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Abstract. We theoretically explore a competition between magnetism and superconductivity
for the three-layered ferromagnet/superconductor (F/S) structures. The critical properties of
F1/F2/S trilayers in an external parallel magnetic field H are investigated. The different mutual
orientations of the F layer magnetizations are examined. Under this condition the triplet
component of the superconducting condensate is arisen. Assuming that all layers are dirty
we solve boundary problem for the Usadel function. To find the critical parameters for trilayer
as function of the F layers thicknesses we use Gor’kov’s self-consistency equation. The results
of numerical calculations for critical temperature Tc and critical magnetic field Hc at various
parameters of F/S structure show that the external magnetic field and triplet correlations can
essentially influence on the critical properties of considered systems. Unusual dependencies are
discussed.

1. Introduction
It is well known that the singlet superconductor (S) and ferromagnet (F) order parameters are
fundamentally incompatible and their coexistence in homogeneous materials is difficult to realize.
However in the artificial layered heterostructures consisting of alternating F and S layers this is
possible [1, 2] due to the proximity effect [3]. In the F/S structures the singlet superconducting
correlations can penetrate from the S layer into the F layer on the depth of order of the coherence
length ∼ √

aF lf (aF = υF /2I is spin stiffness length, I is exchange field value, velocity υF is
Fermi velocity and lf is free path length in ferromagnet ). Note that the penetration depth into
the F is much smaller than that in the normal metal (N), since condition I À Tc is satisfied in
conventional ferromagnets. The features of interplay of the S and F ordering phases leads to
interesting physical phenomena [1, 2, 4].

Recently, it was demonstrated that not only the singlet component of the superconducting
condensate (correlations between quasiparticles with parallel spins) but also the triplet ones can
be induced in the ferromagnet [5–9]. The triplet superconducting component is generated in
case of nonhomogeneous magnetization of F layers. For the F/S structures the noncollinear
orientation of magnetizations in the F layers may also give rise to the triplet superconductivity,
in this case each magnetization may be homogeneous [8, 9]. The triplet component penetrates
into F layer over more long distance compared to the singlet component. This circumstance
may add new features to the proximity effect in the S/F structures.
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Reach physics of the F/S system makes them attractive for technical applications. Thus the
spin valve device based on the three layered FS systems switched by weak external magnetic
field was proposed in works [10–12].

We study the F1/F2/S structures in the presence of an external parallel magnetic field
H. The different mutual orientations of the F layer magnetizations are examined. The
triplet superconducting component is generated at noncollinear magnetizations of the F layers.
Assuming that all S and F layers are dirty we solve boundary problem for the Usadel function.
Then we use Gor’kov’s self-consistency equation to find the critical parameters at various
parameters F/S structure. The results of numerical calculations for critical temperature Tc

and critical magnetic field Hc as function of thicknesses of both F1 and F2 layers are presented.

2. Theoretical background
The critical temperature Tc at the second order transition is obtained from the self-consistent
equation for the superconducting gap ∆(r) [13]

∆(r) ln t = πTc

∞∑

ω>0

Tr
(

F̂ (r, ω)− ∆(r)
ω

)
, (1)

where t = Tc/Tcs is the reduced critical temperature (Tcs is the superconducting critical
temperature for the bulk material without spin exchange interaction), Tr means the trace
function, the summation is performed over repeated spin indices, ω is the Matsubara frequency.

In presence of the external magnetic field H = rotA the pair amplitude F̂ satisfies the
Usadel-like equations [14–16]

[
|ω| − iI(σ̂3)αβ − 1

2
DαβL̂2

]
Fαβ(r, ω) = δαβ∆(r),

Dαβ =
D

1− i2Iτf (σ̂3)αβ
, L̂ = ∇− 2πi

Φ0
A,

(2)

where Φ0 is the magnetic flux quantum, D is the diffusion constant and τf is the elastic scattering
time of non-magnetic impurities in F layer. Note that the diffusion constant Dαβ in (2) is complex
due to the presence of exchange interaction [1]. In case of the magnetization in F layer has
the form M(0,M sinφ,M cosφ) then the solution of the (2) is F̂

′
= Û †F̂ Û . Here Û is unitary

matrix, which has the form

Û =
(

cos φ
2 i sin φ

2

i sin φ
2 cos φ

2

)
.

