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Abstract. The isotropic Dunkl oscillator model in three-dimensional Euclidean space is
considered. The system is shown to be maximally superintegrable and its symmetries are
obtained by the Schwinger construction using the raising/lowering operators of the dynamical
sl—_1(2) algebra of the one-dimensional Dunkl oscillator. The invariance algebra generated by the
constants of motion, an extension of u(3) with reflections, is called the Schwinger-Dunkl algebra
sd(3). The system is shown to admit separation of variables in Cartesian, polar (cylindrical)
and spherical coordinates and the corresponding separated solutions are expressed in terms of
generalized Hermite, Laguerre and Jacobi polynomials.

1. Introduction

This paper is concerned with the study of the isotropic Dunkl oscillator model in three-
dimensional Euclidean space. This model, described by a Hamiltonian involving reflection
operators, will be shown to be both maximally superintegrable and exactly solvable. The
constants of motion will be obtained by the Schwinger construction using the si_;(2) dynamical
symmetry of the parabose oscillator in one dimension. The invariance algebra generated by
the symmetries will be seen to be an extension of u(3) by involutions and shall be called
the Schwinger-Dunkl algebra sd(3). The Schrodinger equation of the system will be seen to
admit separation of variables in Cartesian, polar (cylindrical) and spherical coordinates. The
corresponding separated solutions will be found and expressed in terms of generalized Hermite,
Laguerre and Jacobi polynomials.

1.1. Superintegrability
Let us first recall the notion of superintegrability. A quantum system with d degrees of freedom
defined by a Hamiltonian H is maxzimally superintegrable if it admits 2d — 1 algebraically
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independent symmetry operators S; that commute with the Hamiltonian, i.e.
[H,S;] =0, 1<¢<2d -1,

where one of the symmetries is the Hamiltonian itself, e.g. S; = H. A superintegrable system
is said to be of order ¢ if ¢ is the maximal degree of the constants of motion S;, excluding
the Hamiltonian, in the momentum variables. The ¢ = 1 case is associated to symmetries
of geometric nature and to Lie algebras whereas the ¢ = 2 case is typically associated to
multiseparability of the Schrédinger equation and to quadratic invariance algebras.

A substantial amount of work has been done on superintegrable systems, motivated in part
by their numerous applications, exact solvability and connections with the theory of special
functions. In view of these properties, the search for new superintegrable models and their
characterization is of significant interest in mathematical physics. For a recent review on
superintegrable systems, one can consult [9].

1.2. Dunkl oscillator models in the plane

A series of novel superintegrable models in the plane with Hamiltonians involving reflection
operators have been introduced recently [4, 5, 7]. The simplest of these systems, called the
Dunkl oscillator in the plane, is defined by the following Hamiltonian [4]:

H = —2[D3+D8] + 2 [ +43), (1.1)

where D; stands for the Dunkl derivative [3]

Di:aﬁ%(kRi), i=1,2, (1.2)
i
with 9; = 3%1, and where R; is the reflection operator with respect to the z; = 0 axis, i.e

Rif(z1,22) = f(—21,22), Rof(z1,22) = f(21, —22).
The Hamiltonian (1.1) can obviously be written as
H =H, + Hy

