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Abstract. The isotropic Dunkl oscillator model in three-dimensional Euclidean space is
considered. The system is shown to be maximally superintegrable and its symmetries are
obtained by the Schwinger construction using the raising/lowering operators of the dynamical
sl−1(2) algebra of the one-dimensional Dunkl oscillator. The invariance algebra generated by the
constants of motion, an extension of u(3) with reflections, is called the Schwinger-Dunkl algebra
sd(3). The system is shown to admit separation of variables in Cartesian, polar (cylindrical)
and spherical coordinates and the corresponding separated solutions are expressed in terms of
generalized Hermite, Laguerre and Jacobi polynomials.

1. Introduction
This paper is concerned with the study of the isotropic Dunkl oscillator model in three-
dimensional Euclidean space. This model, described by a Hamiltonian involving reflection
operators, will be shown to be both maximally superintegrable and exactly solvable. The
constants of motion will be obtained by the Schwinger construction using the sl−1(2) dynamical
symmetry of the parabose oscillator in one dimension. The invariance algebra generated by
the symmetries will be seen to be an extension of u(3) by involutions and shall be called
the Schwinger-Dunkl algebra sd(3). The Schrödinger equation of the system will be seen to
admit separation of variables in Cartesian, polar (cylindrical) and spherical coordinates. The
corresponding separated solutions will be found and expressed in terms of generalized Hermite,
Laguerre and Jacobi polynomials.

1.1. Superintegrability
Let us first recall the notion of superintegrability. A quantum system with d degrees of freedom
defined by a Hamiltonian H is maximally superintegrable if it admits 2d − 1 algebraically
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independent symmetry operators Si that commute with the Hamiltonian, i.e.

[H,Si] = 0, 1 ≤ i ≤ 2d− 1,

where one of the symmetries is the Hamiltonian itself, e.g. S1 = H. A superintegrable system
is said to be of order � if � is the maximal degree of the constants of motion Si, excluding
the Hamiltonian, in the momentum variables. The � = 1 case is associated to symmetries
of geometric nature and to Lie algebras whereas the � = 2 case is typically associated to
multiseparability of the Schrödinger equation and to quadratic invariance algebras.

A substantial amount of work has been done on superintegrable systems, motivated in part
by their numerous applications, exact solvability and connections with the theory of special
functions. In view of these properties, the search for new superintegrable models and their
characterization is of significant interest in mathematical physics. For a recent review on
superintegrable systems, one can consult [9].

1.2. Dunkl oscillator models in the plane
A series of novel superintegrable models in the plane with Hamiltonians involving reflection
operators have been introduced recently [4, 5, 7]. The simplest of these systems, called the
Dunkl oscillator in the plane, is defined by the following Hamiltonian [4]:

H = −1

2

[
D2

1 +D2
2

]
+

1

2

[
x21 + x22

]
, (1.1)

where Di stands for the Dunkl derivative [3]

Di = ∂i +
μi

xi

(
1−Ri

)
, i = 1, 2, (1.2)

with ∂i =
∂
∂xi

and where Ri is the reflection operator with respect to the xi = 0 axis, i.e

R1f(x1, x2) = f(−x1, x2), R2f(x1, x2) = f(x1,−x2).

The Hamiltonian (1.1) can obviously be written as

H = H1 +H2

where Hi, i = 1, 2, is the one-dimensional Dunkl oscillator Hamiltonian

Hi = −1

2
D2

i +
1

2
x2i . (1.3)

In [4], the Hamiltonian (1.1) was shown to be maximally superintegrable and its two independent
constants of motion, obtained by the Schwinger construction, were seen to generate a u(2) algebra
extended with involutions. This algebra was called the Schwinger-Dunkl algebra sd(2). It was
further shown that the Schrödinger equation associated to (1.1) admits separation of variables
in both Cartesian and polar coordinates and the separated wavefunctions were given explicitly.
Furthermore, the overlap coefficients between the separated wavefunctions were expressed in
terms of the dual −1 Hahn polynomials through a correspondence with the Clebsch-Gordan
problem of sl−1(2), a q → −1 limit of the quantum algebra slq(2) (see Section II for the definition
of sl−1(2) and [11] for background). In [5], the representation theory of the Schwinger-Dunkl
algebra sd(2) was examined. The results obtained in this paper further strengthened the idea
that Dunkl oscillator models are showcases for −1 orthogonal polynomials (see [6, 12]).

