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Abstract. The approximation of the normal distribution by means of a chaotic expression is
achieved by means of Weierstrass function, where, for a certain set of parameters, the density
of the derived recurrence renders good approximation of the bell curve.

1. Introduction

Many biological and physical processes are described by sequences of numbers derived from the
normal distribution. The numbers have various applications, for example, in simulations. Hence, many
numerical generators (Gaussian Random Numbers Generators, GRNG) have been created, comprising
the values of the numbers corresponding to the normal distribution.

The generators are based on: transformations [1-4], methods taking advantage of the cumulative
density function inversion [5], rejection methods [6-8] and recursive methods [9].

The above mentioned transformations involve the conversion of the values of the numbers derived
from the uniform distribution into the values corresponding to the normal distribution. In turn,
methods based on inverse distributions match the values from the normal distribution by designating
the values of the inverse cumulative distribution function with given argument in the form of a number
corresponding to the uniform distribution. Rejection methods, similar to transformations, convert the
numbers from the uniform distribution into the normal one, but, in addition, require the fulfillment of
specific assumptions concerning the derived values of the numbers, while recurrences use the numbers
obtained from the normal distribution and, in the next step, generate new values by means of linear
expressions.

Alternative the above mentioned procedures can be divided into exact methods [1-2,6- 9] and
approximation methods [3-5]. The exact methods, upon meeting certain criteria, enable the generation
of numbers that ideally match the normal distribution. On the other hand, the approximation methods
generate the values of numbers that only approximate the normal distribution.

The above mentioned GRNG methods require the numbers from the uniform distribution, with the
exception of recursive method. In the case of the transformations based on the central limit theorem
[4] at least several values from the uniform distribution are required to derive one numerical value
from the normal distribution. On the other hand, the recursive methods use the values derived from the
normal distribution to obtain new numbers.

The method discussed in the paper makes it possible to derive the values approximating the normal
distribution without the need to take advantage of the uniform or normal distribution.
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2. Description of the method

The method utilizes Weierstrass function determined by the following equation|10-12]:
w(t) =Y a' cos(b'at), 1)
i=0

where a and b are the parameters fulfilling the conditions of 0<a<1 and ab>1+1.57. On the
grounds of the recursive method:

tk+1 = W(tk) (2)
a sequence of numbers is derived, the density function of which, for parameter a with the values close

to 1, approximates the normal density distribution. The mentioned above recursion assumes the
following form:

tey = iai cos(;zb‘tk) . 3)

i=1
3. Conducted analyses

3.1 Analysis of the dynamic system
Expression (3) is a chaotic representation. Due to the fact that function w(t) is nowhere differential,

Lyapunov’s exponent — calculated in accordance with:

n-1
A:IimEZIndW—(t) 4)
n—w N 75 dt =t

- has an infinitely big positive value for N —oo. For example, the dependence of the exponent on
parameter a for n=100terms of the sequence of Weierstrass function is shown in figure 1.
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Figure 1. Lyapunov’s exponent, 0 =100,n=100.

3.2 Statistical analysis
The density of the normal distribution is designated by the function:

1 —(x—p)°
p(X)—a\/ﬂexp[ 52 ] )

where u jestis the mean , whereas o is the standard deviation.

The above distribution is characterised, among other features, by the following measure dependencies:
e mean = median
e skewness coefficient = kurtosis =0
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Assuming that parameter a is close to number 1, the mean(figure 2), kurtosis(figure 3),
median(figure 4) and skewness coefficient(figure 5) were derived from equation (3). The findings
of the analysis indicated that the values of these parameters are convergent with those that
correspond to the normal distribution. The standard deviation for the sequence of equation (3) is
represented in figure 6. Furthermore, in figure 7 the numerical density function of equation (3) is
illustrated, the shape of which approximates the bell curve with the square error equal to 4.223e-
05. The influence of the number of the terms of the sequence on equation (3) as well as the
influence of the values of parameter b is shown in figures 8 and 9.
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Figure 2. Mean, b =100,n=100.
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Figure 4. Median, b =100,n =100.
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Figure 3. Kurtosis, b =100,n =100
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Figure 5. Skewness , b =100,n =100
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Figure 7. Exact and approximated density,

a=0.999,b =100,n=100.
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Figure 8. Different number of the terms of the Figure 9. Different values of parameter
sequence of (3), a=0.999,b =100. b,a=0.999,n =100

4. Conclusions

The method discussed in the paper enables the approximation of the normal distribution by means of a
chaotic representation based on Weierstrass function. For the values of the parameter aclose to 1 in
equation (3) the subsequent values of the dependence are derived from the normal distribution.
Furthermore, the created recurrence does not require the numbers from the uniform distribution or
normal distribution to generate new values.

References

[1] Box G E P, MullerM E 1958 A note on the generation of random normal deviates Annals Math.
Stat. 29 610611

[2] Marsaglia G, Tsang W W 1998 The Monty Python method for generating random variables
ACM Trans. Math. Sofiw. 24 341-350

[3] Kabal P 2000 Generating Gaussian pseudo-random deviates (Tech. Rep., Department of
Electrical and Computer Engineering, McGill University)

[4] Muller M E 1959 A comparison of methods for generating normal deviates on digital computers
JACM 6 376-383

[5] Wichura M J 1988 Algorithm AS 241: The percentage points of the normal distribution
Appl.Statis. 37 477484

[6] Brent R P 1974 Algorithm 488: A Gaussian pseudo-random number generator Comm. ACM 17
704-706

[7] Bell J R 1968 Algorithm 334: Normal random deviates Comm. ACM 11 498

[8] Marsaglia G, Bray T A 1964 A convenient method for generating normal variables SIAM Rev 6
260-264

[9] Wallace C S 1996 Fast pseudorandom generators for normal and exponential variates ACM
Trans. Math. Softw. 22 119-127

[10] Weierstrass K 1886 Abhandlungen aus der Functionenlehre (Berlin: J. Springer) p 97

[11] Kawamoto S, Tsubata T 1997 The Weierstrass function of chaos map with exact solution
Journal of The Physical Society of Japan 66 2209 —10

[12] Berezowski M 2010 Phase trajectories of a certain mechanical system Far East Journal of
Dynamical Systems 13 85-96



