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Abstract. We propose a limiting procedure in which, starting from the g-lifted version (or K-
theoretic five dimensional version) of the (W)AGT conjecture to be assumed, the Virasoro/W
block is generated in the r-th root of unity limit in ¢ in the 2d side, while the same limit
automatically generates the projection of the five dimensional instanton partition function onto
that on the ALE space R*/Z,. This proceeding is based on arXiv:1308.2068

1. Introduction
Continuing attention has been paid to the correspondence between the two dimensional
conformal block [1] and the instanton sum |2, 3] identified as the partition function of the four
dimensional N' = 2 supersymmetric gauge theory. The both sides of this correspondence [4, 5]
have already been intensively studied for more than a few years and a wealth of such examples
has been found by now. One of the central tools for our study is the S-deformed matrix model
controlling the integral representation of the conformal block [6, 7, 8, 9, 10, 11, 12, 13, 14] and
the use [10] of the formula [15, 16] on multiple integrals. This general correspondence, on the
other hand, has stayed as conjectures in most of the examples except the few ones [17, 18, 19, 20]
and one of the next steps in the developments would be to obtain efficient understanding among
these while avoiding making many conjectures.

We regard the correspondence between ¢-Virasoro [21, 22, 23, 24, 25, 26]/W block versus five
dimensional instanton partition function as a parent one. We propose the following procedure
[27] on the orbifolded examples of the correspondence [28, 29, 30, 31, 32, 33, 34, 35, 36, 37]:

(i) assume the g¢-lifted version (or K-theoretic five dimensional version) of the (W)AGT
conjecture
(ii) introduce the limiting procedure ¢ — w, where w is the r-th root of unity.

(iii) apply the same limiting procedure to Z>% . which automatically generates the instanton

nst?
partition function on ALE space.

We emphasize that, through this limiting procedure (and the assumption (i)), the resulting
2d conformal block is guaranteed to agree with the corresponding instanton partition function
on ALE space. Our procedure is illustrated in Figure 1.
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Figure 1. Schematic sketch of our procedure.

2. g-Virasoro algebra and root of unit limit
We introduce the ¢-Virasoro algebra which contains two parameters ¢ and ¢ = ¢” and consider
the ¢ — w limit.

2.1. g-Virasoro algebra
The defining relation of the ¢g-deformed Virasoro algebra [21] is

(1-g)(1 -t
(1-p)

with p = ¢/t. Here T (z) is the ¢-Virasoro operator and

f(z) =exp (Z % (a —(ql":i?n—) tn)z") ., 0(z) = Z z". (2.2)

n=1

&[T T ~ f2/)T(E)T (=) = [sp2/2) =507 2/2)], @)

Using the ¢-deformed Heisenberg algebra defined by

1 )
[, ] = - T+ Ontm,0, (n#0),

[aan] = On,0,

the g-Virasoro operator is realized as

T(2) =: exp Zanz_" :p1/2q‘/ﬁo‘°+ cexp | — Zan(pz)_” :p_l/Qq_‘/BO‘O. (2.4)
n#0 n#0

Let us introduce two g-deformed free bosons by

1 —n
S’E(i)(z) :Bi1/2Q+2/8:t1/2a010gZ+Z%anz—n’ (25)
o (1—&")
where £, = ¢, £~ =t and define two kinds of deformed screening currents
Si(z) =: et (2.6)

It can be checked that S+ commute with the ¢-Virasoro generators up to total ¢- or t-derivative
defined by

de, _ f(z) = f(&x2)
e R (T 27
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Deformed screening charges [25] are defined by the Jackson integral

b b
Qpy :/ dgz S+ (2), Qlayy :/a dez S_(2), (2.8)
over a suitably chosen integral domain [a, b].

