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Abstract. The long-standing problem with a non-Abelian tensor with non-trivial consistent
couplings in four dimensions has been solved. The key technique is double-fold: (1) Adding
extra Chern-Simons terms for the field strength of non-Abelian tensor, and (2) employing a
compensator mechanism. We generalize this mechanism to supersymmetric system. Our system
has three multiplets: (i) The usual non-Abelian vector multiplet (VM) (A%, A\"), (ii) A non-
Abelian tensor multiplet (TM) (Bu.’, x7, '), and (iii) A compensator vector multiplet (CVM)
(C.!, p'). The indices 1, J, .- are for the adjoint representation of a non-Abelian group G. All
of our fields are propagating with kinetic terms. The C’HI -field plays the role of a compensator
absorbed into the longitudinal component of BWI . We give both the component lagrangian
and a corresponding superspace reformulation, reconfirming the total consistency of the system.

1. The Conventional Problem with Non-Abelian Tensors

First, the conventional problem with non-Abelian tensors will be discussed. A solution will be
presented. Also presented will be a supersymmetrized physical non-Abelian field with consistent
interactions [1], both in component language and superfield language.

The long-standing problem with a non-Abelian tensor is described as follows. Let 1 be
the adjoint index of a non-Abelian group G gauged by the a non-Abelian vector field AHI ,
minimally coupled to the antisymmetric tensor BWI with the coupling constant g. Consider
the conventional field strength?®

Gg:,)pl = +3D[MBZ,p]I = +3<a[uBup]I + gfIJKA[#JBZ,p]K) s (1.1)

where D, is the usual gauge-covariant derivative with the structure constant FITE - of the
group G. Consider an action Iy = [d*z Ly with the lagrangian®

1 1
Ly = —E(Gx(gz)pl)Z - Z(F/wl)z ; (1.2)
with F,, [ = 28[MA,,]I +gfl7KA,7 A, K. Obviously, the B-field equation is®
dLo 1
— 1+ -D.GOwpl = o 1.
5B —1—2 G 0 (1.3)

3 The formulation in this section is the so-called ‘tensor hierarchy’ [2, 3, 4, 5], but we re-formulate their general
expressions in terms of our objectives here.

4 We use the signature (—,+,+,4) for four dimensions (4D) as in [1].

5 The symbol = stands for a field equation, to be distinguished from an algebraic identity. We also use the

symbol Z for an equality under question.
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The problem is that the divergence of this B-field equation does not vanish:

? 0Lo \ _ |1 iik g JA0)uwpK
O_D”<6BWI> =9/ EyG #0 , (1.4)

unless F, WI or GEB,),)[ vanishes trivially. This inconsistency arises already at the classical level.

This is also one of the reasons, why topological formulations with vanishing field strengths

E,t =0, GL(L),)I = 0 such as in [6] are easier to formulate for non-Abelian tensors.
An additional problem is related to the so-called local tensorial gauge transformation of the
B -field:

‘563#'/[ = +D[u/81/][ - D[VBM]I ) (1.5)
because the field strength GWI is not invariant under dg:

305G, = +3g 1K F, BN #0 (1.6)

This further implies the non-invariance of the action: égly # 0. These two problems are

mutually related, because the non-vanishing of (1.4) is also re-casted into dgly # 0.

2. Solution to the Problem
The solution to the problem above is to introduce a non-trivial Chern-Simons (CS) term into
the G-field strength:

Gy’ = +3(a[uBVp]I + ngKA[uJBVp]K) - 3f”KC[MJFVp]K

K=4cO " —sf7kcy, F, % | (2.1)

I 1JK J
= +3D[/,LBVp] - 3f C[,U« FVP] krrp el

where C’HI is a ‘compensator’ vector field, also carrying the adjoint index. The field strength
for C is defined by

ijl = —I—D[MCV]I — D[VCM]I + gBlW] . (2.2)
Now these field strengths G and H are invariant under the ¢g-transformation
5BBWI =+ D[WBV]I - D[Vﬁu]l (2.32)
6C, = —gB," (2.3b)
which is the ‘proper’ gauge transformation for BWI , and 0 -transformation
5By = — fMRELIAE (2.4a)
5,C,L =Dyt (2.4b)

which is the ‘proper’ gauge transformation for C#I . As (2.3b) shows, Ou[ is a compensator
field for the og-transformation.

