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Abstract. We use Riemann-Hilbert Problems with canonical normalization to develop
technique for constructing families of commuting operators. As a result we are able to derive
new hierarchies of integrable nonlinear evolution equations.

1. Introduction

Let I be a contour in the complex A-plane splitting C into two parts C = I'x UT'_. By
multiplicative Riemann-Hilbert problem (RHP)[4, 18] we mean the problem of constructing two
functions £*(\) and £~ () analytic for A € T'y and X € T'_ respectively such that:

EFN) =& (WG(N),  forAel. (1)

If the functions £*(\) are scalar and have no zeroes in their regions of analyticity we can solve
the multiplicative RHP by the Plemelj-Sokhotzky formulae [4, 18].

We will consider more general and special RHP for functions £*(Z,t, \) taking values in a
simple Lie group G with simple Lie algebra g.

Let us outline the special properties of our RHP. First, as contour I' we will choose either the
real axis R, or a set of straight lines intersecting at the origin of C. Second, we will assume that
the solutions and the sewing function depend on two or more auxiliary variables one of which we
will call the time ¢ and the others ¥ = (x4, ... ,a:p)T will be spatial variables. It is natural that
their number p is smaller than the rank of the algebra r = rank g. The third special property is
that we will specify explicitly the dependence of the sewing function G(Z, ¢, A) by:

0G . B .0G
i MK, G(Z,t,\)] =0, Z@xs

_A[Jst(f7ta )‘)] :()7 AEF? (2)
where K and Js belong to the Cartan subalgebra b € g.

We shall say that the functions £€¥()\) are regular solution of the multiplicative RHP if:
(i) on the contour I' they satisfy the equation:

EN(Z 8 N) = € (Z, 6, N)G(Z,t, ), A €T (3)
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(ii) the functions £¥()\) have no singularities or degeneracies for A € C\T;

The RHP (3) will have unique solution only after imposing a normalization condition. This
in our case is the canonical normalization condition:

lim £X(Z,t,\) = 1. (4)
A—00

In what follows we will start with an RHP whose sewing functions have special dependence
on the auxiliary variables ¢t and s and will demonstrate that their solutions are simultaneous
fundamental analytic solutions to a set of commuting operators M, Ls. In fact for the simplest
nontrivial case when Jg, K are real and I' = R this has been known for long time [21, 22, 6].
However the RHP was used just for deriving the soliton solutions through the Zakharov-Shabat
dressing method [21, 22], see also [14, 10].

The family of operators M, Ls; commute provided the first nontrivial coefficient Q1(Z,t) in
the asymptotic expansion of £¥(Z, ¢, \) (see eq. (6)) satisfies a certain set of nonlinear evolution
equations (NLEE). We will demonstrate on several nontrivial examples that this method allows
one to derive new types of integrable interactions. Thus we show that the formal approach of
Gel’'fand and Dickey [3] can be made more precise.

In Section 2 we outline the main idea of constructing the families of commuting operators
[7, 8]. The next Section 3 contains several new examples of N-wave type interactions extending
the ones found in [12] and their reductions [11, 10, 9]. The last Section contains discussion and
conclusions.

2. RHP with canonical normalization

2.1. RHP and Generalized Zakharov-Shabat operators

Consider the simplest nontrivial RHP when I' = R and the dependence of G(Z,t, \) is provided
by eq. (2) with real K and Js € h C g.

Remark 1. With this choice of K and Js it is easy to see that
p B p
G(Z,t,\) = exp (—iKt — istJs> G(0,0,\) exp <2'Kt +1 Zﬂ:st> . (5)
s=1 s=1

We assume that G(G, 0, \) is a smooth bounded function of A € R and as a consequence it follows
that G(Z,t,\) is a smooth bounded function of A € R for all & and t.

Remark 2. The canonical normalization (4) along with the analyticity properties of the solutions
ensure that £X(Z,\) allow asymptotic expansions of the form:

EHEN) =exp (QF L N), Q@ 4N =) Qu(E A" (6)
k=1

where Q(Z,t) are smooth functions of ¥ and t vanishing fast enough for ¥ — co. The rigorous
proof of this fact is out of the scope of the present paper.

