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Abstract. We propose a limiting procedure in which, starting from the q-lifted version (or K-
theoretic five dimensional version) of the (W)AGT conjecture to be assumed, the Virasoro/W
block is generated in the r-th root of unity limit in q in the 2d side, while the same limit
automatically generates the projection of the five dimensional instanton partition function onto
that on the ALE space R4/Zr. This proceeding is based on arXiv:1308.2068

1. Introduction
Continuing attention has been paid to the correspondence between the two dimensional
conformal block [1] and the instanton sum [2, 3] identified as the partition function of the four
dimensional N = 2 supersymmetric gauge theory. The both sides of this correspondence [4, 5]
have already been intensively studied for more than a few years and a wealth of such examples
has been found by now. One of the central tools for our study is the β-deformed matrix model
controlling the integral representation of the conformal block [6, 7, 8, 9, 10, 11, 12, 13, 14] and
the use [10] of the formula [15, 16] on multiple integrals. This general correspondence, on the
other hand, has stayed as conjectures in most of the examples except the few ones [17, 18, 19, 20]
and one of the next steps in the developments would be to obtain efficient understanding among
these while avoiding making many conjectures.

We regard the correspondence between q-Virasoro [21, 22, 23, 24, 25, 26]/W block versus five
dimensional instanton partition function as a parent one. We propose the following procedure
[27] on the orbifolded examples of the correspondence [28, 29, 30, 31, 32, 33, 34, 35, 36, 37]:

(i) assume the q-lifted version (or K-theoretic five dimensional version) of the (W)AGT
conjecture

(ii) introduce the limiting procedure q → ω, where ω is the r-th root of unity.

(iii) apply the same limiting procedure to Z5d
inst, which automatically generates the instanton

partition function on ALE space.

We emphasize that, through this limiting procedure (and the assumption (i)), the resulting
2d conformal block is guaranteed to agree with the corresponding instanton partition function
on ALE space. Our procedure is illustrated in Figure 1.
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Figure 1. Schematic sketch of our procedure.

2. q-Virasoro algebra and root of unit limit
We introduce the q-Virasoro algebra which contains two parameters q and t = qβ and consider
the q → ω limit.

2.1. q-Virasoro algebra
The defining relation of the q-deformed Virasoro algebra [21] is

f(z′/z)T (z)T (z′)− f(z/z′)T (z′)T (z) =
(1− q)(1− t−1)

(1− p)

[
δ(pz/z′)− δ(p−1z/z′)

]
, (2.1)

with p = q/t. Here T (z) is the q-Virasoro operator and

f(z) = exp

( ∞∑
n=1

1

n

(1− qn)(1− t−n)

(1 + pn)
zn

)
, δ(z) =

∑
n∈Z

zn. (2.2)

Using the q-deformed Heisenberg algebra defined by

[αn, αm] = − 1

n

(1− qn)(1− t−n)

(1 + pn)
δn+m,0, (n ̸= 0),

[αn, Q] = δn,0,

(2.3)

the q-Virasoro operator is realized as

T (z) =: exp

∑
n̸=0

αnz
−n

 : p1/2q
√
βα0+ : exp

−
∑
n̸=0

αn(pz)
−n

 : p−1/2q−
√
βα0 . (2.4)

Let us introduce two q-deformed free bosons by

φ̃(±)(z) = β±1/2Q+ 2β±1/2α0 log z +
∑
n̸=0

(1 + p−n)

(1− ξ±n)
αnz

−n, (2.5)

where ξ+ = q, ξ− = t and define two kinds of deformed screening currents

S±(z) =: e±φ̃(±)(z) : . (2.6)

It can be checked that S± commute with the q-Virasoro generators up to total q- or t-derivative
defined by

dξ±
dξ±z

f(z) =
f(z)− f(ξ±z)

(1− ξ±)z
. (2.7)
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Deformed screening charges [25] are defined by the Jackson integral

Q+
[a,b] =

∫ b

a
dqz S+(z), Q−

[a,b] =

∫ b

a
dtz S−(z), (2.8)

over a suitably chosen integral domain [a, b].

2.2. q → −1, t→ −1 limit
We consider a q → −1 limit. Simultaneously, t→ −1 limit is taken. Let us realize this limit by

q = −e−(1/
√
β)h, t = −e−

√
βh, p = q/t = eQEh, h→ +0, (2.9)

where QE =
√
β − 1/

√
β. Choosing the branch of logarithms of q and t appropriately, we see

that β takes the following rational value:

β =
k− + 1/2

k+ + 1/2
=

2k− + 1

2k+ + 1
, (2.10)

where k± are non-negative integers.
First, we consider the q → −1 limit of the q-bosons (2.5). Let us decompose them into “even”

and “odd” parts:

φ̃(±)(z) = φ̃(±)
even(z) + φ̃

(±)
odd(z), (2.11)

where

φ̃(±)
even(z) := β±1/2Q+ β±1/2α0 log(z

2) +
∑
n̸=0

1 + p−2n

1− ξ±2n
α2nz

−2n,

φ̃
(±)
odd(z) :=

∑
n∈Z

1 + p−2n−1

1− ξ±2n+1
α2n+1z

−2n−1.