2.2. q—>—1,t— —1 limit
We consider a ¢ — —1 limit. Simultaneously, t — —1 limit is taken. Let us realize this limit by

qg= —e*(l/‘/ﬁ)h, t= —e*‘/ﬁh, p=q/t= eQrh h — 40, (2.9)

where Qp = /B — 1/v/B. Choosing the branch of logarithms of ¢ and ¢ appropriately, we see
that 8 takes the following rational value:

ko 41/2 2k +1
ke +1/20 2k 4+ 17

B (2.10)

where ki are non-negative integers.
First, we consider the ¢ — —1 limit of the ¢g-bosons (2.5). Let us decompose them into “even”
and “odd” parts:

3 (2) = 3.(2) + 32 (2), (2.11)

where

B () 1= BF12Q + 5 Paglog(22) + 3 b a2,
70 (2.12)

—2n—1
~(£) o L+p —2n—1
odd(?) = Z 1 — £ 2ntl Qgnyrz
nez

In the ¢ — —1 limit of the g-bosons, we obtain two free bosons, ¢(w) and p(w):

Plen(2) = B2 g(w) + O(h),

N (2.13)
Ui (=) = e(w) + O(h),
where w = 22 and a
d(w) =Q + aplogw — ﬁw_", (2.14)
n#0
_ Gny1/2 —n—1/2
o) =3 (2.15)

with the following standard commutation relations of boson and twisted boson oscillators:
[ana am] = n5n+m,07 [am Q] = 5n,07 (2'16)

[dn+1/2, a_m_l/g] = (7’L + 1/2)5n,m (217)
Next, we consider the ¢ — —1 limit of the screening currents (2.6). Using the limit of g-bosons

(2.13), we obtain

lim Sy(z) =: eVPow)epw) . lim S_(z) =: e~ (W/VBS(w)g—p(w) . (2.18)

qg——1 qg——1
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We can construct the two fermion,

L (o) . . —pw) | ) = L ([ aew) L —e(w) |
b(w) 2\/%(.@0 L e¥ ) ¢(w)_2m<.e“" e ) (2.19)

and see that ¢ (w) (resp. J(w)) is an NS fermion (resp. an R fermion) on the w-plane. The
screening charge together with the regularization factor becomes

. b2
m + . oVBB(w) .= ()
Jim (1 +0)Qf = / | dwi(w) P = QL) (2.20)
which is the screening charge for the superconformal block [38, 39]. Here we have ignored the
subtlety due to the zero-mode and negative power terms. To be more precise, the “limit” (2.20)
includes a kind of projection imposed by hand.

Let us choose a ¢g-deformed Vertex operator V,(z) as

Va(z) = P, (2.21)

where

-n(1 _ 2v/Ba|n|
P.(2) = Q4+ 2aaglog z + Z (f (1-¢ ) anz”". (2.22)
#

=g -7

We restrict the parameter o to take values corresponding to those of the primary fields of
the minimal theories in the NS sector:

() ()

1<r<2k_, 1 <s<2ky, r—se€27. (2.24)

where

The ¢ — —1 limit of the deformed vertex operator (2.21) is given by

lim V,, (z) =:e*=®®) . for L, even, (2.25)
qg——1 ’
where
L= 2ky + 1)/ Bars =k (1—7)+ (1 —s)k_ + <T g S> € Z. (2.26)

Note that : e®+(®) : is exactly equal to the Coulomb gas representation of the bosonic primary
field in the NS sector with scaling dimension

1

1 1 2
Aar,s = §Oér75(ar7s - QE) = _gQQE + 3 <_\;B + 8\/B> . (2.27)

2.8. q = —1 limit of q- Virasoro generators and N = 1 superconformal algebra
In this subsection, we consider directly the ¢ — —1 limit of the generating function 7 (z) of the
g-Virasoro generators (2.4). In this limit, we can see that the fermionic currents

(w) = ¢p(w)dd(w) + Qp Y (w),

- . (2.28)
(w) = P(w)dd(w) + Qp I (w),

G
G
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appear [27]. Through OPE, we obtain the stress tensors T'(w) and T'(w). Then, T'(w) and G(w)
(resp. T'(w) and G(w)) obey the N = 1 superconformal algebra in the NS (resp. R) sector. The