It is obvious that
To(@,t,0) = E5(@, t, ) JEE (@, t,0),  K(@,t,\) = 58,1, N KEE (T, t, ), (7)

belong to the algebra g for any J; and K from g and allow analytic extensions for A € Cy; here
€ =¢1 Since K and J; belong to the Cartan subalgebra b, then

[Ts (2,8, N), K(Z,¢,\)] = 0. (8)



Physics and Mathematics of Nonlinear Phenomena 2013 (PMNP2013) IOP Publishing
Journal of Physics: Conference Series 482 (2014) 012017 doi:10.1088/1742-6596/482/1/012017

Theorem 1 (Zakharov-Shabat, 1974). Let ££(x,t,\) be solutions to the RHP (3) whose sewing
function depends on the auiliary variables T and t as above. Then £¥(x,t, \) are fundamental
analytic solutions of the set of differential operators

L&t —Sff [ oy Qo 1, NJEE(E 1, A) = A, €5(F,4, )] =0,
(9)
M :Zafti + K, Q@ ¢, €T, 1, \) = MK, £5(2,t, )] = 0.

where Q1(Z,\) is the first nontrivial coefficient in the asymptotic expansion (6) of X (Z,t, \).

Proof. Introduce the functions:

GEEL) = 1 €5 (E1,0) + A LN ), "
gE (@ N = zaigi( Tt A) + ANEE(T, t, A KEX (T8, 0),
and using (2) prove that
gl (Z,t,\) = g5 (Z,t, ), gt (Z,t,\) = g (Z,t,\), rel, (11)

which means that these functions are analytic functions of A in the whole complex A-plane. Next
we find that for A\ — oo:

lim (g5(Z,t,0) — M) = —[J Q@ 0], lim ¢*(@ 1)) - AK) = —[J, Q@ 1)].  (12)
A—00 A—00
Then we make use of Liouville theorem to get

g:_(f,t,)\) = gs_(f’tv)‘) =AJs — [J57Q (f t)]
| | ! (13)
g (Z,t,N) =g (T, 1, \) = AK — [K, Q1(Z,1)].

O]

Lemma 1. The set of operators Ls and M have a common FAS, i.e. they all must commute,
that is Q1(Z,t) satisfies the following NLEE:

i\ G2 - i G2 4 @ oL b i@ on = (142
i[5 - i [ G2 @@L Ik i@ ol =0, (1)

Proof. Follows naturally from the definitions of the operators Ly and M (9).

2.2. RHP and Operators of Caudry-Beals-Coifman type
In this Subsection we consider more complicated RHP which is formulated as follows.

e First we introduce the complex valued elements K and J; of the Cartan subalgebra. The
conditions [13]

Im \e(J) =0, a €A, (15)

where A is the root system of g, gives a set of M straight lines, or equivalently, a set of 2M
oM

rays [, starting from the origin. We then define the contour as I' = U1 ly.
v=
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e To each ray I, (15) one can associate the subset of roots §, C A and the corresponding
subalgebra g, C g. Then the corresponding sewing function takes values in the
corresponding subgroup G, (Z,t, A) € G, and are bounded functions for A € [, see remark 1.

The rest of the details are the same as in the previous Subsection. Quite similarly is formulated
the generalization of the Zakharov-Shabat theorem. The family of commuting operators formally
coincides with the ones in egs. (9); the difference is that now the Cartan subalgebra elements are
complex. As a result however, the operator L in (9) takes the form of a CBC system [2, 1, 13].

2.8. Jets of order k
Another natural generalization consists in formulating the RHP on the complex plane of .

(@ 4A) = € (6, NG t, ),  for A" eR, (16)

with the canonical normalization (4).
The Zaharov-Shabat method can easily be generalized also for the RHP (16). The result is
formulated as

Theorem 2. Let £*(x,t,\) be solutions to the RHP (16) whose sewing function depends on the
auxiliary variables £ and t as follows:

8G
Yot

8G
(31: s

— MK, G(Z,t,\)] =0, — M, G(Z,t,0)] =0, AeT, (17)

where K and J, belong to the Cartan subalgebra by € g. Then £ (x,t, \) are fundamental analytic
solutions of the set of differential operators

é-i
03:

+

Me* :Z% + V(Z, 1, (T, 1, A) — NIK, 65 (2,1, \)] = 0.