where H;, 1 = 1,2, is the one-dimensional Dunkl oscillator Hamiltonian

1 1
In [4], the Hamiltonian (1.1) was shown to be maximally superintegrable and its two independent
constants of motion, obtained by the Schwinger construction, were seen to generate a u(2) algebra
extended with involutions. This algebra was called the Schwinger-Dunkl algebra sd(2). It was
further shown that the Schrodinger equation associated to (1.1) admits separation of variables
in both Cartesian and polar coordinates and the separated wavefunctions were given explicitly.
Furthermore, the overlap coefficients between the separated wavefunctions were expressed in
terms of the dual —1 Hahn polynomials through a correspondence with the Clebsch-Gordan
problem of sl_1(2), a ¢ — —1 limit of the quantum algebra sl,(2) (see Section II for the definition
of sl_1(2) and [11] for background). In [5], the representation theory of the Schwinger-Dunkl
algebra sd(2) was examined. The results obtained in this paper further strengthened the idea
that Dunkl oscillator models are showcases for —1 orthogonal polynomials (see [6, 12]).
Generalizations of the Dunkl oscillator in the plane (1.1) were considered in [7], where the
singular and the 2 : 1 anisotropic Dunkl oscillators were investigated. The two systems were
shown to be superintegrable, their constants of motion were constructed and their (quadratic)
invariance algebra was given. It was also shown that in some cases these models exhibit
multiseparability. Here we pursue our investigations on Dunkl oscillator models by considering
the three-dimensional version of the system (1.1) in Euclidean space.

2
xy.

(1.3)
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1.3. The three-dimensional Dunkl oscillator
The Dunkl oscillator in three-dimensional Euclidean space is defined by the Hamiltonian

1 1
H=— D%+D§+D§}+§[as§+x§+x§, (1.4)
where D; is the Dunkl derivative given by (1.2). An elementary calculation shows that the
square of the Dunkl derivative has the expression

pr=o? 4 Mg PRy
€T; s
As is directly seen, the Hamiltonian (1.4) corresponds to the combination of three independent
(commuting) one-dimensional Dunkl oscillators with Hamiltonians H; given by (1.3). It
directly follows from the formulas (1.2) and (1.4) that when p; = 0, ¢ = 1,2,3, the Dunkl
oscillator Hamiltonian (1.4) reduces to that of the standard isotropic harmonic oscillator in three
dimensions. We note that the term “isotropic” here refers to the fact that the three independent
one-dimensional oscillator entering the total Hamiltonian (1.4) have the same frequency. To
obtain a 3D Dunkl oscillator isotropic in the sense of being O(3)-invariant, one must also take

H1 = p2 = K3.

1.4. Outline

The paper is organized as follows. In section II, the sl_;(2) dynamical symmetry and the
Schwinger construction are used to obtain the symmetries of the total Hamiltonian (1.4), thus
establishing its superintegrability. The commutation relations satisfied by the constants of
motion, which define the Schwinger-Dunkl algebra sd(3), are also exhibited in two different
bases. In section III, the separated solutions of the Schrodinger equation associated to (1.4) are
given in Cartesian, polar and spherical coordinates. For each coordinate system, the symmetries
responsible for the separation of variables are given. A short conclusion follows.

2. Superintegrability

In this section, the si_1(2) dynamical algebra of the three-dimensional Dunkl oscillator is made
explicit and is exploited to obtain the spectrum of the Hamiltonian. Following the Schwinger
construction, the constants of motion are constructed using the raising/lowering operators of the
sl_1(2) algebra of the one-dimensional constituents. The Schwinger-Dunkl algebra sd(3) formed
by the symmetries is seen to correspond to a deformation of the Lie algebra u(3) by involutions
and the defining relations of sd(3) are given in two different bases.

2.1. Dynamical algebra and spectrum
The three-dimensional Dunkl oscillator Hamiltonian (1.4) possesses an sl_1(2) dynamical
symmetry inherited from the one of its one-dimensional constituents H;. This can be seen
as follows. Consider the following operators:

1

AD = G (xz + Di>, (2.1)

and define A(()i) = H; with H; given by (1.3). It is easily checked that these operators, together

with the reflection operator R;, satisfy the defining relations of the sl_1(2) algebra which are of
the form [11]

AP AP = +4D . (AP R =0, {4AD, 49} =240 (4P R}=0, (22
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where [z,y] = zy—yx and {z,y} = ry+yx. Asisseen from the above commutation relations, the

operators A( D act as raising /lowering operators for the one-dimensional Hamiltonians A( = H;.
In the reahzatlon (2.1), the sl_1(2) Casimir operator