~—

central charge is ¢ = %é where
1)\? 8(k_ — ky)?
F=1-20%2=1-2 -] =1- . 2.29
s (ﬂ fﬁ) @k, + Dk + 1) (2.29)
Recall that the N = 1 minimal superconformal models have the central charge
2 ! 2
e=1- L,m) (2.30)
mm

Therefore, ¢ (2.29) corresponds to an N = 1 minimal model such that m and m' are both
positive odd integers: m = 2k, + 1 and m’ = 2k_ + 1. Without loss of generality, we can take
m’ > m, i.e., k- > k. The unitary minimal models [40] occur when k_ =k} + 1 and k4 > 1.

2.4. r-th root of unity limit
The limiting procedure is realized by

q=e2m/r e_(l/\/ﬁ)h, t = e2m/T e_\/ﬁh, p=q/t =e9EN, h — +0. (2.31)

Let us decompose the g-deformed free bosons (2.5) into two parts:

~ ~(+ +
FB(2) = 867 (2) + 85 (2), (2.32)
where
SE(i (2) = BEV2Q + Bﬂ/za log 2" + Z 1+_p§ )) oy 2,
n#0
7 (2.33)
~ (1+ —nr—
(i Z Z p" — Oém»+£ ~ 2
{=1 nez f
In the ¢ — 2™/ limit, we have
lim 39(z) = /24 20(w),  lim 35 () = 1/ e(w) (2:34)
h=+0" 0 r T poo B r ’
where w = 2" and a
d(w) = Qo + aplogw — Z W (2.35)
n#0
r—1 a ¢
_ 0) 0) _ n+eb/r  —n—l/r
plw) =3 ¢w),  pOw) =3 = T : (2.36)
(=1 nez
The oscillators obey the following commutation relations:
[arm an] = m6m+n,0u [ana QO] — On,0, (237)

I:dn+£//r7 dfmfé’/r] = (n + K/T)(Sm,négw. (238)
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The screening currents (2.6) turn into

q_}igrli/r Si(z) =:exp (:t\/fﬁil/zﬂw)) i1 exp (:l:\/ng(tU)) . (2.39)

Using the vertex operators etV 2/m1¢(W) we can introduce the following fields

r—1
¢ 1 § : ikl /r 2 i
k=0

Note that for wq — wo,

¢ ¢ Opy+£o,r
(012 (w )L (w5)[0) = o 101522(1_(1#)) {1 + O((w1 - w2)2)} . (2.41)

These fields \Ilgf) (w) are analogue of the parafermion current with scaling dimension A; =

1—(1/r).

3. SU(n) conformal/W block and g-deformation

The g-deformed W algebra at roots of unity itself will not be exploited here for our study of the
g-lifted version of (W)AGT conjecture. For the conformal block, there is a simple recipe for the
g-lift (g-deformation) without explicitly treating the ¢g-WW algebra.

3.1. integral representation of the SU(n) Vir/W block
In this subsection, we review the conformal block of W,, algebra. Let us consider the conformal
field theory with the central charge ¢

c=(n-1)(1-n(n+1)Q%), (3.1)

associated with the A,_1 = sl(n) Lie algebra. Let h be the Cartan subalgebra of A,_; and h*
its dual.

The four-point conformal block of the chiral vertex operators can be expressed in terms of
free fields. Let ¢(z) be an h-valued free chiral boson with correlation functions:

(Pa(2)dp(w)) = (€as ep) log(z —w),  Pal2) = (ea, $(2)),

3.2
eq € h*: asimpleroot of A,_1, a=1,---,n—1. (3:2)

Here (-, -) is the symmetric bilinear form on h* and (-,-) is the natural pairing between h* and
h. With (eq,€q) = 2, Cap := (€q, €p) is the Cartan matrix of the A,,_; algebra.
The free-field representation of the conformal block is then given by