Generalizations of the Dunkl oscillator in the plane (1.1) were considered in [7], where the
singular and the 2 : 1 anisotropic Dunkl oscillators were investigated. The two systems were
shown to be superintegrable, their constants of motion were constructed and their (quadratic)
invariance algebra was given. It was also shown that in some cases these models exhibit
multiseparability. Here we pursue our investigations on Dunkl oscillator models by considering
the three-dimensional version of the system (1.1) in Euclidean space.
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1.3. The three-dimensional Dunkl oscillator
The Dunkl oscillator in three-dimensional Euclidean space is defined by the Hamiltonian

H = −1

2

[
D2

1 +D2
2 +D2

3

]
+

1

2

[
x21 + x22 + x23

]
, (1.4)

where Di is the Dunkl derivative given by (1.2). An elementary calculation shows that the
square of the Dunkl derivative has the expression

D2
i = ∂2

i +
2μi

xi
∂i − μi

x2i
(1−Ri).

As is directly seen, the Hamiltonian (1.4) corresponds to the combination of three independent
(commuting) one-dimensional Dunkl oscillators with Hamiltonians Hi given by (1.3). It
directly follows from the formulas (1.2) and (1.4) that when μi = 0, i = 1, 2, 3, the Dunkl
oscillator Hamiltonian (1.4) reduces to that of the standard isotropic harmonic oscillator in three
dimensions. We note that the term “isotropic” here refers to the fact that the three independent
one-dimensional oscillator entering the total Hamiltonian (1.4) have the same frequency. To
obtain a 3D Dunkl oscillator isotropic in the sense of being O(3)-invariant, one must also take
μ1 = μ2 = μ3.

1.4. Outline
The paper is organized as follows. In section II, the sl−1(2) dynamical symmetry and the
Schwinger construction are used to obtain the symmetries of the total Hamiltonian (1.4), thus
establishing its superintegrability. The commutation relations satisfied by the constants of
motion, which define the Schwinger-Dunkl algebra sd(3), are also exhibited in two different
bases. In section III, the separated solutions of the Schrödinger equation associated to (1.4) are
given in Cartesian, polar and spherical coordinates. For each coordinate system, the symmetries
responsible for the separation of variables are given. A short conclusion follows.

2. Superintegrability
In this section, the sl−1(2) dynamical algebra of the three-dimensional Dunkl oscillator is made
explicit and is exploited to obtain the spectrum of the Hamiltonian. Following the Schwinger
construction, the constants of motion are constructed using the raising/lowering operators of the
sl−1(2) algebra of the one-dimensional constituents. The Schwinger-Dunkl algebra sd(3) formed
by the symmetries is seen to correspond to a deformation of the Lie algebra u(3) by involutions
and the defining relations of sd(3) are given in two different bases.

2.1. Dynamical algebra and spectrum
The three-dimensional Dunkl oscillator Hamiltonian (1.4) possesses an sl−1(2) dynamical
symmetry inherited from the one of its one-dimensional constituents Hi. This can be seen
as follows. Consider the following operators:

A
(i)
± =

1√
2

(
xi ±Di

)
, (2.1)

and define A
(i)
0 = Hi with Hi given by (1.3). It is easily checked that these operators, together

with the reflection operator Ri, satisfy the defining relations of the sl−1(2) algebra which are of
the form [11]

[A
(i)
0 , A

(i)
± ] = ±A

(i)
± , [A

(i)
0 , Ri] = 0, {A(i)

+ , A
(i)
− } = 2A

(i)
0 , {A(i)

± , Ri} = 0, (2.2)
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where [x, y] = xy−yx and {x, y} = xy+yx. As is seen from the above commutation relations, the

operators A
(i)
± act as raising/lowering operators for the one-dimensional Hamiltonians A

(i)
0 = Hi.