Here Us(Z,t,\) and V (Z,t,\) are the jets of order k of Js(x,\) and K(z,\), i.e

L&t = (T, 6, NET (T, t,N) — NP, €5(Z,1,0)] = 0,

(18)

N = U@, 8,0) = (X5 0 IE5@ 1))
. (19)
NK — V(Z1,\) = (Akfi(f, t NEKEE(T 1, A))+ .

where the subscript + means that we retain only the nonnegative powers of .

Proof. Introduce the functions:

f

CE(T, 8, N) + AR (@1, V) JEE (T8, N),

95 (Z, 1, N) =
a (20)
5 —— 5@ 1 N) + AT 1 N KER(, 1, 0),

g (@, A) =
and using (16) and (17) prove that
gF (T, t,\) = g5 (2,1, \), gt (@, t,\) = g~ (Z,t,)). (21)

Thus we find that these functions are analytic functions of A in the whole complex A*-plane.
Next we find that:

lim g7 (Z,t,\) = A*J,, lim g7 (Z,t,\) = \FK. (22)
A—00 A—00
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and make use of Liouville theorem to get

.g;_(fvta)‘):gs_(fv ) _)\kJ _zUsl )\k l
(23)
g (@ 6,0 = g~ (Z,t,\) = \FK — Zv tARL
O
Let us now express Us(x) € g in terms of the asymptotic coeflicients ()5 in eq. (6).
To(Z 1) = J, —i—Z—adQJS, K(, K+Z A oK. (24)
Thus for the first three coefficients of Us(Z,t, A) we get:
1
Usa(7,t) = —ad g, Js, Us2(Z,t) = —ad @,Js — sad &, Js
? (25)

1 1
Uss (1) = —ad gy Js = 5 (ad @,ad @, +ad gad ,) Jy — cadiy, J;,

and similar expressions for V(Z, ¢, \) with Js replaced by K

Lemma 2. The set of operators Ls and M (18) have a common FAS, i.e. they all must commute,

that is, the set of functions Q1(Z,t), ..., Qr(Z,t) satisfy the following NLEE:
U 8U
i +[Us(f7ta)‘)_)‘k‘]&Uj(fata)‘)_)‘k‘JJ] :07
830] Oxs
ou, ov (26)
OUs - k - k
- - Sy s Uy - K| =0.
e Zaxs—i-[Us(x,t,/\) NI, V(Z,t,\) = N*K] =0
Proof. Follows naturally from the definitions of the operators Ly and M (18). O

Remark 3. Obuviously one can use families of operators with different mazimal powers of A.
Using them one can derive not only the relevant N -wave type equations, but also the higher order
NLEE of the hierarchy.

Remark 4. Considering RHP of the form (16) one must take special care of the behavior of
the solutions when A — 0. We are not going to discuss here the conditions that are necessary to
impose so that the RHP will be properly defined leving it for the future.

3. Examples of new types of N-wave interactions
The integrability of the well known N-wave equations in two-dimensional space-time was
discovered by Zakharov and Manakov [19]. To this end they used the Lax pair

Ly = zgx + ([, Q(z,t)] — N x(x,t,\) =0,

My = Za@t + (K, Q(z,t)] — AK)x(x,t, ) = =Ax(z,t, \) K

J = diag (a1, a9, ..., ay), K = diag (b1, bo,...,by),

(27)
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where the potential Q(x,tA) is a n x n matrix with Qgr = 0. The compatibility of this pair is

0 0
|2 52 =ik 52 + .ot ok Qe <o (29)
which is a system of n(n — 1) equations for the off-diagonal elements of Q(xz,t). This system
admits the natural reduction CoQCy = ¢' where Cy = diag (1,€1,...€,_1) and €, = +1. After
the N-wave system (28) reduces to n(n — 1)/2 equations for Qg (z,t), k < m.