(2.12)

In the q → −1 limit of the q-bosons, we obtain two free bosons, ϕ(w) and φ(w):

φ̃(±)
even(z) = β±1/2ϕ(w) +O(h),

φ̃
(±)
odd(z) = φ(w) +O(h),

(2.13)

where w = z2 and
ϕ(w) = Q+ a0 logw −

∑
n̸=0

an
n
w−n, (2.14)

φ(w) =
∑
n∈Z

ãn+1/2

n+ 1/2
w−n−1/2, (2.15)

with the following standard commutation relations of boson and twisted boson oscillators:

[an, am] = nδn+m,0, [an, Q] = δn,0, (2.16)

[ãn+1/2, ã−m−1/2] = (n+ 1/2)δn,m. (2.17)

Next, we consider the q → −1 limit of the screening currents (2.6). Using the limit of q-bosons
(2.13), we obtain

lim
q→−1

S+(z) =: e
√
βϕ(w)eφ(w) :, lim

q→−1
S−(z) =: e−(1/

√
β)ϕ(w)e−φ(w) : . (2.18)
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We can construct the two fermion,

ψ(w) ≡ i

2
√
2w

(
: eφ(w) : − : e−φ(w) :

)
, ψ̂(w) ≡ 1

2
√
2w

(
: eφ(w) : + : e−φ(w) :

)
, (2.19)

and see that ψ(w) (resp. ψ̂(w)) is an NS fermion (resp. an R fermion) on the w-plane. The
screening charge together with the regularization factor becomes

lim
q→−1

i√
2
(1 + q)Q+

[a,b] =

∫ b2

a2
dwψ(w) : e

√
βϕ(w) :≡ Q

(+)
[a2,b2]

, (2.20)

which is the screening charge for the superconformal block [38, 39]. Here we have ignored the
subtlety due to the zero-mode and negative power terms. To be more precise, the “limit” (2.20)
includes a kind of projection imposed by hand.

Let us choose a q-deformed Vertex operator Vα(z) as

Vα(z) =: eΦα(z) :, (2.21)

where

Φα(z) = αQ+ 2αα0 log z +
∑
n̸=0

q−n(1− q2
√
βα|n|)

(1− q−|n|)(1− t−n)
αnz

−n. (2.22)

We restrict the parameter α to take values corresponding to those of the primary fields of
the minimal theories in the NS sector:

α = αr,s = −
(
1− r

2

)
1√
β
+

(
1− s

2

)√
β, (2.23)

where
1 ≤ r ≤ 2k−, 1 ≤ s ≤ 2k+, r − s ∈ 2Z. (2.24)

The q → −1 limit of the deformed vertex operator (2.21) is given by

lim
q→−1

Vαr,s(z) =: eαr,sϕ(w) : for Lr,s even, (2.25)

where

Lr,s ≡ (2k+ + 1)
√
βαr,s = −k+(1− r) + (1− s)k− +

(
r − s

2

)
∈ Z. (2.26)

Note that : eαr,s(w) : is exactly equal to the Coulomb gas representation of the bosonic primary
field in the NS sector with scaling dimension

∆αr,s =
1

2
αr,s(αr,s −QE) = −1

8
Q2

E +
1

8

(
− r√

β
+ s
√
β

)2

. (2.27)

2.3. q → −1 limit of q-Virasoro generators and N = 1 superconformal algebra
In this subsection, we consider directly the q → −1 limit of the generating function T (z) of the
q-Virasoro generators (2.4). In this limit, we can see that the fermionic currents

G(w) = ψ(w)∂ϕ(w) +QE ∂ψ(w),

Ĝ(w) = ψ̂(w)∂ϕ(w) +QE ∂ψ̂(w),
(2.28)
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appear [27]. Through OPE, we obtain the stress tensors T (w) and T̂ (w). Then, T (w) and G(w)

(resp. T̂ (w) and Ĝ(w)) obey the N = 1 superconformal algebra in the NS (resp. R) sector. The
central charge is c = 3

2 ĉ where

ĉ = 1− 2Q2
E = 1− 2

(√
β − 1√

β

)2

= 1− 8(k− − k+)
2

(2k+ + 1)(2k− + 1)
. (2.29)

Recall that the N = 1 minimal superconformal models have the central charge

ĉ = 1− 2(m′ −m)2

mm′ . (2.30)

Therefore, ĉ (2.29) corresponds to an N = 1 minimal model such that m and m′ are both
positive odd integers: m = 2k+ + 1 and m′ = 2k− + 1. Without loss of generality, we can take
m′ > m, i.e., k− > k+. The unitary minimal models [40] occur when k− = k+ + 1 and k+ ≥ 1.