In the realization (2.1), the sl−1(2) Casimir operator

Q(i) = A
(i)
+ A

(i)
− Ri −A

(i)
0 Ri +Ri/2,

is a multiple of the identity Q(i) = −μi. It thus follows that for μi > −1/2, the operators

A
(i)
± , A

(i)
0 and Ri realize the positive-discrete series of representations of sl−1(2) [11]. In these

representations, the spectrum E(i) of the operators A
(i)
0 is given by

E (i)
ni

= ni + μi + 1/2,

where ni is a non-negative integer. Given that the full Hamiltonian (1.4) of the three-dimensional
Dunkl oscillator is of the form H = H1 +H2 +H3, it follows that its energy eigenvalues E have
the expression

EN = N + μ1 + μ2 + μ3 + 3/2, (2.3)

where N is a non-negative integer. Since the integer N can be written as N = n1+n2+n3, the
spectrum of H has degeneracy

gN =

N∑
n3=0

(N − n3 + 1) = (N + 1)(N + 2)/2,

at energy level EN . Hence the three-dimensional Dunkl oscillator exhibits the same degeneracy
in its spectrum as the standard three-dimensional isotropic oscillator.

The coproduct of sl−1(2) (see [11]) can be used to construct the sl−1(2) dynamical algebra
of the total Hamiltonian H. Indeed, upon defining the operators

A± = A
(1)
± R2R3 +A

(2)
± R3 +A

(3)
± , R = R1R2R3, A0 = H,

it is directly checked that one has

[A0,A±] = ±A±, [A0,R] = 0, {A+,A−} = 2A0, {A±,R} = 0.

Hence the operators A± act as the raising/lowering operators for the full Hamiltonian H of the
three-dimensional Dunkl oscillator.

2.2. Constants of motion and the Schwinger-Dunkl algebra sd(3)
Given that H = H1+H2+H3, it is clear that combining a raising operator for Hi with a lowering
operator for Hj when i �= j will result in an operator preserving the eigenspace associated to a
given energy EN , thus producing a constant of motion of the total Hamiltonian H. Moreover,
it is obvious that the one-dimensional components Hi commute with the total Hamiltonian H
and hence these one-dimensional Hamiltonians can be considered as constants of the motion.
Furthermore, it is observed that the total Hamiltonian commutes with the reflection operators

[H, Ri] = 0, i = 1, 2, 3,
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so that the reflections can be considered as symmetries. Following the Schwinger construction
of u(3) with standard creation/annihilation operators, we define

J1 =
1

i

(
A

(2)
+ A

(3)
− −A

(2)
− A

(3)
+

)
, J2 =

1

i

(
A

(3)
+ A

(1)
− −A

(3)
− A

(1)
+

)
,

J3 =
1

i

(
A

(1)
+ A

(2)
− −A

(1)
− A

(2)
+

)
.

The operators Ji, i = 1, 2, 3, can be interpreted as Dunkl “rotation” generators since in terms
of Dunkl derivatives, they read

J1 =
1

i
(x2D3 − x3D2), J2 =

1

i
(x3D1 − x1D3), J3 =

1

i
(x1D2 − x2D1). (2.4)

We also introduce the operators

K1 =
(
A

(2)
+ A

(3)
− +A

(2)
− A

(3)
+

)
, K2 =

(
A

(3)
+ A

(1)
− +A

(3)
− A

(1)
+

)
, K3 =

(
A

(1)
+ A

(2)
− +A

(1)
− A

(2)
+

)
,

which in coordinates have the expression

K1 = (x2x3 −D2D3), K2 = (x3x1 −D3D1), K3 = (x1x2 −D1D2). (2.5)

It is directly checked that the operators Ji, Ki, i = 1, 2, 3, are symmetries of the total Dunkl
oscillator Hamiltonian (1.4), that is