Fle,Ar, Aj|A)

n—1
No N
- <V(W3>a1(O)V(l/ﬂ)ozz(A)VaNmas(UV@NB)M(OO) [[ e e >
a=1

(3.3)

with a; € h* (i = 1,2,3,4). The vertex operator is defined by V,(z) =: e/*?®) . (o € h*) and
two kinds of screening charges are inserted:

A _ 00
Q. = / dzV sz, (2), Q, = / dz V. sz, (2). (3.4)
0 1
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The four points are set to z;1 =0, z0 = A, 23 = 1, 24 = 0co. Hence A is the cross ratio.
By using the Wick’s theorem and changing the integration variables from z}a) (I =

1,2,...,Na+ﬁa) to ajga) (I=1,2,...,N,) and y( @) (J = 1,2,...,]%), defined by
Ap@ @ L
Ly =215 (@) " ZNaJrJ’ (3'5)
Y
we obtain the following Selberg type multiple integral [10]:
F = AM—Aim8e (1 p)(@2a)/Bza(p), (3.6)
where
n—1 Ng
ﬁ a a1 .e a 9,6
250 i= [ o (B4, @) ][]0 - af)iones
0,1} a=1T1=1
(3.7)
ST 0y y O
X _dy(Aa,_,(y (b (aa,e0) (1 @3:%) F(x,y|A).
L 1)1ZIH )s9) F(a,ylA)
Here N := 3" N, N := > N,,
n—1 Ng n—1n—1 Ng Nb
F(z,ylA) = [ { [T - Aaf?)fosee) H )(ica) [y Ce,
a=1 | I=1 a=1b=1I=1 J:l
(3.8)
n—1 Ng n—1 ]va
dx = H H dxga), dy = H H dyL(,a), (3.9)
a=11=1 a=1J=1
n—1 Ng n—2 Ny Nyt X b
a 1) —
=TI I - FHHHM+ P, (3.10)
a=11<J b=11=1J
n—1 N n—2 Ny Not1 ,
a 1)
=TT I 1:” -5 TI 1T H g = (3.11)
a=11<J b=11=1J
Let us rewrite (3.7) as
Zs(8) = Z.(0) (F(x,0l8)) ) (3.12)

Here (---)4 (resp. (---)_) is the average over the A,,_; Selberg integral normalized as (1)1 = 1.
The AGT relation implies that Zg(A)/Zg(0) is equal to the instanton part of the Nekrasov
partition function of N' =2 SU(n) gauge theory with Ny = 2n fundamental matters.

3.2. q-deformation

In order to study the five-dimensional version of AGT conjecture, we need a g¢-deformed
conformal block. There is a simple recipe [42, 47] to obtain a g-deformation of the Selberg-
type multiple integral which is given by the following replacements:

1 1
/ d.CL‘[ — / dq:B], (3.13)
0 0
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and
B2—1
(1—zp® = J[0-d),
k=0
51 (3.14)
H (x —z))% — H H(:L’Iqux‘]).
1<I<J<n 1<I#£J<n k=0

By this replacement, we obtain the g-deformation of the conformal block (3.12):

n—1 [ Ny va——1 N, vat+—1
Zéq)=<<H IT IT @ -22a) I T - Avse) § x
a=1 \I=1 =0 J=1 j=0
— -1 N, N
HHHH myW>> >, 5.15)
a,b=1£=0 I=1 J=1 N+, ' N—g
where

Vg+—1

B—1
<f(x)>N:tq (H/ dxl)qu“i 1_[1 (1—=1q") H H(l‘l—qil’J)f(x)

I<I£J<N i=1

(3.16)
Rearranging the integrand of eq.(3.15), we obtain
20 = (1 )y )5 17
S S /N+,g/ N—,q’ :
where
[ee} Lk n / [U _]/ . [’U ]/ [U _]/
(q) A ] _(a) a—lgk atlgk [Ya—]gk
17 =exp{ — — 4+ — .
oo -S| (04 ) (00
(3.18)
Here we have introduced the ¢g-number
1—¢°
lalg == 71— . (3.19)
and
a—1 a
[va—];k = Z[vs—]q’f7 [v(nfa)Jr];k = Z[U(nfs)Jr]qk?
s=1 s=1
with

[Ulf];k = [Unﬂ;k = 0.