2.4. r-th root of unity limit
The limiting procedure is realized by

q = e2πi/r e−(1/
√
β)h, t = e2πi/r e−

√
βh, p = q/t = eQEh, h→ +0. (2.31)

Let us decompose the q-deformed free bosons (2.5) into two parts:

φ̃(±)(z) = φ̃
(±)
0 (z) + φ̃

(±)
R (z), (2.32)

where

φ̃
(±)
0 (z) = β±1/2Q+

2

r
β±1/2α0 log z

r +
∑
n̸=0

(1 + p−nr)

(1− ξnr± )
αnr z

−nr,

φ̃
(±)
R (z) =

r−1∑
ℓ=1

∑
n∈Z

(1 + p−nr−ℓ)

1− ξnr+ℓ
±

αnr+ℓ z
−nr−ℓ.

(2.33)

In the q → e2πi/r limit, we have

lim
h→+0

φ̃
(±)
0 (z) =

√
2

r
β±1/2ϕ(w), lim

h→+0
φ̃
(±)
R (z) =

√
2

r
φ(w), (2.34)

where w = zr and
ϕ(w) = Q0 + a0 logw −

∑
n ̸=0

an
n
w−n, (2.35)

φ(w) =

r−1∑
ℓ=1

φ(ℓ)(w), φ(ℓ)(w) =
∑
n∈Z

ãn+ℓ/r

n+ ℓ/r
w−n−ℓ/r. (2.36)

The oscillators obey the following commutation relations:

[am, an] = mδm+n,0, [an, Q0] = δn,0, (2.37)

[ãn+ℓ/r, ã−m−ℓ′/r] = (n+ ℓ/r)δm,nδℓ,ℓ′ . (2.38)
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The screening currents (2.6) turn into

lim
q→e2πi/r

S±(z) =: exp

(
±
√

2

r
β±1/2ϕ(w)

)
: : exp

(
±
√

2

r
φ(w)

)
: . (2.39)

Using the vertex operators e±
√

2/r φ(w), we can introduce the following fields

Ψ
(ℓ)
± (w) :=

1

r3/2w1−(1/r)

r−1∑
k=0

e2πikℓ/r : exp

(
±
√

2

r
φ(e2πikw)

)
: . (2.40)

Note that for w1 → w2,

⟨0|Ψ(ℓ1)
± (w1)Ψ

(ℓ2)
∓ (w2)|0⟩ =

δℓ1+ℓ2,r

(w1 − w2)2(1−(1/r))

{
1 +O

(
(w1 − w2)

2
)}

. (2.41)

These fields Ψ
(ℓ)
± (w) are analogue of the parafermion current with scaling dimension ∆1 =

1− (1/r).

3. SU(n) conformal/W block and q-deformation
The q-deformed W algebra at roots of unity itself will not be exploited here for our study of the
q-lifted version of (W)AGT conjecture. For the conformal block, there is a simple recipe for the
q-lift (q-deformation) without explicitly treating the q-W algebra.

3.1. integral representation of the SU(n) Vir/W block
In this subsection, we review the conformal block of Wn algebra. Let us consider the conformal
field theory with the central charge c

c = (n− 1)
(
1− n(n+ 1)Q2

E

)
, (3.1)

associated with the An−1 = sl(n) Lie algebra. Let h be the Cartan subalgebra of An−1 and h∗

its dual.
The four-point conformal block of the chiral vertex operators can be expressed in terms of

free fields. Let ϕ(z) be an h-valued free chiral boson with correlation functions:

⟨ϕa(z)ϕb(w)⟩ = (ea, eb) log(z − w), ϕa(z) = ⟨ea, ϕ(z)⟩,
ea ∈ h∗ : a simple root of An−1, a = 1, · · · , n− 1.

(3.2)

Here (·, ·) is the symmetric bilinear form on h∗ and ⟨·, ·⟩ is the natural pairing between h∗ and
h. With (ea, ea) = 2, Cab := (ea, eb) is the Cartan matrix of the An−1 algebra.

The free-field representation of the conformal block is then given by

F(c,∆I ,∆i|Λ)

=

⟨
V(1/

√
β)α1

(0)V(1/
√
β)α2

(Λ)V(1/
√
β)α3

(1)V(1/
√
β)α4

(∞)

n−1∏
a=1

Qa
NaQ̃a

Ña

⟩
,

(3.3)

with αi ∈ h∗ (i = 1, 2, 3, 4). The vertex operator is defined by Vα(z) =: e⟨α,ϕ(z)⟩ : (α ∈ h∗) and
two kinds of screening charges are inserted:

Qa =

∫ Λ

0
dz V√βea(z), Q̃a =

∫ ∞

1
dz V√βea(z). (3.4)
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The four points are set to z1 = 0, z2 = Λ, z3 = 1, z4 = ∞. Hence Λ is the cross ratio.