The N-wave are easily generalized to any other simple Lie algebra, see [5]. Indeed, let us
consider the simple Lie algebra g of rank r with root system A and Cartan-Weyl basis Hs, E,,
a € A; assume also that the Cartan generators Hy satisfy (Hg, Hi) = d5. Then consider the
Lax pair

Ly = z% + ([, Q(z, t)] — N x(x,t,\) =0,
My = z% + ([K, Q(z,t)] — AK)x(x,t, ) = =Ax(x,t, ) K, (29)

J=> a.H,, K = bH, Q@ t) = Y (qa(z,t)Eo + pa(z,t)E_q),
s=1 s=1

OLEAJ,_

where A4 C A is the subset of positive roots.
The N-wave equations have as Hamiltonian

1 [ 0Q 1 [
Ho=g [ a (@& i [ e waemay, @
v Jr=—00 Ox 3 r=—00
where (X, Y) is the Killing form between the elements X,Y € g. So typically one may say that a
given set of NLEE are of N-wave type if: i) they are contain first order derivatives with respect
to z and t; ii) the coefficients aj and by are real which physically means that the group velocity
of each of these waves is real; and iii) the nonlinearities in the equations are quadratic in the
fields q,.

These types of N-wave equations were known for a long time. A number of their inequivalent
Zo-reductions for the low-rank Lie algebras were described in [11]. Obviously, using the ISM
one can show, that in terms of the scattering data of L these equations become linear evolution
equations. Note that the scattering data of L are determined through the scattering matrix
T (A t) for A € R — the continuous spectrum of L, and some additional data characterizing the
discrete spectrum of L. The inverse scattering problem for the operator L is best of all reduced
to a RHP (3) on the real line.

Our aim in this Section is to demonstrate new examples of qualitatively different N-wave
equations which are also integrable.

3.1. CBC systems and 4-wave equations with complex group velocities, k = 1.
The 4-wave equations below can be solved by the ISM applied to two operators of CBC type
related to the g ~ so(5) algebra. So we consider the Lax pair (29) with

J = dlag (a’lv —CLT, 07 aTa —Cll), K = dlag (CLT, —ar, 07 arg, —(IT),

0¢r ¢ g4 O
P1 0 g3 0 ¢4 (31)
p2p3s 0 g3 —q
.Z',t - E + E_ = .
Q1) ae% (62 Ba +PaF-a) p2p3 0 g3 —q2
" pa 0 p3 0 q
0 ps —p2p1 O
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Here a; is a complex number that can be assumed to be a; = €' and Ay ={e1 £eg,e1,e2}
is the set of positive roots of the algebra so(5).

The important difference between (31) and the Lax pair (27) for g ~ so(5) is that now J
and K have complex eigenvalues. As a consequence of this the continuous spectrum of Ly and
M, fills up the real axis R and two lines Re™0 closing angles +¢o with R. Again the ISP for
the operator L; reduces to a RHP, whose solution consists of 6 fundamental analytic solutions
x’(z,t,\), v = 1,...,6 — one for each of the 6 sectors 2, into which the lines R and Re*##0
split the complex A-plane.

We need in addition a Zs-reduction which must relate ¢; and p;; several types of such
reductions have been described in [11]. However the reduction we will use below

C1Q(z,t)TCy = Q(x,t), C1JC,=—-J, C1K'Cy = —K, (32)

where Cy = Fy9 + Fo1 + E33 — E45 — E54 corresponds to the Weyl reflection with respect to the
root e; — ez. This involution leads to a set of algebraic constraints on ¢;(z,t) and p;(x,t). For
convenience we introduce

(z,t), q2(z,t) = wa(z,t), qs(x,t) = wy(z,t),

p1<1‘,t) :w0($7t)v QI($7
x (a:,t), pg(x,t) = w2(x7t)’ p4($,t) = _wZ(x7t)7

qi(z,t) = wa(z,t),  po(z, (33)

where wg(x,t) and wy(z,t) are real-valued functions. Thus instead of the standard 4 complex-
valued functions for the 4-wave system (see egs. (36) and (37) below) we have 2 real and 3
complex-valued functions. The corresponding new 4-wave eqs are:

0 0

% B CO% + 2co sin(po) lws|* = 0,

0 0

0 o0 O |

% — e~ 290 T2 | 9006260 in(200) (whws — wiws) = 0, (34)
X

0 00 0 '

% _ 00622900% — 2c0e?"° sin(2¢p0) (wows + wiwy) = 0,

0 0

% + z’co% — 2¢q cos(ipo)wawz = 0.

