Ay A_ = H sin §(along x), (29)
Q‘longe-rél+
ANy = H sin é(Ozshort x). (30)
2
O‘shortE]:él_'—

and the exponents yu, v in the ground state eigenfunction (28) are connected to the coupling
constants gs, g¢ by the relations

g=vv—=1) , gs=p(p—-1).

The ground state eigenvalue is then

1
Ey = §ﬁ2 (1402 +18vpu+7p%)

which can be written in terms of the deformed Weyl vector’

1
Q = 5 ILL Z Qlshort + v Z along 9 (31)

Qshort e]:j Qlong 6]:1

as 1
Ey= - B%0".
0 259

All eigenfunctions 1, (x) of the Hamiltonian operator (27) have a factorized form

Un(@) = Yo(z) Pn() .
The functions ¢, (z) are eigenfunctions of the gauge rotated Hamiltonian operator defined
by
0 =~ 50" [HEE — Bo] . (32)
Then, the eigenvalue problem becomes
b8 G = entn
where €, = —%(En — Ey).

Let us introduce the Weyl-invariant trigonometric coordinates (see [7])

o=y P a=1,2,34 (33)
wEQa

3 The standard definition for the Weyl vector is p = % D aert Q-
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where €, is the Weyl orbit generated by the fundamental weight wg,: *
1
w1, = €4, Wy =e€3+eq, wW3= 5(61 +62+63+3€4), w4 = €9 + e3 + 2ey4. (34)

The corresponding orbit sizes are |Q,| = 24,24,96,96 for a = 1,2, 3,4 respectively. The
explicit form of variables 7,,a = 1,2, 3,4 is given at Appendix C.
Changing variables {x} — {7} we obtain the gauge-rotated Hamiltonian (32)

! 02 )
trig 2 : 2 :
bF4 B Aab 07 87—1) " a=1 B 074 ’ (35)

a,b=1

with coefficient functions

A = —m?+121 +6m 473 +48,

Ao = —mmn+127+3713,

Az = 127’12—1-47'17'2—3/27'173—9671—4272—2473+3/274—288,

A1g = Anm — 27T+ 21 — 487 — 12713,

Ass = 1272 - 212 — 967 — 4879 — 24713+ 274 — 192,

Ass = 2477 —47m+ 37173 — 27073 + 2407 + 108 72 + 6073 — 974 + 576 ,

Ay = —24 7'13 — 47’1272 + 96 712 4+ 104 7179 + 727173 — 67174 + 12 7'22 + 8 1973
—3 774 + 3732 + 1536 71 + 480 75 + 288 73 — 48 74 + 2304

Azz = 12 447112 — 9612 — 60T Ty — 36 Ty T3 + TyTa — 4 ToT3 — 373>
—38471 — 48719 — 48713 + 1274

Ay = —16 7127 + 2T1Tems + 96 12 + 144 1y 19 — 127173 — 8 1174 + T2 722
+32 7913 — 61974 — 47374 — 9607 — 48 79 — 24073 + 36 74 — 2304 |

Agg = 9216 + 28807179 + 576 7173 + 5121973 + 16 T 74 — 24 7074 — 96 1279

+16 7374 + 279732 — 87127y + 48 T2 — 16 713y + 7680 7 + 6144 15 + 1152 73
+96 74 + 1344 7'12 + 864 722 — 192 7'13 + 24 7'32 — 67'42 4+ 48 111913 — 4 T1TOTY4

and
61 = —71—24M—(5M+6V)T1,
By = —21—48v—6um —(6pu+10v)10,
Bs = —37’3—24(/L+ V)T1—12MTQ—3(3M+4V)T3,
By = —6714+576v+24 (u+ 8v)m —24 (p—4v)1o+48v73 —6 (2u+ 3v) 1y

—24v7'12 —4puTiT .

1 Bourbaki numbering: w; = e1 + ea, wo = 2e1 +ex +e3, ws = %(361 +ex+e3tes), wa=el,
(see [12]).

10
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4.1. Flat Metric of the Fy-trigonometric Model.