[Ji,H] = [Ki,H] = 0,

for i = 1, 2, 3. Upon writing

L1 = H1/2, L2 = H2/2, L3 = H3/2,

which satisfy H = 2L1+2L2+2L3, a direct computation shows that the non-zero commutation
relations between the symmetries are given by

[Jj , Jk] = iεjk�J�(1 + 2μ�R�), [Kj ,Kk] = −iεjk�J�(1 + 2μ�R�), (2.6a)

where εijk stands for the totally antisymmetric tensor with summation over repeated indices
understood and

[Jj ,Kk] = −iεjk�K�(1 + 2μ�R�), [Jj ,Kj ] = −iεjk�Lk(1 + 2μ�R�), (2.6b)

for j �= k. One also has

[Jj , Lk] = igjkKj/2, [Kj , Lk] = −igjkJj/2, (2.6c)

where gij are the elements of a 3× 3 antisymmetric matrix with g12 = g23 = 1, g13 = −1. The
commutation relations involving the reflection operators are of the form

[Li, Ri] = [Lj , Rk] = [Ji, Ri] = [Ki, Ri] = 0, (2.6d)

{Jj , Rk} = {Kj , Rk} = 0, (2.6e)

where j �= k. Hence it follows that the three-dimensional Dunkl oscillator model is maximally
superintegrable. The invariance algebra is defined by the commutation and anticommutation
relations (2.6) and we shall refer to this algebra as the Schwinger-Dunkl algebra sd(3). It is
clear from the defining relations (2.6) that the algebra sd(3) corresponds to a deformation of
the u(3) Lie algebra by involutions; the central element here is of course the total Hamiltonian
H = H1 + H2 + H3. If one takes μ1 = μ2 = μ3 = 0 in the commutation relations (2.6),
one recovers the u(3) symmetry algebra of the standard isotropic harmonic oscillator in three
dimensions realized by the standard creation/annihilation operators.
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2.3. An alternative presentation of sd(3)
The Schwinger-Dunkl algebra sd(3) obtained here can be seen as a “rank two” version of the
Schwinger-Dunkl algebra sd(2) which has appeared in [4] as the symmetry algebra of the Dunkl
oscillator in the plane. It is possible to present another basis for the symmetries of the three-
dimensional Dunkl oscillator in which the sd(2) algebra explicitly appears as a subalgebra of
sd(3). In order to define this basis, it is convenient to introduce the standard 3× 3 Gell-Mann
matrices [1] denoted by Λi, i = 1, . . . , 8, and obeying the su(3) commutation relations

[Λi,Λj ] = if ijkΛk,

with f123 = 2, f458 = f678 =
√
3 and

f147 = f165 = f246 = f257 = f345 = f376 = 1.

The symmetries of the three-dimensional Dunkl oscillator can be expressed in terms of these
matrices as follows. One takes

Mj = (A
(1)
+ , A

(2)
+ , A

(3)
+ ) Λj (A

(1)
− , A

(2)
− , A

(3)
− )t, (2.7)

for j = 1, 2, 4, 5, 6, 7 and also

M3 =
1

4

(
{A(1)

+ , A
(1)
− } − {A(2)

+ A
(2)
− }

)
,

M8 =
1

4
√
3

(
{A(1)

+ , A
(1)
− }+ {A(2)

+ , A
(2)
− } − 2{A(3)

+ , A
(3)
− }

)
.

It is straightforward to verify that the operators Mi, i = 1, . . . , 8 commute with the Hamiltonian
H of the three-dimensional Dunkl oscillator. Using the commutation relations (2.2) as well as
the extra relation

[A
(i)
− , A

(j)
+ ] = δij(1 + 2μiRi),

the sd(3) commutation relations expressed in the basis of the symmetries Mi can easily be
obtained. Consider the constants of motion

M1 =
1

2

(
A

(1)
+ A

(2)
− +A

(1)
− A

(2)
+

)
, M2 =

1

2i

(
A

(1)
+ A

(2)
− −A

(1)
− A

(2)
+

)
,

as well as M3. These symmetry operators satisfy the commutation relations of the Schwinger-
Dunkl algebra sd(2)

