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Abstract. Singularities in general relativity are expected to be cured by a quantum theory
of gravity. String theory is a prospective candidate for quantum gravity and holographic
correspondences like AdS/CFT, that arise from string theory, might shed some light into the
nature of singularities. While the theory of gravity might not be tractable near the singularity,
the corresponding field theory might be well-behaved. We have come up with a model of
cosmology, where curvatures become large at some time, thus, resembling a big crunch, but
whose field theory dual remains well-behaved. Our analysis in the field theory indicates that we
have a bouncing cosmology with a thermal distribution of radiation, and a possible formation
of a small black hole after the bounce.

1. Motivation and overview
The theory of general relativity has a unique property of predicting its own failure: It breaks
down at places called singularities. Our usual notions of spacetime, break down near these
singularities. At spacelike or null singularities, like those in the interiors of neutral black holes,
“time” begins or ends, the meaning of which is not clear. Particularly, disturbing are the
cosmological singularities like the big bang or the big crunch, which no observer can bypass.
Near these singularities, where the curvatures have become large compared to some scale, a
quantum theory of gravity is expected to take over. Holographic correspondences like AdS/CFT
[1] arising from string theory provide a non-perturbative formulation of quantum gravity. Here,
gravity in the bulk is an effective description of a non-gravitational field theory in a lower
number of dimensions. We ask the question: Whether the dual description following these
correspondences can give us some insight as to what happens near or past these singularities?
In these models, the spectrum at late times can be interpreted as the primordial fluctuations
that lead to structure formation in the early universe. An incomplete, but long list of attempts
made in this direction has been given in [2]. (For reviews, refer [3].) The bulk of this article is
based on the work done in [4].

2. The AdS/CFT correspondence

The AdS/CFT correspondence relates a theory of gravity to a gauge theory with no dynamical
gravity. In the simplest example of the correspondence relevant to our discussion, the theory of
gravity is a type IIB String Theory on the AdSs x S° background given by the metric:

7“2 d’l”2
ds* = —(1+ ——)dt* + ——+ r?dQ3 + RY g dQ3 (1)
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and the dual gauge theory is the N = 4 supersymmetric SU(N) Yang-Mills theory on S x R.
Here, Rg4s is the length scale associated with the geometry, which we have eventually set to
unity. The Yang-Mills coupling gyjs and the N of the gauge group in the gauge theory are
related to the parameters of the string theory, the string length and coupling I, = Vo' and

gs = e® respectively!, via the relations:

R4
e @)

gyn =4mgs  and X = giy N =

Here, A is the 't Hooft coupling, the relevant coupling of gauge theories in the large N limit. In
this limit (N — oo, gypr — 0, A = g{YM = finite), the dual description is a classical string theory
with the quantum corrections suppressed by 1/N. Moreover, the above relations tell us that the
large 't Hooft coupling limit (A — o0), corresponds to the low-energy super-gravity truncation
of the string theory, where the stringy modes are suppressed by o/. This is because, the massive
string modes, which have masses of O(1/va/ ), are heavy compared to the energy scale of the
theory 1/R 445, and are not excited. So we are left only with the massless super-gravity modes.

3. Our setup in super-gravity

We have considered a Yang-Mills theory with a time-dependent 't Hooft coupling A(t). In
the dual bulk (via AdS/CFT), this corresponds to a non-normalizable dilaton mode, whose
boundary value @ () is being dialled. The dilaton evolves following the super-gravity equations
of motion and produces a non-trivial metric by back-reaction. The equations to solve are, thus,
the Einstein’s dilaton equations:

1
Rap = Agap + §aa<1>ab<1>, (with A = —4), and V?® =0. (3)

We have chosen a profile such that the 't Hooft coupling A is large at early and late times.
The dual theory, thus, has a good gravity description at these times. We have chosen the initial
state to be the vacuum of the gauge theory, which in the bulk corresponds to pure AdSs x S°. At
intermediate times, \ is allowed to become O(1), as the curvatures in the bulk reach the string
scale at this stage, and super-gravity description breaks down. We have fixed N to remain large,
so that the curvatures do not reach the Planck scale, and the system remains classical. Thus,
the singularities that we have described are rather restrictive.

Furthermore, we have varied the ’t Hooft coupling, or equivalently the boundary value of the
dilaton slowly. The curvature scale of the AdS or equivalently the radius of S on which the
field theory is defined sets a scale in the theory. We can quantify this as:

Do = f(et), e <1, and Pg=ef'(et), (4)

where each time derivative comes with an additional power of e.

Although, the change is slow, the total change in the value of the dilaton accrues over time,
and we can eventually have a large change in the value of the dilaton. Our solution, therefore,
includes the case where the value of the dilaton becomes small, the bulk curvatures become large
compared to the string scale, and super-gravity approximation in the bulk breaks down.

