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Abstract. Cosmic Microwave Background (CMB) is a Gaussian random field to a sufficient
approximation, and its statistics is completely specified by the 2-point correlation function,
which, most generally, can be expanded in Bipolar Spherical Harmonic (BipoSH) basis.
Statistical Isotropy (SI) of 2-point correlation function is a common assumption in cosmology,
which needs to be tested. Any SI violating signal can be searched in the expansion BipoSH
coefficients. We have analytically evaluated the moments and the distribution of these
coefficients using characteristic function approach. We have found that coefficients with M = 0
have an exact analytical form for any order moment. For the remaining BipoSH coefficients with
M �= 0, the moments have to be supplemented with a correction term. We have verified our
results with measurements of BipoSH coefficients on numerically simulated statistically isotropic
CMB maps.

1. Introduction

Assuming Gaussianity of CMB, BipoSH forms an orthonormal basis on S2 ×S2, making them a
natural choice of basis to expand 2-point correlation function [1, 2, 4, 3, 5, 6]. These expansion
coefficients were adopted by the WMAP team [7] to search for violations of isotropy in the
WMAP data. We have found expressions for the moments of the distribution of the BipoSH
coefficients analytically using the characteristic function approach. BipoSH coefficients can
be expressed as linear combination of off-diagonal elements of the harmonic space covariance
matrix [1]. Every term in the linear combination of BipoSH coefficients with M = 0, is found to
be independent of every other term in summation, which allows us to use characteristic function
method to find exact expressions for moments. BipoSH coefficients with M �= 0 can have non-
linear correlations among terms due to which we have corrected the expressions for moments
derived using characteristic function method upto kurtosis with an extra additive term. We
have tested these analytical results against simulations, and simulated the CMB maps using the
widely used HEALPix [8] package.

In Section 2, we have briefly discussed the characteristic function approach, and in Section 3,
we have discussed the BipoSH formalism and the statistics of the BipoSH coefficients. We have
concluded with a discussion of our results in Section 4.

2. Characteristic function method

The characteristic function of any random variable is defined in the following manner [9]:

ϕX(t) = E[eitX ], t ∈ � . (1)
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Consider a random variable given by:

Zn =

n∑
i=1

aiXi , (2)

where ai’s are constants and Xi’s are independent random variables, which are not necessarily
identically distributed. Statistical independence of two random variables necessarily requires
any form of correlations between them to vanish. The characteristic function of Zn will be the
product of the characteristic function of the individual terms contributing to the linear sum
given as:

ϕZn
(t) = ϕX1

(a1t)ϕX2
(a2t)...ϕXn

(ant) . (3)

Cumulant generating function is defined as the logarithm of the characteristic function as:

gZ(t) = log[ϕZ(t)] . (4)

Cumulants of the random variable Z can be obtained by taking the derivative of the cumulant
generating function, and evaluating them at zero as:

Kn = ingn
Z(t)|t=0 . (5)

The explicit relationships between cumulants and central moments, till the fourth central
moments are:

μ1 = K1 Mean,

μ2 = K2 Variance,

μ3 = K3 Skewness, and

μ4 = K4 + 3K2
2 Kurtosis. (6)

Note that in Figures 1 and 2, we have plotted the moments normalized with standard deviation.

3. Statistics of BipoSH coefficients

BipoSH expansion of 2-point correlation function is given as:

C(n̂1,n̂2) =
∑

l1,l2,L,M

ALM
l1l2

{Yl1(n̂1) ⊗ Yl2(n̂2)}LM , (7)

where ALM
l1l2

are BipoSH coefficients and {Yl1(n̂1) ⊗ Yl2(n̂2)}LM are bipolar spherical
harmonics [10]. BipoSH functions can be expressed as:

{Yl1(n̂1) ⊗ Yl2(n̂2)}LM =
∑

m1m2

CLM
l1m1l2m2

Yl1m1
(n̂1) Yl2m2

(n̂2), (8)

where CLM
l1m1l2m2

are Clebsch-Gordon coefficients. The indices of these coefficients satisfy the
triangularity conditions |l1 − l2| ≤ L ≤ l1 + l2, and m1 + m2 = M . BipoSH coefficients are a
measure of off-diagonal elements of covariance matrix:

ALM
l1l2

=
∑

m1m2

al1m1
al2m2

CLM
l1m1l2m2

, (9)
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where alm’s are the spherical harmonic coefficients of the CMB maps. SI of CMB implies
that the 2-point correlation function is rotationally invariant C(n̂1, n̂2) ≡ C(n̂1 · n̂2) =∑

l
(2l+1)

4π
ClPl(n̂1 · n̂2), where n̂ = (θ, φ) is a unit vector on the sphere, and Cl is well known

angular power spectrum. Under this symmetry, only non-vanishing coefficients of expansion are
A00

ll = (−1)lCl

√
2l + 1 [1].

BipoSH coefficients are linear combination of random variables given in Eq. (9). Therefore,
to arrive at the distribution of a given BipoSH coefficient, we have begun with finding out the
characteristic function of individual terms involved in the linear combination. Assuming the
terms in linear sum to be independent of each other, the characteristic function of the BipoSH
coefficient can then be derived from Eq. (3).

Case (a): Bipolar coefficient with M = 0
SI violating signal detection has been seen in these coefficients in WMAP-7 [7]. Assumption of
independence among terms holds true in this case. We have found out that these coefficients
have an asymmetric distribution for l1 = l2, and symmetric for l1 �= l2 [11], as seen in Figure
1. Subsets of this case are the coefficients with L = 0, which are nothing but angular power
spectrum A00

ll = (−1)lCl

√
2l + 1, known to have χ2 distribution.
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Figure 1. Standard deviation (σ), kurtosis (μ̃4), skewness (μ̃3), and 5th moment (μ̃5) of A20
ll ,

from 15000 simulations.

Case (b): Bipolar coefficient with M �= 0
We have first calculated the moments of distribution for these coefficients using the characteristic
function method, assuming that all terms in the linear combination are independent of each
other. It is observed that only even ordered cumulants exist, implying that the distribution of
these coefficients is symmetric as seen in Figure 2. The mismatch in simulations and analytically
derived moments at low multipoles (l) are due to the assumed underlying independence of the
terms contributing to the linear combination as seen in Figure 2. The moments calculated
using the characteristic function method need to be supplemented with correction terms, which
account for the higher order correlations among terms. We have found that variance does not
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Figure 2. Standard deviation (σ) and kurtosis (μ̃4) of A43
ll derived from 15,000 simulations.

The difference between corrected and uncorrected analytical moments is prominent at low values
of multipole (l).

have any corrections due to the fact that the terms are linearly uncorrelated, and given by:

μ̃4 = μ̄4 +
3
[ ∑N

i (Ki
2)

2 + 2
∑

i�=j E[X2
i X2

j ]
]

(∑N
i Ki

2

)2 , (10)

where second term is the correction term. In the above expression, Ki is the cumulant of the
ith term, and Xi and Xj are the ith and jth terms in the summation. The calculation for
correction for higher order moments becomes very tedious, hence, we have restricted ourselves
to calculating corrections for moments only upto kurtosis.

4. Conclusions

Statistics of BipoSH coefficients is important to understand, as signals of isotropy violation are
being searched for in CMB data using these coefficients. Detection of SI violation has been
claimed by WMAP-7 team in V-band and W-band maps. Due to the difference in significance
of detection in the two frequency bands and its alignment with the ecliptic, these detections
were not suspected to have cosmological origin. However, more recent work has attempted
at explaining these observations by accounting for gravitational lensing modifications to the
BipoSH coefficients [12]. Interestingly, in our study, we have found that the BipoSH coefficients
showing SI violation detection have an asymmetric PDF. The WMAP team has used band power
averaged BipoSH coefficients with the large bin sizes to reduce noise, however, with experiments
like PLANCK, it might be possible to achieve similar signal to noise ratio for smaller bin sizes,
with which the skewness of these coefficients might become considerable, and it will then become
important to account for the non-Gaussian PDF of the BipoSH coefficients.
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