The Hamiltonian is given by:

a5 [~ o (0[k2]) -2 [ a o

2 S o ox 3
o0 ow ow . L ow ow}
= CO/ dx (2 cos(go) (wlﬁxo — woaxl) — isin(yo) (11)48%4 — wy 83:4)
—ip0 *8102 100 8’“}; : 2 2 * *, ¥
—e g = — ehw = — 4sin(2p0) (wolwa|? — w1|ws|® + wowsw} + wywiws) ) . (35)

Let us briefly compare the new 4-wave system (34) with the well known 4-wave system (see
Chapter 3 of [20]) which are obtained with the generalized Zakharov-Shabat system with real
valued J = a1 Hy + agHy and K = by Hy + by Hy and with the standard reduction py = g;;:

Oq1 b —by Oqu

a1 b1 +b2 Ou

on _ £ -0, Y44 v4 5 =0,

ot a1 — ag Ox 4243 ! ot a1 + as Ox + a2 (36)
i%—iﬁ%Jﬂ(qq—q*Q):O i%—i@%—ﬂ(q*q —@q) =0

ot a1 Ox 193 — @3 ’ ot as Ox 24 82 ’
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where kK = a1by — agby. The Hamiltonian is

Hyw—2 = Z/ dx <(bl —b2) (Chaqxl —qQ ;;) + (b1 + b2) <Q4a(i4 - %5?)

g5 0q2 g3 dq3
b T2 a2 4y el C R, o} 37
+1<q28x QQ&C + 02 QSax q3833 (37)
- 2%/ dr (19593 — 419205 + 424345 — 45934)) -

The obvious differences are: i) the new 4-wave equation is a system of equations for 3 complex
fields wg, w3, ws and 2 real fields ¢1/a1,a1p1 (instead of 4 complex fields ¢, ); ii) the group
velocities are now complex (instead of real); iii) the interaction ‘strength’ between the different
waves is different (instead of being equal to k).

Of course there will be differences between the soliton solutions, but these will be given
elsewhere.

3.2. New types of 3-wave interactions, k = 2.
Let g = si(3) and

0 wur wus g1 w1 w3
iz, t)=| -v1 0 wua |, Q2(z,t) = | —21 g2 w2 |, (38)
—v3 —vgy 0 —Z3 —Z2 33

Fix up k£ = 2. Then the Lax pair becomes
0¢*

LEE =i + U(z,t, \)E (2,8, A) — N?[J,€5(2,t,\)] = 0,
83511 (39)
Met = iﬁ + V(& t, NES (1, \) — N[K, 5 (z, 6, \)] =0,
where .
U= 0470 = (1Qula)] - 510,11 Q1(o)]) + A Q1
(40
V= Vet Vi = (IR, Qa(o)] - 51K Q. Qule)]) + XK, Qi)

Impose a Zs-reduction of type a) with A = diag (1,¢,1), €2 = 1. Thus Q1 and Q2 get reduced
into:

0 ul 0 00 w3
Ql = GUT 0 (5 y QQ = 000 , (41)
0 eus 0 w3 0 0
New type of integrable 3-wave equations:
0 0 -
i(a; — ag)% —i(by — bz)% + erujug + emuﬂuﬂ? =0,
. ou , ou . k(as —a
i(ag — ag)—2 —i(bg — b3)72 + ekujug — 6(273)|U1|2U2 =0,
ot Ox (a1 — a3) (42)
( )8u3 (b1 — b )8u3 ik O(urug)
i(ap —a3)—— —i(by — b3)— —
! 3ot ! 3 o a1 —as Ox

ar —a a2 —a
+ ek ( |+ 23|U2|2> urug + eruz(jur|* — |ugl?) =0,



Physics and Mathematics of Nonlinear Phenomena 2013 (PMNP2013) IOP Publishing
Journal of Physics: Conference Series 482 (2014) 012017 doi:10.1088/1742-6596/482/1/012017

where the interaction constant x and us are given by:

1 200 — a1 —a
K=y (a1b3 — azbs — arby — biag + bias + beaz) , us = ws + ————F 3

The diagonal terms in the Lax representation are A-independent. Two of them read:

. Olu 2 . Olu 2 * * ok
i(ag — a2>|8;| —i(by — bg)’a1| — er(ujuguy — ujuyus) = 0,
p T (44)
Olugl* . O|us] R
i(ag — ag) 5 i(ba — b3)——— — er(uruguz — ujuzug) = 0,

These relations are satisfied identically as a consequence of the NLEE.