[M2,M3] = iM1, [M3,M1] = iM2, (2.8a)

[M1,M2] = i
(
M3 +M3(μ1R1 + μ2R2)− 1

3

(
H+

√
3M8

)
(μ1R1 − μ2R2)

)
, (2.8b)

{M1, Ri} = 0, {M2, Ri} = 0, [M3, Ri] = 0, (2.8c)

for i = 1, 2. In the subalgebra (2.8), the operator
(H+

√
3M8

)
is central and corresponds to

the Hamiltonian of the Dunkl oscillator in the plane

2

3

(
H+

√
3M8

)
= H1 +H2.
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3. Separated Solutions: Cartesian, cylindrical and spherical coordinates
In this section, the exact solutions of the time-independent Schrödinger equation

HΨ = EΨ, (3.1)

associated to the three-dimensional Dunkl oscillator Hamiltonian (1.4) are obtained in Cartesian,
polar (cylindrical) and spherical coordinates. The operators responsible for the separation of
variables in each of these coordinate systems are given explicitly.

3.1. Cartesian coordinates
Since H = H1 + H2 + H3, where Hi, i = 1, 2, 3, are the one-dimensional Dunkl oscillator
Hamiltonians

Hi = −1

2
D2

i +
1

2
x2i ,

it is obvious that the Schrödinger equation (3.1) admits separation of variable in Cartesian
coordinates {x1, x2, x3}. In this coordinate system, the separated solutions are of the form

Ψ(x1, x2, x3) = ψ(x1)ψ(x2)ψ(x3),

where ψ(xi) are solutions of the one-dimensional Schrödinger equation[
−1

2
D2

i +
1

2
x2i

]
ψ(xi) = E (i)ψ(xi). (3.2)

The regular solutions of (3.2) are well known [4, 10]. To obtain these solutions, one uses the
fact that the reflection operator Ri commutes with the one-dimensional Hamiltonian Hi, which
allows to diagonalize both operators simultaneously. For the one-dimensional problem, the two
sectors corresponding to the possible eigenvalues si = ±1 of the reflection operator Ri can be
recombined to give the following expression for the wavefunctions:

ψni(xi) = e−x2
i /2Hμi

ni
(xi), (3.3)

where ni is a non-negative integer. The corresponding energy eigenvalues are

E (i)
ni

= ni + μi + 1/2,

and Hμ
n (x) stands for the generalized Hermite polynomials [2]

Hμ
2m+p(x) = (−1)n

√
n!

Γ(m+ p+ μ+ 1/2)
xp L(μ−1/2+p)

m (x2), (3.4)

with p ∈ {0, 1}. In (3.4), L
(α)
n (x) are the standard Laguerre polynomials [8] and Γ(x) is the

classical Gamma function [1]. The wavefunctions (3.3) satisfy

Riψni(xi) = (−1)niψni(xi),

so that the eigenvalue si of the reflection operator Ri is given by the parity of ni. Using the
orthogonality relation of the Laguerre polynomials, one finds that the wavefunctions (3.3) satisfy
the orthogonality condition ∫ ∞

−∞
ψni(xi)ψn′

i
(xi)|xi|2μi dxi = δni,n′

i
.
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In Cartesian coordinates, the separated solution of the Schrödinger equation associated to the
three-dimensional Dunkl oscillator Hamiltonian (1.4) are thus given by

Ψn1,n2,n3(x1, x2, x3) = e−(x2
1+x2

2+x2
3)/2Hμ1

n1
(x1)H

μ2
n2
(x2)H

μ3
n3
(x3), (3.5)

and the corresponding energy E is

E = n1 + n2 + n3 + μ1 + μ2 + μ3 + 3/2, (3.6)

where ni, i = 1, 2, 3, are non-negative integers. It is directly seen from (3.4), (3.5) and (3.6) that
if one takes μi = 0, the solutions and the spectrum of the isotropic three-dimensional oscillator
in Cartesian coordinates are recovered.