QW = ADA9R, — AVR; + R;/2,

is a multiple of the identity Q®) = —p,. It thus follows that for p; > —1 /2, the operators
Agi), Ag) and R; realize the positive-discrete series of representations of sl_1(2) [11]. In these

representations, the spectrum £ of the operators A(()i) is given by
EW = mi+ pi +1/2,

where n; is a non-negative integer. Given that the full Hamiltonian (1.4) of the three-dimensional
Dunkl oscillator is of the form H = H; + Hy + Hs, it follows that its energy eigenvalues £ have
the expression

EN =N+ p1+ po + ps + 3/2, (2.3)

where N is a non-negative integer. Since the integer IV can be written as N = ny + ng + ngs, the
spectrum of H has degeneracy

N
gv =Y (N =ng+1) = (N +1)(N +2)/2,

n3=0

at energy level £y. Hence the three-dimensional Dunkl oscillator exhibits the same degeneracy
in its spectrum as the standard three-dimensional isotropic oscillator.

The coproduct of sl_1(2) (see [11]) can be used to construct the sl_1(2) dynamical algebra
of the total Hamiltonian H. Indeed, upon defining the operators

As = AVR Ry + APRy + AP, R=RiRyRs, Ag=H
it is directly checked that one has
[Ao, Ar] = Ay, [Ao,R]=0, {A4, A} =24, {AL,R}=0.

Hence the operators Ay act as the raising/lowering operators for the full Hamiltonian H of the
three-dimensional Dunkl oscillator.

2.2. Constants of motion and the Schwinger-Dunkl algebra sd(3)

Given that H = H;+ Ho+ Hs, it is clear that combining a raising operator for H; with a lowering
operator for H; when i # j will result in an operator preserving the eigenspace associated to a
given energy £y, thus producing a constant of motion of the total Hamiltonian H. Moreover,
it is obvious that the one-dimensional components H; commute with the total Hamiltonian H
and hence these one-dimensional Hamiltonians can be considered as constants of the motion.
Furthermore, it is observed that the total Hamiltonian commutes with the reflection operators

(1, R;] =0, i=1,2,3,
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so that the reflections can be considered as symmetries. Following the Schwinger construction
of u(3) with standard creation/annihilation operators, we define

1 1
D= S(APAD —ADAD) gy = S (APAD - AP D),
Js = %(A@A(_Q) —AWAD).

The operators J;, i = 1,2,3, can be interpreted as Dunkl “rotation” generators since in terms
of Dunkl derivatives, they read

1 1 1
J1 = Z(.CL'QD?, — -’E3D2), Jo = g(«rBDl - $1D3)’ J3 = g(l’lDQ - $2D1). (24)

We also introduce the operators
K= (APAY + AP AD), Ky = (AP AY + AP AD), Ky = (AP AP 4 AW AD),
which in coordinates have the expression
Ky = (xox3 — D2D3), Kg = (x3x1 — D3Dy), K3 = (z129 — D1D3). (2.5)

It is directly checked that the operators J;, K;, i = 1,2,3, are symmetries of the total Dunkl
oscillator Hamiltonian (1.4), that is

[JMH] = [KMH] = 07
for i = 1,2,3. Upon writing
Ly =H,/2, L= Hy/2, Ls= H3/2,

which satisfy H = 2L, + 2Ls + 2L3, a direct computation shows that the non-zero commutation
relations between the symmetries are given by

[T, Ji] = i€jnee(1 4+ 210 Ry), (K, Ki] = —i€ejneo(1 4 200 Ry), (2.6a)

where ¢;5;, stands for the totally antisymmetric tensor with summation over repeated indices
understood and

[Jj, Kk] = *iejkgKg(l + Q/MRg), [Jj, Kj] = *iejMLk(l + Q/MRE), (2.6b)
for j # k. One also has

[Jj, Li] = igjiK;/2, [Kj, L] = —igjrJ;/2, (2.6¢)
where g;; are the elements of a 3 x 3 antisymmetric matrix with g12 = gog3 = 1, g13 = —1. The
commutation relations involving the reflection operators are of the form