It is evident that gauge rotated Hamiltonian b'};ig (32) in algebraic form (35) can be written
as
- 0
tri b

bt = Ay + C o (36)

where the Laplace-Beltrami operator

1 0 w12 O w0 0 4, 1 0

= — — = — = —% 37
g gl/2 ot ( ) oy g 0T1,07 t9 on ' g gl/2 ot (9%97%), (37)

with a,b=1,2,3,4 and ¢ is determinant. The symmetric (in a <> b) metric, g™ = ¢* has
polynomial in 7 matrix elements

Air Aip Az Ay
Az2 Az Aza
g% = (38)
A3z Aszs
Ay

This flat metric has a special property: any component g° of the vector § in (37) is also
polynomial in 7
=G = (11, 272, 373, 6714) .

The same property has the vector C? (see (36)) which characterizes the interaction in (27)

—C = (24u+(5u+6y)71, 48V 46T + 2(3p+ 5v) 12, 24(p+v)11 + 120710 + 3(3p + 4v) T3,

—576v — 24(p + 8v) 1y + 24(p — 4v) 9 — 48uT3 + 6(20 + 3v) T4 + 240 % + 4/1,7'17'2) .

4.2. Ground state eigenfunction and potential of Fy-trigonometric model in T-variables
The ground state eigenfunction (28) and the original potential in (27) can be written
in terms of the invariant variables (33). After straightforward but very cumbersome
calculations we find that

(A )= (;)24 Pr),  (AAgY = (;)24 Py,

11
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where
Py (1) —1728 7% — 1728 7% — 432 2 + 3273 m3 + 16 7 2 mt + 20736 1°

Py(7)

+34560 71 "3 + 10368 71 *75 — 864 7171y 4 18432717757 + 8640 71 173

—576 113 Toms + 432 713732 + 2976 7121 + 1728 11210215 — T2 711 21021
+216 71 1oms” — 2241yt — 96 T Ty + 8T Ty — 6477 — 327yt
—475°75> + 103680 71" + 6912 71 %75 — 34560 7173 + 1728 7174

—88128 71212 — 79488 712173 + 5184 11 2oy — 18144 72132 + 2592 71 2137y
—108 712742 — 45888 710> — 43200 7172273 + 2592 T o214 — 13392 7y o732
+1296 T17om37s — 36 TiToTa? — 1296 Ty 73° + 108 Ty 32T — 6384 1ot — 6592 70373
+328 753714 — 2520 792732 + 144 727914 + 1227142 — 432 1973 + 18 o732y

—27 3% — 774144 73 — 1465344 1 219 — 663552 71 23 + 62208 71 274

—787968 Ty 72? — 566784 Ty o7 + 48384 11914 — 103680 11732 + 17280 Ty 374
—864 71742 — 129024 75 — 119808 72273 4 9024 15274 — 36288 To73% + 4608 To 7374
—1927974% — 3456 73 4 432 1327y — 4 743 — 5308416 712 — 4866048 772
—1990656 7173 + 221184 7174 — 1096704 792 — 774144 1975 + 78336 7274
—138240 732 + 27648 7374 — 1728 742 — 10616832 71 — 4423680 75 — 1769472 73
+221184 74 — 7077888 ,

—1671° + 48 11310 + 1127375 — 4 1374 + 12732 + 4608 7 + 1728 7121

+384 7%y — 144 1 %1y — 216 Tymo3 — 192 132 + 18 Ty — 4 73° — 1843272
—20736 1175 — 14976 7173 + 1728 7174 — 3888 792 — 5184 1973 + 648 To74 — 1728 732
+432 7374 — 27742 — 11059271 — 41472 179 — 27648 75 + 3456 74 — 110592 .

Thus, the unnormalized ground state eigenfunction (28) becomes

(cf. (28)).

bo(r) = Pi(r)"2 Pa(r)"/? (39)

It is evident that the original potential of Fy-invariant trigonometric model (27) can be
written in terms of 7 variables. The simplest way to do it is to invert the gauge rotation
(32) with the ground state eigenfunction (39) of the algebraic operator (35). After quite
sophisticated technically, tedious calculations we get

(1) 9o Nalr)
(N~ 2 B’

Ti N
Vi B(1) = —gu8° Pll (40)

12



8th International Symposium on Quantum Theory and Symmetries (QTSS) IOP Publishing

Journal of Physics: Conference Series 512 (2014) 012014 doi:10.1088/1742-6596/512/1/012014
where
N = (172870 + 1728 71°1p + 432 71" mp% — 8 7%y — 87 %yt — 20736 7°