3.2. Cylindrical coordinates
In cylindrical coordinates

x1 = ρ cosϕ, x2 = ρ sinϕ, x3 = z.

the Hamiltonian (1.4) of the three-dimensional Dunkl oscillator reads

H = Aρ +
1

ρ2
Bϕ + Cz,

where

Aρ = −1

2

[
∂2
ρ +

1

ρ
∂ρ

]
− (μ1 + μ2)

ρ
∂ρ +

1

2
ρ2, (3.7a)

Bϕ = −1

2
∂2
ϕ + (μ1 tanϕ− μ2 cotϕ)∂ϕ +

μ1

2 cos2 ϕ
(1−R1) +

μ2

2 sin2 ϕ
(1−R2), (3.7b)

Cz = −1

2
∂2
z −

μ3

z
∂z +

1

2
z2 +

μ3

2z2
(1−R3). (3.7c)

The reflection operators are easily seen to have the action

R1f(ρ, ϕ, z) = f(ρ, π − φ, z), R2f(ρ, ϕ, z) = f(ρ,−ϕ, z), R3f(ρ, ϕ, z) = f(ρ, ϕ,−z).

Upon taking Ψ(ρ, ϕ, z) = P (ρ)Φ(ϕ)ψ(z), one finds that (3.1) is equivalent to the system of
ordinary equations

AρP (ρ)− ẼP (ρ) +
k2

2ρ2
P (ρ) = 0, (3.8a)

BϕΦ(ϕ)− k2

2
Φ(ϕ) = 0, (3.8b)

Czψ(z) = E (3)ψ(z), (3.8c)

where E(3), k2/2 are the separation constants and where Ẽ = E − E (3). The solutions to the
equation are given by (3.3) and (3.4) with E(3) = n3+μ3+1/2. The solutions to (3.8a) and (3.8b)
have been obtained in [4]. For the angular part, the solutions are labeled by the eigenvalues
s1, s2 with si = ±1 of the reflection operators R1, R2 and read

Φ(s1,s2)
m (ϕ) = ηm cose1 ϕ sine2 ϕP

(μ2+e2−1/2,μ1+e1−1/2)
m−e1/2−e2/2

(cos 2ϕ), (3.9)
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where P
(α,β)
n (x) are the classical Jacobi polynomials [8], ηm is a normalization factor and where

e1, e2 are the indicator functions for the eigenvalues of the reflections R1 and R2, i.e.:

ei =

{
0, if si = 1,

1, if si = −1,

for i = 1, 2. When s1s2 = −1, m is a positive half-integer whereas when s1s2 = 1, m is a
non-negative integer; note also that for m = 0, only the s1 = s2 = 1 state exists. In all parity
cases, the separation constant takes the value

k2 = 4m(m+ μ1 + μ2).

If one takes

ηm =

[
(2m+ μ1 + μ2)Γ(m+ μ1 + μ2 +

e1
2 + e2

2 )(m− e1
2 − e2

2 )!

2 Γ(m+ μ1 +
e1
2 − e2

2 + 1/2) Γ(m+ μ2 +
e2
2 − e1

2 + 1/2)

]1/2
,

as the normalization factor, the angular part of the separated wavefunction satisfy the
orthogonality relation∫ 2π

0
Φ(s1,s2)
m Φ

(s′1,s
′
2)

m′ | cosφ|2μ1 | sinφ|2μ2 dφ = δm,m′δs1,s′1δs2,s′2 ,

which can be deduced from the orthogonality relation satisfied by the Jacobi polynomials [8].
The radial solutions have the expression

Pnρ(ρ) =

[
2nρ!

Γ(nρ + 2m+ μ1 + μ2 + 1)

]1/2
e−ρ2/2ρ2mL(2m+μ1+μ2)

nρ
(ρ2), (3.10)

where nρ is a non-negative integer and where L
(α)
n (x) are the Laguerre polynomials. They satisfy

the orthogonality relation ∫ ∞

0
Pnρ(ρ)Pn′

ρ
(ρ) ρ2μ1+2μ2+1 dρ = δnρ,n′

ρ
.