3.1. Our solution
We have expanded the dilaton and the bulk metric order by order in € as:

B(r,t) = Bo(t) + €Dy (r,t) + EDo(r,t) +..., and gap = g((lg) + egg)) + 6295)) +..., (5

! In String Theory, the coupling g¢. is not an independent parameter, but is dynamically determined by the value
of the scalar field ®, the dilaton.
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and plug them in the Einstein’s equations. Solving to the lowest non-trivial order in €, we get:

. 2
Dy(r,t) = Po(t) + i@o(t) [%2 log(1 + r2) - %(log(l + r2)) — dilog(1 + r2) — %2] ,
g =1+12— L2 [3 ~ Ln(1 +r2)} and g =142 — L2 [1 ~ L1 +r2)} . (6)

The solution is smooth everywhere: There are no horizons, and no black holes are formed. This
is a consequence of the slow variation. For a variation that is fast enough, we can form black
holes even within the super-gravity approximation [5].

We have now considered the situation where the value of the dilaton has become small at
intermediate times and super-gravity approximation has broken down. We have turned to the
gauge theory to see if it can give us any clue as to what happens in the stringy regime and what
happens afterwards when super-gravity is restored.

4. Field theory analysis

The boundary gauge theory is a quantum mechanical system with a time dependent parameter -
the coupling - that is slowly varying. For the field theory on S2, the spectrum has a gap of order
1/ R a4s for all values of 't Hooft coupling. So we can use the adiabatic approximation in quantum
mechanics to study the system. The standard adiabatic approximation of quantum mechanics
will turn out to be valid only if Ne < 1, which is rather stringent. We have formulated an
alternate adiabatic approrimation in terms of coherent states.

4.1. Standard adiabatic approximation

Consider a quantum mechanical system with Hamiltonian H(((¢)) that depends on a slowly-
varying parameter ((¢). In our case, ((¢) is the time dependent 't Hooft coupling A(t) or
equivalently, the boundary value of the dilation field ®((¢). The instantaneous eigenstates of
the Hamiltonian are H(C)|¢m(¢)) = Em(C)|¢m(¢)). The evolution of the ground state |¢g) of

H((o) in the adiabatic approximation is simply given by: |¢o(t)) =~ |¢o(¢))e ™" S oo BolC)dt.

The approximation is good if the first corrections are small: ‘<¢n|%—?|¢o>é ‘ < (AE)?, where
AF is the energy difference between the ground and the first excited states. In our case,
{(t) = Do(t) ~ O(e) and using AdS/CFT 2, (gn| 2|60} = —(6alO1zoldn) ~ N.

Thus, the adiabatic approximation is valid if Ne <« 1. This condition is, however, more
stringent than the condition € < 1, which we had in the super-gravity analysis.

4.2. Adiabatic approximation with coherent states

A general coherent state has the form |¥(¢)) = exp [Zn )\n(t)al;] |0), where al, are the creation

operators, and A, (t) are the coherent state parameters. For large values of \,, the system goes
over to a classical configuration. In our problem, the creation and annihilation operators need
to be replaced by the creation and annihilation parts O of O. In general, the operators @(i)
have a non-trivial operator algebra, which mixes all of them and makes the evolution of x(¢) and
An(t), and quite complicated. However, the situation drastically simplifies for a slow variation.
The expectation value of the 3-point function taken in a coherent state can be shown to be

<w\(’§1 @2@3]w> ~ €. For € < 1, the three and higher point functions are, thus, parametrically

suppressed, and all we are left with the 2-point functions. The operators @(i) decouple, and
their algebra reduces to that of a free harmonic oscillator.

2 Turning on a field ® with a boundary value ®¢ corresponds to the deformation of the gauge theory action by

. . A 58S . . . .
a gauge invariant operator O = ﬁ)o—l, where Scj is the classical super-gravity action.
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After plugging in the mode expansion in the Schrédinger equation, subsequent integration
by parts leads to a perturbative expansion for \,, we get: A, (t) = —UE[;:S(;) + ]\([;?)g,t) + -

The above expansion is valid if the second and subsequent terms are small compared to the

23(‘1-)) | < 1V n. This is identical to the condition € < 1. Moreover, the state
0
represents a “classical” deformation only when the coherent state parameter A is large. That

holds when Ne > 1.

first term, i.e., |

4.3. Results

For small ’t Hooft coupling, the coupling between the oscillators is still individually suppressed
by € and most of the above analysis goes through. However, now we have O(N?) stringy modes,
whose frequencies are comparable to those of the super-gravity modes. So there is a possibility of
thermalization. The energy that has been pumped in might get distributed between the various
modes. Then at late times, one could be left with O(N?e?) thermalized energy in the system.
It is difficult to say whether thermalization would indeed occur, since the time scale of variation
is same as the thermalization time scale.

However, we can assume that all the energy left behind in the system has been thermalized
(EThermal ~ N?€?), and from entropic considerations in super-gravity figure out the worst case
scenarios for various values of €. For € < A/4N~1, a gas of super-gravity modes is favoured. For
€ > A/AN~1 we can have a gas of massive string modes. For € > \~7/8 a small black hole can
form. In order to form a large black hole, one would require € 2 1. So a large black hole is never
formed in our slowly varying solution.

5. Conclusions and outlook

We have an example of a situation in which the gauge theory has a smooth time-evolution
across a region whose dual bulk region has a singularity. An explicit calculation of the final
state is possible in principle, but made difficult in practice, because we do not have a complete
AdS/CFT dictionary in the stringy regime. Of the possible outcomes, a thermal distribution
at late times would imply a Gaussian spectrum while formation of a black hole would source a
non-Gaussianity.
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