Let A be a partition, A’ be its conjugate and ay(s) (resp. £x(s)) be the arm length (resp. leg
length) at s = (i,7) € \:

az\(s) = CL)\(’L',]') =X\ —J, f)\(S) = ‘6)\(2’]) = )‘; — i (320)
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Using the Cauchy identity for the Macdonald polynomials Py(x;q,t),

o0

> %PA(UC; q,t)Pa(y; ¢, t) = exp {Z[ﬁ]qk ipkﬁk} : (3.21)
A A

k=1

where
s) + Blx(s) + 1],

Cr _ 17 laa(s)
i g\ lax(s) + Blx(s) + Blq

(3.22)

we obtain a A-expansion of the ¢-deformed conformal block into a basis given by products of
the Macdonald polynomials:

o n

Cya L a [Ua+]/k
- S G (- 5r)) -
0 v a=1 Ya \a=1 q N+

ke a
x <ﬁ Py, (f,(j) + [v“_];k>> . (3.23)
a=1 [Blg N

According to AGT conjecture at g-lifted case, this g-deformed conformal block is identified with
the five dimensional instanton partition function. In Section 2, we have seen that the deformed
screening charges and vertex operators reduce to those of the superconformal model and its
generalization. We will see that the ALE instanton partition function can be obtained from the
five dimensional instanton partition function by taking the root of unity limit in next section.
Therefore, once the dictionary is found, AGT conjecture at ¢-lifted case provides the equality
between the block and ALE instanton partition function.

|V |=k

4. ALE (R*/Z,) instanton partition function

4.1. brief review of 4d SU(n) instanton partition function on ALE

The instanton partition function of four dimensional N' = 2 supersymmetric SU(n) gauge theory
on R* (with Q-deformation) can be calculated by the method of localization. The fixed points
of the torus action U(1)2 x U(1)" is labeled by an n-tuple of Young diagrams ¥ = (Ya)a=1.2, n-
For the fixed points corresponding to the k-instanton, |V | = > o |Yal = k. Here we denote by
|Y,| the number of boxes carried by Y.

Suppose that the torus action is generated by (e, €z,a1, - ,a,). Then the weight of an
individual box (i,j) € Y, of Young diagram is given by aq + (i — 1)e1 + (j — 1)ea. Here
€1 = v/Bgs and €2 = —gs/+/B. Therefore,

€1

g2 = —e1e, B=—-—. (4.1)
€2

Let us consider the instanton on R*/Z,.. The Z, action is [45, 48]

2mi 27 27
61—>61—T, 62—)€2+T, aa—>aa+qa7. (4.2)

From the weight associated with the torus action, we see that Z,-charges are assigned to each
Young diagram and its boxes. The charge of each box (i, 7) of the Young diagram Y, is

Ga,iij) =Ga— (I —=1)+(j—1) (mod r), a=1,2,---n, (4.3)

and ¢, is regarded as the Z,-charge of each Young diagram Y.
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4.2. more on the labeling of ALE instantons
Let us consider the case where the 1st Chern class vanishes. This condition leads to

ng — 2kg + kpy1 + ko1 = 0. (4.4)

Here ny is the number of Young diagram {Y,} such that Z,-charge ¢, = ¢ and ky is the total
number of the boxes such that the Z,-charge qq (; j) = ¢. Of course they satisfy n = >, n, and
k=>",k;. When (4.4) is satisfied, the 2nd Chern number is k/r and the ALE partition function
is schematically written as
(e e]
ZRE = NS Ay . (4.5)

< 1st Chern=0
k=0 Y |=k Zrcharge of each factor = 0

Here A; represents the contribution of the fixed point Y.