[Li, R;) = [Lj, Ry] = [Ji, Ri) = [K;, R;) = 0, (2.6d)

{Jj, Bi} = {Kj, R} = 0, (2.6¢)

where j # k. Hence it follows that the three-dimensional Dunkl oscillator model is maximally
superintegrable. The invariance algebra is defined by the commutation and anticommutation
relations (2.6) and we shall refer to this algebra as the Schwinger-Dunkl algebra sd(3). It is
clear from the defining relations (2.6) that the algebra sd(3) corresponds to a deformation of
the u(3) Lie algebra by involutions; the central element here is of course the total Hamiltonian
H = Hy + Hs + Hs. If one takes py = po = pg = 0 in the commutation relations (2.6),
one recovers the u(3) symmetry algebra of the standard isotropic harmonic oscillator in three
dimensions realized by the standard creation/annihilation operators.

5
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2.8. An alternative presentation of sd(3)

The Schwinger-Dunkl algebra sd(3) obtained here can be seen as a “rank two” version of the
Schwinger-Dunkl algebra sd(2) which has appeared in [4] as the symmetry algebra of the Dunkl
oscillator in the plane. It is possible to present another basis for the symmetries of the three-
dimensional Dunkl oscillator in which the sd(2) algebra explicitly appears as a subalgebra of
sd(3). In order to define this basis, it is convenient to introduce the standard 3 x 3 Gell-Mann
matrices [1] denoted by A;, i = 1,...,8, and obeying the su(3) commutation relations

with f123 _ 2 f458 f678 \/g and
f147 f165 f246 f257 f345 f376 - 1.

The symmetries of the three-dimensional Dunkl oscillator can be expressed in terms of these
matrices as follows. One takes

M = (AP, AP AP Ay (A, 4B APy (2.7)
for j =1,2,4,5,6,7 and also
1 1 2) 4(2
M= ({A+ AYY - (AP A%,

Me = ( A(l) A 4 A(Q) AP o A(3) A®) )

5= g (1A A0} + (A A% —2af a0

It is straightforward to verify that the operators M;, i = 1,...,8 commute with the Hamiltonian
H of the three-dimensional Dunkl oscillator. Using the commutation relations (2.2) as well as

the extra relation
(A%, AD) = 6,1 + 2uRy),

the sd(3) commutation relations expressed in the basis of the symmetries M; can easily be
obtained. Consider the constants of motion

1 1
My = (APAD +ADAD) | ap = - (ADA® - AWAD)

as well as M3. These symmetry operators satisfy the commutation relations of the Schwinger-
Dunkl algebra sd(2)

[MQ, Mg] = iMl, [Mg, Ml] = ng, (28&)

. 1
[My, Ms] = Z<M3 + M3 (p1 Ry + poRa) — 3 <7-l + \/§M8> (i Ry — U2R2)>7 (2.8b)
{My,R;} =0, {Ms, R} =0, [Ms R]=0, (2.8¢)

for i = 1,2. In the subalgebra (2.8), the operator (7—[ =+ \/gMg) is central and corresponds to
the Hamiltonian of the Dunkl oscillator in the plane

g (7 + VBMs) = Hy + Hy.
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3. Separated Solutions: Cartesian, cylindrical and spherical coordinates
In this section, the exact solutions of the time-independent Schrédinger equation

HY = £, (3.1)

associated to the three-dimensional Dunkl oscillator Hamiltonian (1.4) are obtained in Cartesian,
polar (cylindrical) and spherical coordinates. The operators responsible for the separation of
variables in each of these coordinate systems are given explicitly.