—34560 71 75 — 10368 7173 + 864 71 'y — 19296 711 — 8640 71 7o

+504 73191y — 432 713732 — 3456 1213 — 1728 11272275 + 60 1121021

—216 7121132 + 88 Tt + 24 Mot — 2Ty + 48 10 + 16 i
+79373% — 103680 711 4 34560 71373 + 96192 7122 + 79488 71 21y 73

—4176 712 Tomy + 18144 712132 — 2592 721374 + 72 712742 + 50016 717>
+45792 7119213 — 2496 T1 79274 + 13392 11 7o732 — 1080 7172374 4 18 Ty To T4
+1296 71 73° — 108 7173274 + 6912 7ot + 7072 19315 — 352 19574 + 2628 192732
—120 792737y 4+ 432 79m3% — O oy + 27 13t + 774144 13 + 1423872 7% 1
+663552 71275 — 72576 71274 + 785664 11752 + 546048 717973 — 52992 Ty To Ty
+103680 71732 — 22464 717374 + 1584 7742 + 134208 792 + 120960 9275
—9936 79274 + 35424 To132 — 5184 91374 + 396 TaT4? + 3456 T3° — 648 13274
+72 73742 + 742 4 5308416 712 + 4534272 7179 + 1990656 7175 — 304128 7174
+1022976 752 + 718848 To73 — 96768 To74 + 138240 732 — 41472 7374 + 4032 74
+10616832 71 + 398131279 4+ 1769472 75 — 331776 74 4 7077888) ,

and

Ny = (12 70 —4mt + 2881t + 84131 — 100 7275 + TPy + 24 1 2oy — 92167
—3600 7'1272 — 1584 7'1273 + 252 7'127'4 — 180 11913 4+ 180 7'17'32 — 971137y
—36 Tom3? 4 137 + 34560 72 4+ 31104 779 + 25920 7y 73 — 2592 7174 + 3888 To°
+7776 193 — 648 T9T4 + 3168 732 — 648 T34 + 27 7'42 + 165888 71 + 41472 15
+41472 13 — 3456 T4 + 110592) .

Then, the Fy-trigonometric potential written in 7-variables is a rational (meromorphic)

function! From the structure of the potential given in (40) it is clear that the singularities

of the potential are defined by the zeroes of the (ground state) factors Pi(7), Po(7), and
therefore they lie on the boundaries of the configuration space.

4.3. Ezact Solvability (Invariant subspaces)
The Hamiltonian (35) has an infinite number of invariant polynomial subspaces

Plprp2psrs) = (rMpp2pls i 0 < pyng + pamg + p3ng +pang <n}, pin €N
which are labeled by certain characteristic vectors

(p1,P2,P3,P4) -

13
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For fixed (p1,p2,p3,pa) such invariant subspaces form a flag:
PoCcPiC...CP,C...

where, for simplicity in notations, we have denoted pprp2papy) — p o The characteristic
vector corresponding to the minimal flag is:

(17 27 27 3) ?

which coincides with the minimal flag found for the rational case. There are other flags,
which are invariant under the action of the Hamiltonian (35), are associated with the
characteristic vectors (2,2,3,4), (2,3,4,6), (2,4,4,6) etc. Among these flags there are two
special flags, the first of which is characterized by the components® of the Weyl-vector
(with respect to simple roots):
p=(8,11,15,21),

and a second flag with characteristic vector defined by the components of the co-Weyl
vector :

p¥ = (11,16,21, 30) .

4.4. Spectrum of the Fy-trigonometric model

In order to find the spectrum of the Fy-trigonometric model we should introduce some
relevant concepts.

The weight lattice L(W) is defined as the Z-span of the set of fundamental weights (34)
(denoted here as {w,,a = 1...4}). The cone of dominant weights L, (W) contains the
lattice points with nonnegative integer coordinates:

4
Ly = {H—Znawa—(m,ng,ny,,?u) | na20}. (41)
a=1
We can define a basis set of monomials
{r =t ne Ly},
which is ordered according to the relation
mP?>m?=7>n, for nmeclL,.

The Hamiltonian (35) is triangular in this basis. Any eigenfunction can be marked by a
dominant weight p being of the form

op = TP + Z emT™ (42)
Im|><[p|?

5 arranged by increasing value, i.e. following a non-standard Dynkin ordering of the simple roots.

14
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with energy (see [13]):
—ep = 3 ((p, p) +2(p, Q)) : (43)

where p is the deformed Weyl vector (31).