The separated wavefunctions of the three-dimensional Dunkl oscillator in cylindrical coordinates
are thus given by

Ψnρ,m,nz(ρ, ϕ, z) = Pnρ(ρ)Φ
(s1,s2)
m (ϕ)ψnz(z)

where Pnρ(ρ), Φ
(s1,s2)
m (ϕ) and ψnz(z) are given by (3.10), (3.9) and (3.3), respectively. The

energy E is expressed as

E = 2nρ + 2m+ nz + μ1 + μ2 + μ3 + 3/2,

where nρ, nz are non-negative integers and where m is a non-negative integer when s1s2 = 1 or
a positive half-integer when s1s2 = −1. In the cylindrical basis, the operators Cz and Bφ are

diagonal with eigenvalues E (3) and k2/2. A direct computation shows that one has

J2
3 = 2Bϕ + 2μ1μ2(1−R1R2),

where J3 is the symmetry given in (2.4). It thus follows that J3 and H3 are the symmetries
responsible for the separation of variables in cylindrical coordinates.
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3.3. Spherical coordinates
In spherical coordinates

x1 = r cosφ sin θ, x2 = r sinφ sin θ, x3 = r cos θ,

the Hamiltonian (1.4) of the three-dimensional Dunkl oscillator takes the form

H = Mr +
1

r2
Nθ +

1

r2 sin2 θ
Bφ,

where Bφ is given by (3.7b) and where

Mr = −1

2
∂2
r −

(1 + μ1 + μ2 + μ3)

r
∂r +

1

2
r2, (3.11a)

Nθ = −1

2
∂2
θ + (μ3 tan θ − (1/2 + μ1 + μ2) cot θ)∂θ +

μ3

2 cos2 θ
(1−R3). (3.11b)

The reflection operators have the action

R1f(r, θ, φ) = f(r, θ, π − φ), R2f(r, θ, φ) = f(r, θ,−φ), R3f(r, θ, φ) = f(r, π − θ, φ).

Upon taking Ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ) in the Schrödinger equation (3.1), one finds the following
system of ordinary differential equations[

Mr +

(
q2

2r2
− E

)]
R(r) = 0, (3.12a)[

Nθ +

(
k2

2 sin2 θ
− q2

2

)]
Θ(θ) = 0, (3.12b)[

Bφ − k2

2

]
Φ(φ) = 0, (3.12c)

where k2/2 and q2/2 are the separation constants. It is directly seen that the azimuthal solution
Φ(φ) to (3.12c) is given by (3.9) with value of the separation constant k2 = 4m(m + μ1 + μ2).
The zenithal solutions Θ(θ) are labeled by the eigenvalue s3 = ±1 of the reflection operator R3.
One has

Θ
(s3)
� (θ) = ι� cos

e3 θ sin2m θ P
(2m+μ1+μ2,μ3+e3−1/2)
�−e3/2

(cos 2θ), (3.13)

where the value of the separation constant is q2 = 4(�+m)(�+m+ μ1 + μ2 + μ3 + 1/2). When
s3 = 1, � is a non-negative integer whereas � is a positive half-integer when s3 = −1. The
normalization constant has the expression

ι� =

[
(2�+ 2m+ μ1 + μ2 + μ3 + 1/2)Γ(�+ 2m+ μ1 + μ2 + μ3 + 1/2 + e3/2)(�− e3/2)!

Γ(�+ 2m+ μ1 + μ2 + 1− e3/2)Γ(�+ μ3 + 1/2 + e3/2)

]1/2
.

The radial solutions are given by

Rnr(r) =

[
2nr!