8.1. Cartesian coordinates
Since H = Hi + Ho + Hj3, where H;, i = 1,2,3, are the one-dimensional Dunkl oscillator
Hamiltonians

1

H; = D2
2Z+

1

2
2x7;7

it is obvious that the Schrodinger equation (3.1) admits separation of variable in Cartesian
coordinates {x1, z2,x3}. In this coordinate system, the separated solutions are of the form

(w1, w2, 23) = P(21)Y(22)0(23),

where 1)(z;) are solutions of the one-dimensional Schrédinger equation
1o 1, @)
—5Di + 527 | Y(ai) = EV(xi). (3.2)

The regular solutions of (3.2) are well known [4, 10]. To obtain these solutions, one uses the
fact that the reflection operator R; commutes with the one-dimensional Hamiltonian H;, which
allows to diagonalize both operators simultaneously. For the one-dimensional problem, the two
sectors corresponding to the possible eigenvalues s; = +1 of the reflection operator R; can be
recombined to give the following expression for the wavefunctions:

_ 2 .
Uni (i) = e "2 HE (27), (3.3)
where n; is a non-negative integer. The corresponding energy eigenvalues are
EL) =i+ pi+1/2,

and H} (x) stands for the generalized Hermite polynomials [2]

!
p (1) n: p 7 (u—=1/2+p) (.2
H2m+p(x) ( 1) \/F(m +p+pu+ 1/2) P Ly, (:C )’ (34)

with p € {0,1}. In (3.4), L;a)(x) are the standard Laguerre polynomials [8] and I'(z) is the
classical Gamma function [1]. The wavefunctions (3.3) satisfy

Rithn, (xi) = (_mem (i),
so that the eigenvalue s; of the reflection operator R; is given by the parity of n;. Using the

orthogonality relation of the Laguerre polynomials, one finds that the wavefunctions (3.3) satisfy
the orthogonality condition

o0
| gl i = 8,

7
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In Cartesian coordinates, the separated solution of the Schrodinger equation associated to the
three-dimensional Dunkl oscillator Hamiltonian (1.4) are thus given by

Uiy g (21, T2, 3) = e~ CTHIETID/2FI0 () 12 (00) HI (25), (3.5)

and the corresponding energy & is
E=mny+ng+n3+ pu+ ps+ us +3/2, (3.6)
where n;, i = 1,2, 3, are non-negative integers. It is directly seen from (3.4), (3.5) and (3.6) that

if one takes p; = 0, the solutions and the spectrum of the isotropic three-dimensional oscillator
in Cartesian coordinates are recovered.

8.2. Cylindrical coordinates
In cylindrical coordinates

Tl = pCosp, xp=psing, T3=2z.

the Hamiltonian (1.4) of the three-dimensional Dunkl oscillator reads

1
H:Ap—&-?B@—i—Cz,

where
R (1 + p2) 14

A, = 5 [ap + pﬁp} p 0, + 2,0 , (3.7a)
1 H1 M2

B, = —-9> t — t )0 1-R)+——(1—-R 3.7b
Lo 3 Lo p3

L= =02 =20, 4 222+ L2 (1 - R;). .
C 282 ; 0.+ 5% + 27:2( R3) (3.7¢)

The reflection operators are easily seen to have the action

le(pv SD)Z) Zf(pﬂr—gb, Z)a R2f(ﬂa%z) = f(p7_30»z)7 R3f(p7 2 Z) :f(pv SD7_Z)‘

Upon taking W(p,¢,z) = P(p)®()1(z), one finds that (3.1) is equivalent to the system of
ordinary equations

_ 2

AuP(p) =~ EP(p) + 5 5P(p) =0, (3.80)
2

Bab(g) ~ (o) =0, (3.8b)

Caip(2) = ED(2), (3.8¢)

where £ (3), k?/2 are the separation constants and where £ =& — EB). The solutions to the
equation are given by (3.3) and (3.4) with £®) = n34pu341/2. The solutions to (3.8a) and (3.8b)
have been obtained in [4]. For the angular part, the solutions are labeled by the eigenvalues
s1, 89 with s; = 1 of the reflection operators R;, Re and read

D12) (i) = co8™ psin®® o PU2 IR (co590), (3.9)

8
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where Pé“’ﬁ ) (x) are the classical Jacobi polynomials [8], 7, is a normalization factor and where
e1, ey are the indicator functions for the eigenvalues of the reflections R; and Ry, i.e.:

0, if S; — 1,
e; = .
1, ifs;=-—1,
for ¢+ = 1,2. When s;s9 = —1, m is a positive half-integer whereas when s;so = 1, m is a

non-negative integer; note also that for m = 0, only the s; = s9 = 1 state exists. In all parity
cases, the separation constant takes the value

E? = dm(m + p1 + p2).