4.5. Eigenfunctions

We consider the minimal flag of polynomial subspaces 737(11’2’2’3) , where

PLB23) = (FPLrD2 Bl < 1p) +2py 4+ 2p3 +3ps <n}, n=0,1,2,3...  (44)

The ordering of monomials 7P is given by the norm of the associated dominant weight
P = (p1,p2,p3,p4), i.e. by the formula

P> = 3p32+8psps+ 6ps® 4+ 6pops +2p2® + 4pops + p1® + A pips + 3pips + 2p1pa -

On the other side, the grading of the monomials 7P is defined as 1p; + 2ps + 2p3 + 3p4
(for the minimal flag). Eigenfunctions are labeled by the coordinates of leading dominant
weight in (42) with an extra super-index labeling the grading n of invariant subspace (44) to
which the eigenfunction belongs. The eigenfunctions from the spaces P7(L1’2’2’3), n=0,1,2
are presented in Appendix D.

5. Conclusion

We revealed the algebraic-rational nature of the Fj-invariant, rational and trigonometric
models in the space of orbits. It is shown that the kinetic energy operator is the Laplace-
Beltrami operator with metric with polynomial entries of zero Riemann tensor and the
potential is ratio of two polynomials. We have obtained algebraic forms for the Fy-invariant
Hamiltonians, both rational and trigonometric, in terms of the Weyl invariants, polynomial
and exponential, respectively. They are second order differential operators with polynomial
coefficients. The both Hamiltonians preserve the same infinite flag of polynomial spaces
marked by the characteristic vector (1,2, 2, 3), indicating exact solvability. It turns out that
for the trigonometric case a solution (formulas) for the Hamiltonian defined in the standard
root space looks easier than one obtained in previous studies [4, 7] where the Hamiltonian
was defined in the dual root space. It allows to unify the description of the Fj-trigonometric
model under the same systematic description as it was done for the G2, Eg 78 trigonometric
models (see [7]). Explicit examples of first polynomial eigenfunctions were presented for
the rational and trigonometric models. We showed for the first time that both Fj-invariant
rational and trigonometric models have common particular integral in the space of orbits,
which annihilates the invariant subspace.
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Appendix A. The Weyl-invariant variables T for the Fy rational model.

2 2 2 2
T2 = 117+ T2" +x3” + 1y,
1
42 4.2 4 2, 24 2.2 92 2.2 2
6 = 6(x1x2—|—a:1 x3® + xirs” + xixy — 3xiriers — 3xiriwy

4 2.4

2 4 2.2 2 2 4 4.2 2
+axiry — 3wir3ry + 7Ty + T2 x3” + w2 wa” + 227 w3

4, 4
—3x3xda? + ada] + xixd + x%mﬁi) ,

1
T8 = E (.’E14l'24 — £L'14$22$32 — ZE14.’L'221'42 + $14$34 - 1‘1451732.%'42 + $14£E44 - 1‘121}241’32
—x1220tws? — 22wt + 6 112w ws s — wi el et — w1 Past ey — v lwsayt
+£C24£E34 — 3324£E32$42 + $24£E44 — x22m34x42 — LC22£L'32$44 + £E34x44) ,
1
2 = o (21%22° + 21%23% — 221%24” — 220°23° + 29°24” + 23°24°)

2,2 2,2 2,2 2,2 2,2 2,2
(1;1:(:2 — 2xiw3 + xjwy + x303 — 23505 + 9033:4)

(2 x%m% — x%x% — x%xi — x%x% — x%xi + 2:1:%:6?0 .

Appendix B. Lowest Eigenfunctions of the Fy-rational Model.

(1,2,2,3)

Here the eigenfunctions and eigenvalues corresponding to the spaces Py, forn=20,1,2

are presented in the explicit form:

e n =0 (one eigenstate)

¢0 1 )
€0 0.
e n =1 (one eigenstate)
2
Bo= - (Gt brt1),
€ = —4dw
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e n =2 (three eigenstates)

o) = 13- §<4M+4u+1>72 + %(4u+4u+1)(6u+6u+1),

eél) = 8w,

2  _ 1 9 3

2 = Te — E(2M+4V‘|‘1)7’2 + m(2M+4l/+1)(4,u+41/+1)7'2
—$(2u+4u+1)(6u+6u+1)(4,u+41/+1) ,

Y = 12w,

G 1 1 )

2 = Ts—;(3u+1)rﬁ + ﬁ(3u+1)(2u+4u+1)7'2
3 (B )@+ A+ )4+ A+
+$(3V+1)(2,u+41/—|—1)(6,u+61/+1)(4,u+41/+1) ;

= 16w .
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Appendix C. The Weyl-invariant variables T for the Fy trigonometric model.