Γ(nr + α+ 1)

]1/2
e−r2/2r2(�+m)L(α)

nr
(r2), (3.14)

with α = 2(�+m) + μ1 + μ2 + μ3 + 1/2. The separated wavefunctions of the three-dimensional
Dunkl oscillator in spherical coordinates thus read

Ψ
(s1,s2,s3)
nr,�,m

(r, θ, φ) = Rnr(r) Φ
(s1,s2)
m (φ)Θ

(s3)
� (θ), (3.15)
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where R(r), Θ(θ) and Φ(φ) are respectively given by (3.14), (3.13) and (3.9) and correspond to
the total energy

E = 2(nr + �+m) + μ1 + μ2 + μ3 + 3/2. (3.16)

These wavefunctions are eigenfunctions of the reflection operators Ri with eigenvalues si = ±1
for i = 1, 2, 3. When s3 = 1, the quantum number � takes non-negative integer values and when
s3 = −1, the number � takes positive half-integer values. Similarly, when s1s2 = 1, the quantum
number m is a non-negative integer and when s1s2 = −1, m is a positive half-integer. The
wavefunctions satisfy the orthogonality relation∫ ∞

0

∫ π

0

∫ 2π

0
r2μ1+2μ2+2μ3 | sin θ|2μ1+2μ2 | cos θ|2μ3 | cosφ|2μ1 | sinφ|2μ2 r2 sin θ dr dθ dφ

Rn′
r
(r)Rnr(r)Θ

(s′3)
�′ (θ)Θ

(s3)
� (θ)Φ

(s′1,s
′
2)

m′ (φ)Φ(s1,s2)
m (φ) = δnr,n′

r
δ�,�′δs3,s′3δm,m′δs1,s′1δs2,s′2 .

In analogy with the standard three-dimensional oscillator, the symmetries responsible for the
separation of variables in spherical coordinates are related to the Dunkl “rotation” generators.
Indeed, one has that the operator

J2
3 =

{
1

i

(
x1D2 − x2D1

)}2

= 2Bφ + 2μ1μ2(1−R1R2), (3.17)

is diagonal on the separated wavefunction in spherical coordinates and has eigenvalues

J2
3 Ψ

(s1,s2,s3)
nr,�,m

(r, θ, φ) =
[
4m(m+ μ1 + μ2) + 2μ1μ2(1− s1s2)

]
Ψ

(s1,s2,s3)
nr,�,m

(r, θ, φ).

Furthermore, a direct computations shows that the Dunkl total angular momentum operator

J2 =

{
1

i

(
x2D3 − x3D2

)}2

+

{
1

i

(
x3D1 − x1D3

)}2

+

{
1

i

(
x1D2 − x2D1

)}2

has the following expression in spherical coordinates:

J2 = 2

(
Nθ +

1

sin2 θ
Bφ

)
+ 2μ1μ2(1−R1R2) + 2μ2μ3(1−R2R3) + 2μ1μ3(1−R1R3)

+ μ1(1−R1) + μ2(1−R2) + μ3(1−R3),

where Nθ and Bφ are as in (3.11b) and (3.7b). It thus follows that the separated wavefunctions

in spherical coordinates Ψ
(s1,s2,s3)
nr,�,m

(r, θ, φ) satisfy

J2Ψ
(s1,s2,s3)
nr,�,m

(r, θ, φ) = λ�,mΨ
(s1,s2,s3)
nr,�,m

(r, θ, φ),

with

λ�,m = 4(�+m)(�+m+ μ1 + μ2 + μ3 + 1/2) + 2μ1μ2(1− s1s2) + 2μ1μ3(1− s1s3)

+ 2μ2μ3(1− s2s2) + μ1(1− s1) + μ2(1− s2) + μ3(1− s3).

4. Conclusion
In this paper, we have examined the isotropic Dunkl oscillator model in three-dimensional
Euclidean space and we have shown that this system is maximally superintegrable. The
symmetries of the model were exhibited and the invariance algebra they generate, called the
Schwinger-Dunkl algebra sd(3), has been seen to be a deformation of the Lie algebra u(3) by
involutions. So far, we have examined Dunkl systems with oscillator type potentials. In view of
the superintegrability and importance of the Coulomb problem, the examination of the Dunkl-
Coulomb problem is of considerable interest. This will be the subject of a future publication.
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