4.83. limiting procedure from 5d instanton partition function
The five dimensional instanton partition function is given by given by [46, 25]

7% =3RS 4y, (4.6)

k=0 |¥|=k

~ Ty ey 3 (i + ao) £ (miyn + aa)

.A“ = ) (47)
Y Hg,a’ gg/aYa/ (aa - aa')
G (@) = 1] o+ Bey (i) + aw(i. j) + B[~z — Bey (i, ) — aw (i, j) — g, (4.8)
(i,5)€Y
+ . .
)= J[ FexBG-1)+3G -1l (4.9)
(i,5)eY
The parameter m; (i = 1,---,2n) is related to the five dimensional fundamental mass m?d by
5d , L
m; =m; —1—5(1—6). (4.10)
Eq. (4.2) can be read off as the shift in ¢ as well as in ¢ [49]
g=¢2 s wq, t=e¢ < = wt, q%; = g% %wqaq%, w = 2™/, (4.11)

Here we have rescaled an, — aqo/€2. If we take the limit ¢ — 1 subsequently, we expect that
this is equivalent to taking the Z, orbifold projection on four dimensional space. On the other
hand, this limit is equal to the root of unity limit of ¢ and ¢ and the five dimensional Nekrasov
partition function reduces to that on R*/Z,. In what follows, let us realize this procedure as

het
9

g=we"? t=we" qi = i ehaa, qe2 = ehmi, h — +0. (412)

Here we have rescaled m; by m;/es.
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4.4. obtaining ALE instanton partition function

We have established the method of obtaining the SU(n) instanton partition function on R*/Z,
from the five dimensional partition function. The appropriate factors to remove the extra
coefficients which appear in the limiting process have been also obtained. In the following,
jgg“) represents that each Young diagram Y, is assigned the Z,-charge q,. The results are as

follows:
e SU(2) and r = 2 case

R4/Z2 - k —(2) - k+1/2 (2)
ZSU(2)2 - Z (A/) Zk + Z (A/) Zk+1/2) (413)
k=0 k=0
where
2
@ . h ~(1,1)
Zihp=lmos > A (4.14)
|A|+|B|=2k+1
7® = lim S Al (4.15)
|A|+|B|=2k
e SU(2) and general r case
R /ZT _ +fIcL(7" da) (’I”)
Zsi Z Z (A" 2 st (4.16)
Qa_ok‘ 0
where
Z,i?w = ,lllin Zqq Z Afffg’iqa)' (4.17)
i |A+|B|
=rk+qa(r—ga)
Here
Zp=1, E=h : (4.18)
B § R TS R ‘
i—1 (1 _, k\2i-3k(1 _ , —k\2i—3k
5, = prillim(t =) — 0T )T 2§¢SH. (4.19)
[T, (1 = o =)t - w=6+1D) 2
e SU(n) and general r case
R%/Z, - k+4 (r)
Zstimy = ZZ (A) ZHg, (4.20)
da k=0
where
(r) ._ 7(qa)
24 = Jim =, Z AL, (4.21)
Y|
=rk-+d
Here

Bp = h2Tam1 00, (W)E, (W), (4.22)
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c ’ﬁ qi_f (1 — wi)2(@—i) 1
qa — . . — . K —
ash jol (1— Wwa 4t =3 (1 — Ww=a Gt )= (1 — ) %)
n—1¢qa— Z’?:l NG — i
1 — wj qa j 1 — i=a+1 9iTJ\qa—] 1
X H H ( n—1 ) . za i
ol jol (1— wZ, b qzﬂ) (1— Wit qiﬂ)qa—g (1 — w2i=19)2a

n—14qa+1+-qn-1 :
% H I. I (1 — Wi aiti)da
: j:

n—1 q—1 (1 — iy 1—w21 a+1‘h+])Qb j enttddaa (1 — wtti)m

< I1 H 11 1o (429)

a+2<b j=1 §=0

(1 — wia=w+7)i (1 — wZi;k Qi—j)j
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