The role played by the C A F'-term in (2.1) is to cancel the unwanted term in (1.6). The
C -field itself should have its own ‘gauge’ transformation as the covariant gradient (2.4b). The
contribution of 67(2D[“C’l,][ ) in (2.2) is cancelled by the contribution of &,(gB,."). In other
words, we have the total invariances

05(Guvp’, Hu'') =1(0,0) . 04(Gup’s Hu')=(0,0) . (2.5)
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Accordingly, we also have the consistency problem (1.4) solved, by considering the lagrangian

1

1 1
Li= — 15 (G’ = 5 (Hw')? = 7 (Fu')? . (2.6)

The total action is also invariant dgl; = 0,17 = 0. The field equations for B and C'-fields are

5L :
53,;1 =+ DG — G gH™ T =0 (2.72)
550611 = —D,H"T 4 % R TGrer R =0 (2.7b)
o

The divergence of the B-field equation vanishes now:

2 sci \ 1 (8L .
ot () < (25 <o o

where the last equality holds because of the C'-field equation. In other words, the unwanted
FG-term in (1.4) is now cancelled by the contribution of the C'-field equation.
Relevantly, the divergence of (2.7b) also vanishes, as it should without any inconsistency:

2 0Ly ) _ IJK J 0Ly -
0= Du<50u1>—+f Fu 5B,,K =0 . (2.9)

We emphasize repeatedly that these invariances have never been accomplished without the
peculiar CS terms both in (2.1) and (2.2) [2, 3, 4, 5].

3. Component Formulation of N=1 TM

The supersymmetrization of the purely bosonic system (2.6) has been accomplished in our recent
paper [1]. We need three multiplets: (i) A tensor multiplet (TM) (B,,7, x%,¢7), (ii) A Yang-
Mills vector multiplet (YMVM) (4,7, A1), and (iii) A compensating vector multiplet (CVM)
(C,1, pT). Our total action I = [d*z gL has the lagrangian [1]

1 1 1 1
L= - E(Gwpl)g + §(YIJDXI) - §(DH(PI)2 - 592@])2 - Q(YIPI)
1 1 1 1
- Z(HMVI)Q + i(ﬁllppl) - Z(F"”[)2 + §(>\IID)\I)

1 — 1 —7 1 -7

ngIJK(AIXJ) K §fIJK()\ ,Y,LLpJ)DM K 12fIJK()\ ,y,ul/ppJ)GHVpK

1 — v 1 I v 1 17

Zf]JK(pI,yu XJ) FWK ZfIJK()\ A XJ) HWK 5f]JK FWI 0 JSOK ’ (3.1)

up to quartic-order terms (¢*), and the coupling constant ¢ has the dimension of mass.

The scalar ¢! has its mass g, while there is a mixture between x! and p! with the same
mass g. As has been mentioned after (2.4), C,! is a compensator field [7], absorbed into the
longitudinal component of BWI . The kinetic term of the C'-field becomes the mass term of
B!, Accordingly, the degrees of freedom (DOF) for the massive TM fields are B, ! (3), x with
p' (4) and ¢'(1).
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Our action [ is invariant under global N =1 supersymmetry [1]

(5QBWI = + (€’yWXI) - 2f”KC[“|J(6QA|Z,]K) , (3.2a)
Sox! = + 5P )Gy — (") Dy’
ST eV ) — (s ) V™) — (5)(V5p%)]  (3:20)
bap' = + (@) . (3:20)
30" = + Evup") + IR @)™ (3.2d)
dop' = + %( Ve)Hy' — gep’ — gf”K('V“”E)FWJsoK

P ) = (P (W) + 5 () (W)

— (157 (N 157,) = (5) (V15X )| (3.2)

S Al = + (e (3.21)
1 1

doN = + (VO Fw! + S (1) (T wsx ™) (3.2g)

up to O(¢3)-terms.

Our tensorial gauge transformation dg, and J,-transformation are exactly the same as
(2.3) and (2.4), while all the fermionic fields transform only under the usual non-Abelian gauge
transformation d,, asthe B and C-fields do, so that there is no problem with the gl = 0 and
dyI =0 of the field strengths as in (2.1) and (2.2), via (2.5).

The ¢ -transformations of the field strengths reflect their CS terms:

850Gy’ = + 3@ Dx") + 3f K 0gAL )V H, o " = 31K (50CLVF, 0" . (3.3a)
(SQijl = — 2(?’7[NDV] pI) + g(?}/w,xl) + QfIJKD[M‘ [(5@14‘”] J)L,OK} , (3.3b)
5QFMVI = — 2(€7[MDV] /\I) . (33(;)

Since we have not added the D -auxiliary field, our YMVM and CVM have on-shell DOF
242, while off-shell DOF 3+4+4. However, our TM is in the off-shell formulation with the total
off-shell DOF 4 + 4, because the off-shell DOF of each field are [(4 —1)-(4 —2)]/2 =3 for
B,,, 4 for x and 1 for ¢.