We use the boundary conditions derived by microscopic approach in the work [17]. For the
SF interface, where F and S layers occupy the regions x < 0 and x > 0, respectively, they have
the form

4Ds

σsυs
F

(L̂n)F s
αβ =

4Df

σfυf
F

(L̂n)[Û †F̂f Û ]αβ = F s
αβ − [Û †F̂ f Û ]αβ, Ff

αβ =
F f

αβ

1− i2Iτf (σ̂3)αβ
. (3)

The boundary conditions at the outer surfaces have the form

(L̂n)F s,f
αβ = 0. (4)

Here n(1, 0, 0) is the unit vector normal to the S, F1, F2 planes; the indices s and f denote S
and F layers; σs and σf are the transparencies from the S and F side, respectively [1]. Note that
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the boundary conditions at the interface (3) take into account the fulfillment of the condition
of detailed balance

σsυ
s
FNs = σfυf

FNf , σf1υ
f1
F Nf1 = σf2υ

f2
F Nf2

where Ns,f is the density of states on the Fermi surface for the S and F layers, respectively.
The set of the equations (1) and (2) and the appropriate boundary conditions (3), (4) are

sufficient to calculate critical temperature Tc of the SF layered structures.

3. Results and discussion
We consider a F1/F2/S system in presence of the external magnetic field H applied parallel to
the plane of the contact. We choose the coordinate system so that the S layer occupies the region
0 < x < ds, F1 and F2 layers occupy the regions −df1 − df2 < x < −df2 and −df2 < x < 0,
respectively. The magnetization vector of the F1 layer may be rotated M1(0,M1 sinφ,M1 cosφ),
while the magnetization of the F2 layer is fixed M2(0, 0,M2). Following the work [18] we perform
the numerical calculations of Tc for the F1/F2/S trilayer in similar manner.
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Figure 1. (Color online) (a) The phase diagram t(df1) at fixed thicknesses df2 = 0.1af2 without
magnetic field (H = 0) at various values of the angle φ: (1) φ = 1800, (2) φ = 1350, (3) φ = 900,
(4) φ = 450, (5) φ = 00;
(b) The phase diagram t(df1) for the antiparallel state (φ = 1800) at various values of the h:
(i) h = 0, (ii) h = 0.2, (iii) h = 0.3, (iv) h = 0.4, (v) h = 0.6;
Other parameters of the system are: ds/ξs0 = 0.65, ls/ξs0 = 0.3, σs = 3, nsf = 0.75,
lf1/af1 = lf2/af2 = 0.25, σf1 = σf2 = 5, I1/πTcs = I2/πTcs = 15, df2/af2 = 0.1.

In figure 1(a) the reduced critical temperature t as function of the reduced F1 layer thicknesses
at fixed thicknesses df2 = 0.1af2 without magnetic field (H = 0) at various values of the angle φ
is displayed. So we have an unusual dependence when a maximum corresponding to symmetrical
case with df1 ≈ df2. It is caused by relatively small values of the F1,2 layer thicknesses, when
the antiparallel magnetizations compensate each other in most complete manner as in clean
case [19], in which the solitary re-entrant superconductivity is predicted for clean F1/S/F2

trilayer. In common case a position of this peak strongly depends from the F1/S/F2 parameters
(transparencies, etc). It is quite probably that the solitary re-entrant superconductivity may be
realized in the dirty F1/S/F2 trilayer too.

The cases for φ = 1800 and φ = 00 correspond to the antiparallel and parallel mutual
orientation of the magnetizations respectively. It is seen, that the change of the angle from the
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φ = 1800 to φ = 00 leads to the suppression of the superconductivity. This is easy to understand.
When the mutual orientation of the magnetization is antiparallel, the effective exchange field in
the F layers is decreased and hence the critical temperature is maximal. Note that changing the
angle φ varies qualitatively the dependence t(df1): a change of the mutual orientation of the
magnetizations leads to the re-entrant superconductivity appearance.

The phase diagrams with the magnetic field influence are plotted in figure 1(b). The t(df1)
curves for the antiparallel mutual orientation of the magnetizations are plotted under certain
values of reduced magnetic field h = H/Hc (Hc is critical field for isolated S metal). The
thickness df2 = 0.1af2 is fixed. The magnetic field variation leads to qualitative change of the
t(df1) dependence. Without field this dependence has a maximum at the value df1 ≈ 0.1af1 and
then it reaches a plateau. The magnetic field monotonically depresses the critical temperature,
but it may also lead to qualitative change of dependence t(df1). Note that the dependence t(df1)
at the value h = 0.6 has a clear pronounced peak and further (df1 > 0.1af1) drops monotonically
to zero.

4. Conclusions
In this work we consider the asymmetrical F1/F2/S trilayers. Our theoretical approach is valid
in the external magnetic field presence as in real experimental setup for the FS spin valve
explorations [20, 21]. It is shown that the external magnetic field and triplet correlations can
essentially influence on the critical properties of considered systems. In particular, the change
of the magnetic field and mutual orientation of the magnetizations can lead to a qualitative
modification of the phase diagrams of F1/F2/S system.
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