If one takes

_ [(2m+m+uz)F(m+u1+uz+?+22)(m621522)! v
T T A+ G -2 +1/2) Tm+ o+ 2 -9 +1/2)]

as the normalization factor, the angular part of the separated wavefunction satisfy the
orthogonality relation

2m
(51:55) 2 )
/ <I>£,§1’32><I>m} > Jcos @[ [sin @[ dp = Gy G, 5, sy, 5
0

which can be deduced from the orthogonality relation satisfied by the Jacobi polynomials [8].
The radial solutions have the expression

1/2

21, e_p2/2p2mL£Lim+u1+M2)(p2)7 (3.10)

np +2m + 1 + pg + 1)

P = |

where n, is a non-negative integer and where L;a)(:c) are the Laguerre polynomials. They satisfy
the orthogonality relation

p

[ee]
| PP o) #5251 ap = 6y,

The separated wavefunctions of the three-dimensional Dunkl oscillator in cylindrical coordinates
are thus given by

U, mm. (P, 0:2) = P, (P)(?Sl&)@o)wnz (2)

where P, (p), @2?’82)(@) and 1, (z) are given by (3.10), (3.9) and (3.3), respectively. The
energy & is expressed as

E=2n,+2m+n, + p1 + p2 + p3 + 3/2,

where n,, n. are non-negative integers and where m is a non-negative integer when sys2 = 1 or
a positive half-integer when sys; = —1. In the cylindrical basis, the operators C, and By are
diagonal with eigenvalues £®) and k? /2. A direct computation shows that one has

J3 = 2B, + 2u1p2(1 — Ry Ry),

where J3 is the symmetry given in (2.4). It thus follows that J3 and Hj are the symmetries
responsible for the separation of variables in cylindrical coordinates.

9
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8.8. Spherical coordinates
In spherical coordinates

r1 =rcos¢sinf, xo=rsin¢sinfd, x3=rcosb,

the Hamiltonian (1.4) of the three-dimensional Dunkl oscillator takes the form

1

1
— My + 5Ny + 5By,
H=M +r2N0+rzsin29 ¢
where By is given by (3.7b) and where
1 1 1
Mr:_*ag_ (14 m +M2+M3)GT+*T2, (3.11&)
2 r 2
1., 3
Ny = —589 + (pstan® — (1/2 + 1 + p2) cot 0)dg + DY 0(1 — R3). (3.11b)

The reflection operators have the action

le(r767¢) :f(hevﬂ-*d))v RQf(T797¢) :f(r797 7d))7 Rgf('f',97¢) :f(’f',ﬂ'*e,gb).

Upon taking ¥(r,0,¢) = R(r)O(0)®(¢) in the Schrédinger equation (3.1), one finds the following
system of ordinary differential equations

:Mr + (;:2 - 5)] R(r) =0, (3.12a)
:Ng + (2;:;9 - q;ﬂ 0(0) =0, (3.12b)
:B¢ — k;] d(¢) = 0, (3.12¢)

where k2 /2 and q?/2 are the separation constants. It is directly seen that the azimuthal solution
®(¢) to (3.12c) is given by (3.9) with value of the separation constant k% = 4m(m + p + o).
The zenithal solutions ©(f) are labeled by the eigenvalue s3 = 41 of the reflection operator Rs.
One has