T4
16

8 cos(g x1) cos(g x2) cos(g x3) cos(g x4)

+ cos(Bx1) + cos(B xa) + cos(S x3) + cos(f x4)

cos(B 1) cos(B w2) + cos(Bx1) cos(Bx3) + cos(Bx1) cos(B x4)
+ cos(B x2) cos(B x3) + cos(f xa) cos(B x4) + cos(S x3) cos(S x4)

2 cos(g x1) cos(g x2) cos(g x3) cos(3§ x4)

+2 cos(g x1) cos(g x2) cos(3§ x3) cos(g x4)

+2 cos(g x1) cos(3§ x9) cos(g x3) cos(g z4)

+2 cos(3§ x1) cos(g x9) cos(g x3) cos(g T4)

+ cos(B x1) cos( x2) cos(B x3) + cos(B x1) cos(S xa) cos(B x4)
+cos(B 1) cos(B x3) cos(B x4) + cos(B x2) cos(B x3) cos(S x4)

cos®(B 1) cos(B ) cos(Bx3) + cos?(Bx1) cos(f x2) cos(f x4)

+cos®(B 1) cos(Bx3) cos(Bx4) + cos(B x1) cos? (B x2) cos(B x3
+cos(B 1) cos? (B xa) cos(8 x4) + cos(B 1) cos(B x2) cos?(B a3
+cos(B 1) cos(f x2) cos* (B x4) + cos(Bx1) cos? (B x3) cos(B x4
+cos(B 1) cos(B x3) cos? (8 x4) + cos®(B xa) cos(B x3) cos(B x4
+ cos(B a2) cos?(B x3) cos(B x4) + cos(B xa) cos(B x3) cos?(B x4)
)
)

— — — —

—cos(B 1) cos(Bxa) — cos(Bx1) cos(Bxs) — cos(Bx1) cos(fxy)
—cos(B xa) cos(B x3) — cos(S x2) cos(Bxq) — cos(B x3) cos(f xy)

Appendix D. Lowest Eigenfunctions of the Fy-trigonometric Model.

doi:10.1088/1742-6596/512/1/012014

(C.4)

Here, the eigenfunctions and eigenvalues corresponding to the spaces P,(ll’Q’Z’S) forn=0,1,2
are presented in the explicit form:

n = 0. Ground state:

(0)
#[0,0,0,0]

(0)
€10,0,0,0]

= 1’
= 0.
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e n = 1. One eigenstate:

monomials: [1,71], |p|>:[0,1], gradings: [0,1]

(1) B 1 (1+6v+5pn)
Prooe = 115 " B
1
Elihog = —(146v+5u),

e n = 2. Three eigenstates:

(i) monomials: [1,71,72], |p[?:[0,1,2], gradings:[0,1,2]

2 2
@) (B +pv+4vi+v) L
- 24 6
P0.1.00] @vtputr)(+bv+3p)  Cdvgpri T
2
cnon = —21+5v+3p).

(i) monomials: [1,71,72,73], |p[?:[0,1,2,3], gradings:[0,1,2,2]

@) (6 +9puv+p+812+3v) (6p>+5puv+p+20°+v)
= T
P0.0.1,0 BGr+2p+t1)(1+4v+3p) L Brt2u+l) !
1 Bp+1+2
oy L Brt142Y)
12 I
2
5[(0’)071’0] = —3(1+4v+3u).

(4ii) monomials: [1,71, 7, 73,72, |p[*:1[0,1,2,3,4], gradings:[0,1,2,2,2]

) _ _8(8u3—15u2+4u2u—32uu—11u—3—24u2—18u)
[2,0,0,0] (5p+3+6v)(24+6v+5p)
5 (8u3—9,u2+4,u21/—10,u1/—9u—6y—2—4y2)

™+ T

(Gu+3+6v)(1+3u) e
1 (2p+14v) 1 (2@ +pv+3p+l4v) ,
1@pt+l+y) 1 ~
3 1+43p ° 6 1+3u b

5%227)07070] = —22+46v+5u).
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