3.8. New types of 3-wave interactions, k = 3.
Our last example of 3-wave interactions is similar to the one, reported in [12] and involves Lax
pair, which is cubic in A:

Ulx,t,\) = \Ua(z,t) + N2Uy (z,t) — N3J, V(x,t,\) = \Va(z,t) + N Vi(x,t) — N3K, (45)

where
J = diag (a1, az, a3), K = diag (b1, ba, b3),

0 0 wus 0 ui2 O

U1 (3?, t) = u21 0 0 N U2 (1‘, t) = 0 0 u23 y
0 ugs O uzgpr 0 0 (46)
0 0 wv3 0 vizg 0

Vi(z,t)= [ wva1 O 0 [, Vifz,t)=1|( 0 0 v |,
0 V39 0 V31 0 0

With this choice U and V' automatically satisfy the reduction condition [17]
C3U(z,1)Cqt = WF U (2, 1), C3Vi(,)C5 ' = WMV (z, 1), C3 = diag (1,w,w?), (47)

with w = exp(27i/3). We can also impose the involution

001
CoU (2, 4)Cy Y = LU (x, 1), CoV) (z,4)Cy Y = 1V (x, 1), Co=[0e 0| (48)
100
with € = +1, ¢y = £1 which gives:
U1g = €1€U3, u3 = €usi, uj3 = u13, U2l = €1U3g,
a; = €as, ag = €ay, b3 = €b1, b2 = 6b2.
and analogous relations for v;;. The compatibility condition now gives:
Introduce also the coefficients Q12 which automatically satisfy the above reductions:
0 0 R1 0 w9 0
Q1(z,t) = | wy 0 0 1, Q2(x,t)=| 0 0 —eqws |, Ri=—€R], Ro=—R;
0 —ecqqwi O Ry O 0
(50)
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Thus we get the following parametrization for U and Vj

1
Ul(x’t) = [Ql(x’t)’J]v UQ('T’t) = [QQ(I,t),J]+§[Q1(l‘,t),[Q1(LE,t),JH, ( )
51
1
V1($, t) = [Ql(xa t)7 K], V2($7 t) = [QQ(x7 t)? K] + §[Q1($7 t)v [Ql(ﬂf, t)? K]L
or in components:
1 *
u13 = (a3 — a1) Ry, w12 = (ag — ap)ws — 5661((11 + az — 2a3)wi Ry,
1
ug1 = (a1 — ag)ws, ugs = €1(ag — az)ws + §(a2 + ag — 2a1)wi Ry, (52)
1
usy = 661(0,3 — ag)wf, uszly = (a1 — ag)RQ - 5661(@1 + a3 — 2a2)|w1|2.
The expressions for vj, differ from (52) only by replacing aj, by by.
The corresponding NLEE take the form:
8R1 bl — bg 8R1 €€l * * 8U12 8’012
— — =0 — ——==0
ot a;—a3 Ox + a; — as (w1207, = viouty) ’ ot Ox ’ (53)
Owy by — by Owy €16, x OJuzr  Ovsy
7 —3 (ulyvs1 — vigusy) =0, - —==0.

ot ay — ag Ox al — a ot Ox

Inserting here the notations from eq. (52) we obtain the four NLEE for the four independent
functions wy, we, R and Ro.

4. Conclusions and open questions

We proposed a method for constructing new integrable NLEE based on the use of the RHP with
canonical normalization combined with the Mikhailov’s reduction group [16, 17]. Obviously we
can derive many new classes of such equations making appropriate choices of the: i) the order
k of the jets, ii) the simple Lie algebra g and iii) the reduction group and its realization as a
subgroup of the group of automorphisms of g.

Since the method is based on the RHP one can apply Zakharov-Shabat dressing method for
constructing their explicit (/N-soliton) solutions.

The new NLEE are expected to be Hamiltonian. So one must show that the jets U(Z, ¢, \) can
be viewed as elements of more complicated co-adjoint orbits of the relevant Kac-Moody algebra,
generated by the chosen grading of f. The corresponding Poisson brackets can be derived using
the results of Kulish and Reyman [15] and imposing the reduction conditions as constraints.

The last but not least important problem concerns the possible physical applications of these
equations.
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