6283)(9) = 14 cos®® fsin®™ @ Pﬁ:;jgﬁm’“ﬁerlﬂ) (cos20), (3.13)
where the value of the separation constant is ¢? = 4(£ +m) (£ +m + u1 + po + p3 +1/2). When
s3 = 1, £ is a non-negative integer whereas ¢ is a positive half-integer when s3 = —1. The
normalization constant has the expression

o [@e42m 4t s+ s+ 1/2)0(C 4 2m+ pn + i + s +1/2+ €3/2)(E = e3/2)! 1/2
¢ T(0+2m+ p + po+ 1 — e3/2)0(0 + s + 1/2 + e3/2)
The radial solutions are given by
Ry (1) = 2n,! 1/2 —r2/2 2t4+m) (@) (2 (3.14)
ne(T) = —F(nr—i—a—l—l) e T n (77), .

with o = 2(0 +m) + p1 + po + us3 + 1/2. The separated wavefunctions of the three-dimensional
Dunkl oscillator in spherical coordinates thus read

(.6, 0) = R, (r) 250°9(9) 0 (0), (3.15)

nyl,m

10
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where R(r), ©(0) and ®(¢) are respectively given by (3.14), (3.13) and (3.9) and correspond to
the total energy

E=2(n, +L+m)+ p + po+ pz + 3/2. (3.16)

These wavefunctions are eigenfunctions of the reflection operators R; with eigenvalues s; = +1
for i = 1,2,3. When s3 = 1, the quantum number ¢ takes non-negative integer values and when
s3 = —1, the number / takes positive half-integer values. Similarly, when s;ss = 1, the quantum
number m is a non-negative integer and when syso = —1, m is a positive half-integer. The
wavefunctions satisfy the orthogonality relation

o) ™ 27
/ / / 2t 2ue 20 gin 920202 | cos O[3 | cos |21 | sin |2 12 sin @ dr df do
o Jo Jo

Ry (1) R, (r)O52 (005 (0) 2512 (9) 8152 (8) = 61y 1y 80,0061y 1 S Osy Gy 51

In analogy with the standard three-dimensional oscillator, the symmetries responsible for the
separation of variables in spherical coordinates are related to the Dunkl “rotation” generators.
Indeed, one has that the operator

1 2
Jg? = {i(mIDQ —1‘21)1)} = 28¢—|—2u1,u2(1 —R1R2), (317)
is diagonal on the separated wavefunction in spherical coordinates and has eigenvalues

T3S (0, 8) = [dm(m + i + i) + 2 (1 — s182)] O (1,6, 9).

Ny, l,m

Furthermore, a direct computations shows that the Dunkl total angular momentum operator

, (1 2 (1 2 (1 2
Jo = Z(SEQ'Dg-ZBng) + g(ﬁthl—xng) + ;(Jh’DQ-J}g'Dl)

has the following expression in spherical coordinates:

1
JP=2( Ny +
(9 sin?

+ p1(1 = Ry) + p2(1 = Ra) + p3(1 — Rg),
where Ny and By are as in (3.11b) and (3.7b). It thus follows that the separated wavefunctions

in spherical coordinates \IJ;‘(’;‘I”Z;S?’)(T, 0, ¢) satisfy

B¢> + 2;11/12(1 - R1R2) + 2/12#3(1 — R2R3) + 2#1#3(1 — R1R3)

FUL2) (1,0, 0) = A U2 (1,0, 6),

nr,l,m np,l,m
with

X =4l +m)(l+m~+ p1 + po+ p3 +1/2) + 21 pe(1 — sis2) + 2pu1p3(1 — sis3)
+ 2p0p3(1 — s252) + p1(1 — s1) + pa(1 — s2) + p3(1 — s3).

4. Conclusion

In this paper, we have examined the isotropic Dunkl oscillator model in three-dimensional
Euclidean space and we have shown that this system is maximally superintegrable. The
symmetries of the model were exhibited and the invariance algebra they generate, called the
Schwinger-Dunkl algebra sd(3), has been seen to be a deformation of the Lie algebra u(3) by
involutions. So far, we have examined Dunkl systems with oscillator type potentials. In view of
the superintegrability and importance of the Coulomb problem, the examination of the Dunkl-
Coulomb problem is of considerable interest. This will be the subject of a future publication.
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