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Abstract. This paper presents a new electromagnetic vibration energy harvester (VEH) which 

harvests the electric power in wide frequency range. The present VEH contains the ferrite core 

embedded in the axis hole of the coil bobbin which generates the magnetic force acting on the 

oscillator. The performance of the present VEH is estimated using the coupled analysis method 

for VEH in which motion, Ampere, and circuit equations are alternatively solved until 

convergence. Using the coupled analysis method, the output power characteristic in the present 

VEH against input frequency is analyzed.  It is shown from the analysis results that the present 

VEH has chaotic oscillation and wide frequency range for power generation. Moreover, the 

condition that the present VEH has nonlinear oscillation is discussed. 

1. Introduction 

The electromagnetic vibration energy harvesters (VEHs) [1]-[4] have received much attention as new 

small power source for wireless sensor network systems. The sensor nodes with VEHs can harvest the 

electric power from their environment. Using VEHs, it is possible to realize wireless sensor systems 

which are free from the battery replacements. For the developments of practical VEH systems, the 

output power in VEHs must be improved. In addition, the VEHs are required to harvest power in wide 

frequency range. However, when the VEH has linear oscillation, output can only be obtained near to 

the resonant frequency. It has been indicated that the nonlinearity in the VEHs can expand the 

bandwidth [5], [6]. For this reason, the nonlinear VEHs have been developed recently [7], [8]. Because 

the oscillators in the VEHs with nonlinearity have complicated motion, the conventional spring-

damper theory [9] is not applicable to estimate their performance. This is one of the reasons that it is 

difficult to design the nonlinear VEHs.  

In this paper, we present a nonlinear VEH which has wide operation range. The present VEH 

contains ferrite core embedded in the axis hole of the coil bobbin which generates the magnetic force 

acting on the oscillator. Because of the magnetic force, the oscillator in the present VEH has 

complicated motion. To estimate the performance of the present VEH, the coupled analysis method of 

VEH [10] is employed in which motion, Ampere, and circuit equations are alternatively solved until 

convergence. It is numerically shown from the analysis results that the present VEH has chaotic 

oscillation. It is also shown that the preset VEH has wide frequency range for power generation. 

Moreover, the reason that the present VEH has nonlinear oscillation is discussed. 
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2. Coupled analysis method for VEH [10] 

The performance of the conventional linear VEH can be estimated from the spring-damper model [8], 

while, that of the nonlinear VEHs cannot be estimated using it. To estimate the nonlinear VEHs, we 

have presented the coupled analysis method for VEH, which numerically solves the following 

equations: 

 ( ) ( ) ( ) ( ) ,0mm =−−+−+− AFqpkqpcqpm &&&&&&  (1) 

 ( ) ,0 MJA ×∇+=×∇×∇ νν  (2) 

 ( ) ( ),Z AVii =  (3) 

where m is mass of objects on the tip of the oscillator, cm and km are effective damping and stiffness 

coefficients of the oscillator, p and q are the oscillator and base displacements, respectively. In 

addition, A, M, ν and ν0 are vector potential, magnetization vector, reluctivity of magnetic material and 

vacuum, respectively. Moreover, F(A) and J are the magnetic force acting on the oscillator and the 

current density in the coil, respectively, Z(i) is the impedance matrix for a circuit, and V(A) is the 

voltage vector corresponding to the electromotive force (EMF) induced in the coils which is calculated 

as follows:  
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where D/Dt is the Lagrange derivative to consider EMF due to the coil movement, and V 
C 

i ,  li are the 

volume of the coil and the tangential vector of the current in the coil for circuit loop i, respectively. 

Note that, if no coil is included the loop i, (V (A)) i is zero.  

In the coupled analysis, the governing equations are discretized with respect to time and alternatively 

solved until convergence at each time step. This iteration is here called sub-cycle. When the all 

solutions converge in the sub-cycle, that is,  
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then the time is incremented, and new sub-cycle starts, where n and k is the iteration number of time 

and sub-cycle, respectively. Here, (1) and (3) are solved using the Runge-kutta and Newton-Raphon 

methods, respectively. In addition, (2) is solved by the finite element method for electromagnetic field 

in which, to easily treat the moving objects, the nonconforming technique is employed. The flow of 

the coupled analysis is shown in figure 1. 

 

Figure 1. Flowchart of coupled analysis method. 

 

3. Chaotic vibration energy harvester 

We consider here the nonlinear VEH shown in figure 2 which contains the ferrite core embedded in 

the axis hole of the coil bobbin. The ferrite core forms nearly closed flux path with the magnets to 

increase the flux across the coil. In addition, the magnetic force acting on the magnets is generated, 

which makes the cantilever motion complicated and gives rise to nonlinear oscillation in the present 

VEH. When the oscillation becomes chaotic due to the nonlinearity, the frequency range in this system 

would become wider. 
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In this work, the performance of the present VEH is analyzed using the coupled analysis method. The 

mechanical parameters of the cantilever are summarized in Table 1. The full-wave rectifier and the 

storage capacitor whose capacitance is 1mF are connected to the present VEH as shown in figure 3, 

where threshold voltage of diodes and winding resistance are set to 0.2V and 100Ω, respectively. The 

output characteristic against the input frequency, f, is analyzed where the input amplitude is set to 

0.1mm.  