The field equations for all of our fields are® [1]

1 1
lp/\l §gfIJKXJSOK §fIJK(,y,upJ)D#(PK
1 1 .
4fIJK( ,uz/ J) F[MVK 12fIJK(,y,qupJ)GMVpK 0 7 (343)
1 1 1 .
lDXI gpI 2gfIJ'K)\H K 4fIJK (’)/#V)\J) E[}U/K 4fIJ'K (,}/p,pr) F K 0 , (34b)

1
+ Do = gx" + S (A D™

5 These equations are fixed up to O(¢$>)-terms, due to the quartic fermion terms in the lagrangian.
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_ %fIJK(,Yuup)\J)GMVpK I ifIJK(,Y/u/XJ)FlWK =0, (3.4c)
+ DVFMVI i gfIJKSOJDMSOK n %gfIJK(XJ,yM)\K) n fIJKHIWJDz/SOK
_ %fIJKGupUJHpoK 4 %fIJK(yJDupK) i %f]JK(ﬁJDNXK) -9, (3.4d)
+ DGl — gl %fIJKDP(XJ,Y/wppK)
g g IR e oK %gfIJK(XJ,y;wXK) =0, (3.4e)
T DZ‘PI —gfEQI Y - 2yl - %fIJKFlWJHuuK =0, (3.4f)
4+ D, H™T _ %fIJKFngG,upUK _ %fIJK(yJDu)\K) _ éfIJK(XJDuXK)

1 ~ .
+ 598 TR = IR D, N 20 (3.4¢)
In deriving each of these equations, we have also used other field equations.

4. Superspace Reformulation of N=1 TM
We can re-formulate our theory in superspace, as an independent consistency-reconfirmation.
Our superspace Blds for the superfield strengths F4 B!, Gapc! and Hupg! are”

1 1 1
+5 ViaGpeny' — 1T " Geiepy — 71 15 Flap’Hep)® =0, (4.1a)
1 1
+5ViaHpey = 5 Tap"Hpjoy' —9Gase’ =0, (4.1b)
1 1
+§V[AFBc)I— QT[AB|DFD|C)I =0 . (4.1b)
Our relevant superspace constraints at the mass dimensions 0 < d <1 are
Tog’ = +2(7)ap - Gaﬁcl = +2(7c)ap gol , (4.2a)
Gave' = — (WX a » Ha' = =(1p )a = F75 (A )a 0™, (4.2b)
Fosz = - (’Yb/\l)a s VOAO[ = _Xa[ ) (42C)
1
VaX,BI = 7 6 (’VCde)aﬁcheI - ('Yc)aﬁvcsol
1 — — _
= [+ Cas (V") = (0579)as (W 35760™) = (1)as(Wysp™)| - (4.24)
1 1
Vaps' = +5(¥asHed' +9Capp’ = S5 (v apFea’ "

1 ~ c N 1 C Y
= P CasIN) + (5)as (W ex™) = 5 (1D as(W 7eax™)

NS K NJ K
= (17)asA 157X ) = (15)ap(A X)) (4.2¢)
1 1
I d I 1JK (—J K
Vo' = +§(VC JapFed — 5(75)a6f (P X)) - (4.2f)
7 In this superspace section, we use the indices A = (a,a), B = (5,8), -~ for superspace coordinates, where
a, b, - =0,1,2,3 (Or «, 8, - =1,2,3,4) are for bosonic (or fermionic) coordinates. In superspace, we use the

(anti)symmetrization convention, e.g., Xap) = Xanp — (fl)ABXBA, different from our component formulation.
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All other components, such as Gaml or Tog? etc.at d <1 are zero.

Although most of technical details associated with superspace formulation are skipped here,
we presented a rather independent confirmation for the total consistency of our N =1 non-
Abelian tensor multiplet in superspace.

5. Concluding Remarks

In this talk, we have explained how to formulate the N = 1 supersymmetrization in 4D of a
physical non-Abelian tensor with consistent couplings [1]. This is the supersymmetrization of
the special case [4] of the minimal tensor hierarchy [5], which, in turn, is a special case of more
general hierarchy in [2][3]. Both the component and superspace formulations of our system
are given, as the cross-verification of our system. Our CVM (C’ul ,p!) plays the role of a
compensator multiplet, absorbed into the TM (BWI ,x, ©'), making the latter massive.

There exists certain problem for the quantization of Stueckelberg theory [7] for non-Abelian
gauge groups [9]. This is because the longitudinal components of the gauge field do not decouple
from the physical Hilbert space, so that the renormalizability and unitarity of the system are
spoiled [9]. We take rather an optimistic standpoint about this potential problem for the
following reasons. First, we mention that our theory is not renormalizable due to Pauli couplings.
This feature is not necessarily a fatal drawback for our theory, because certain theories exist in
4D, such as non-linear sigma models that are not renormalizable, but are not rejected from the
outset. Second, N = 1 supersymmetry may well improve quantum behavior of our theory,
compared with non-supersymmetric systems. There is good chance that supersymmetries solve
the quantum problem of non-Abelian Stueckelberg theories.

The importance of our result [1] is double-fold: (i) A new supersymmetric physical system
with Stueckelberg mechanism that solves the problem with non-Abelian tensor is presented. (ii)
The problem with extra vector fields in the non-singlet representation of a non-Abelian gauge
group is now solved. We should also consider the possibility that N =1 supersymmetry may
well provide better quantum behavior compared with non-supersymmetric cases.
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