 

 

 

 

Figure 2(a). Overview of present VEH.  Figure 2(b). Sizes specification. 

 

Table 1. Mechanical parameters in present VEH. 

km cm m 

600 N/m 0.05 Ns/m 3.5 g 

 

 

 

 

Figure 3. Full-wave rectifier circuit.  Figure 4. Charged energy against frequency. 

 

The electric energy charged in the capacitor over 20 input cycles is shown in figure 4, in which the 

energy obtained by the VEH without the ferrite core (conventional VEH) is also shown to clarify the 

effect of the introduction of the ferrite core. Note that the energy under 0.001µJ is not plotted. It can be 

seen from figure 4 that we can have wider frequency range for power generation in comparison with 

the conventional VEH. The trajectories in the z-v plane are shown in figure 5, where z=p-q and v=

qp && -  represent relative displacement and velocity, respectively. The transitions of z and induced 

voltage, V, are shown in figure 6. We can see that the cantilever oscillation has higher harmonics 

especially when f is 50Hz and 80Hz. To analyze the complicity in the oscillation, the Lyapunov 

exponent, λ, is computed using the Rosenstein’s method [11], where positive value corresponds to 

chaotic motion. The Lyapunov exponents for all frequency are shown in figure 7, from which we can 

see that the cantilever oscillations are chaotic. From these results, it can be said that the chaotic 

oscillation can expand the operation frequency range for power generation. 

To reveal the condition that the present VEH has chaotic motion, the distribution of λ in r-f plane is 

plotted in figure 8, where r denotes the diameter of the ferrite core embedded in the coil bobbin. In 

figure 8, the VEH has no oscillation when λ is 0. We can see that λ is positive in wide frequency range 
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when r is small, while λ is negative at high frequencies when r is large. This result suggests that there 

is a lower limit for r to have chaotic motion in the VEH. Furthermore, linear oscillation is observed 

when r is large.  

Here, we discuss the reason why the present VEH has chaotic and linear oscillations when r is small 

and large, respectively. Figure 9 shows the magnetic force acting on the magnets when r is 1mm and 

4mm, respectively, in addition to the spring force. We can see from figure 9 that the magnetic force is 

has the same direction to the spring force when r=4mm, while its direction is reverse when r=1mm.  

This is because the flux path completely changes depending on r as shown in figure 10. The total force 

of magnetic and spring force is shown in figure 11 from which it can be seen that the total force when 

r=1mm is clearly nonlinear with respect to the relative displacement. As a result, the nonlinearity is 

given rise to the present VEH. On the other hand, when r=4mm, the magnetic force enhances spring 

force, and the initial total force is linear with respect to the relative displacement. Thus, the VEH has 

linear oscillation at high frequencies when r is large. The reason why the VEH has no oscillation at 

low frequencies is that the resonant frequency gets larger in comparison with the original one of the 

VEH, because the effective spring constant becomes larger due to the magnetic force.  

 From these discussions, it can be said that one can design the nonlinear VEH by creating the flux 

path using the magnetic material to generate the magnetic force whose direction is opposite to the 

spring force.  

 

 

 

Figure 5(a). Trajectory for 20Hz.  Figure 6(a). Transitions for 20Hz. 

 

 

 

Figure 5(b). Trajectory for 50Hz.  Figure 6(b). Transitions for 50Hz. 

 

 

 
Figure 5(c). Trajectory for 80Hz.  Figure 6(c). Transitions for 80Hz. 

 

4. Conclusion 

The new nonlinear VEH which contains ferrite core embedded in the axis hole of the coil bobbin has 

been presented. The performance of the present VEH is analyzed using the coupled analysis method. It 

is shown that the present VEH has chaotic oscillation. It is also found from the simulation that the 
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present VEH has wide frequency range for power generation in comparison with conventional linear 

VEH. Moreover, the condition that the present VEH has chaotic oscillation is shown based on the 

distribution of the Lyapunov exponent in z-f plane. The numerical result has suggested that r must be 

smaller than a curtain threshold to have the chaotic motion. 

For the future works, the analysis results of the present VEH will be compared with measurement 

data. 
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Figure 7. Lyapunov exponents for z. Figure 8. Distribution of Lyapunov exponents. 

 

 

 

 

Figure 9. Magnetic and spring 

force. 

Figure 10. Flux path in 

VEH. 

Figure 11. Total force. 
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