By using the Wick’s theorem and changing the integration variables from z
(a)
I (I =

1, 2, . . . , Na + Ña) to x
(a)
I (I = 1, 2, . . . , Na) and y

(a)
J (J = 1, 2, . . . , Ña), defined by

Λx
(a)
I := z

(a)
I ,

1

y
(a)
J

:= z
(a)
Na+J , (3.5)

we obtain the following Selberg type multiple integral [10]:

F = Λ∆I−∆1−∆2(1− Λ)(α2,α3)/βZS(Λ), (3.6)

where

ZS(Λ) :=

∫
[0,1]N

dx
(
∆An−1(x)

)β n−1∏
a=1

Na∏
I=1

(x
(a)
I )(α1,ea)(1− x

(a)
I )(α2,ea)

×
∫
[0,1]Ñ

dy
(
∆An−1(y)

)β n−1∏
b=1

Nb∏
J=1

(y
(b)
J )(α4,eb)(1− y

(b)
J )(α3,eb) F (x, y|Λ).

(3.7)

Here N :=
∑

aNa, Ñ :=
∑

a Ña,

F (x, y|Λ) :=
n−1∏
a=1


Na∏
I=1

(1− Λx
(a)
I )(α3,ea)

Ña∏
J=1

(1− Λy
(a)
J )(α2,ea)


n−1∏
a=1

n−1∏
b=1

Na∏
I=1

Ñb∏
J=1

(1−Λx
(a)
I y

(b)
J )βCab ,

(3.8)

dx =

n−1∏
a=1

Na∏
I=1

dx
(a)
I , dy =

n−1∏
a=1

Ña∏
J=1

dy
(a)
J , (3.9)

∆An−1(x) =

n−1∏
a=1

Na∏
I<J

|x(a)I − x
(a)
J |2

n−2∏
b=1

Nb∏
I=1

Nb+1∏
J=1

|x(b+1)
J − x

(b)
I |−1, (3.10)

∆An−1(y) =
n−1∏
a=1

Ña∏
I<J

|y(a)I − y
(a)
J |2

n−2∏
b=1

Ñb∏
I=1

Ñb+1∏
J=1

|y(b+1)
J − y

(b)
I |−1. (3.11)

Let us rewrite (3.7) as

ZS(Λ) = Zs(0)
⟨⟨
F (x, y|Λ)

⟩
+

⟩
−
. (3.12)

Here ⟨· · · ⟩+ (resp. ⟨· · · ⟩−) is the average over the An−1 Selberg integral normalized as ⟨1⟩± = 1.
The AGT relation implies that ZS(Λ)/ZS(0) is equal to the instanton part of the Nekrasov

partition function of N = 2 SU(n) gauge theory with Nf = 2n fundamental matters.

3.2. q-deformation
In order to study the five-dimensional version of AGT conjecture, we need a q-deformed
conformal block. There is a simple recipe [42, 47] to obtain a q-deformation of the Selberg-
type multiple integral which is given by the following replacements:∫ 1

0
dxI →

∫ 1

0
dqxI , (3.13)
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and

(1− xI)
β2−1 →

β2−1∏
k=0

(1− qkxI),

∏
1≤I<J≤n

(xI − xJ)
2β →

∏
1≤I ̸=J≤n

β−1∏
k=0

(xI − qkxJ).

(3.14)

By this replacement, we obtain the q-deformation of the conformal block (3.12):

Z
(q)
S =

⟨⟨
n−1∏
a=1


Na∏
I=1

va−−1∏
i=0

(1− Λx
(a)
I qi)

Ña∏
J=1

va+−1∏
j=0

(1− Λy
(a)
J qj)

×

×
n−1∏
a,b=1

β−1∏
ℓ=0

Na∏
I=1

Ña∏
J=1

(1− Λx
(a)
I y

(b)
J qℓ)Cab

⟩
N+,q

⟩
Ñ−,q

, (3.15)

where⟨
f(x)

⟩
N±,q

=
1

SN,q

(
N∏
I=1

∫ 1

0
dqxI

)
N∏
I=1

x
ua±
I

va±−1∏
i=1

(1− xIq
i)

∏
1≤I ̸=J≤N

β−1∏
i=1

(xI − qixJ)f(x)

(3.16)

Rearranging the integrand of eq.(3.15), we obtain

Z
(q)
S =

⟨⟨
I
(q)
S

⟩
N+,q

⟩
Ñ−,q

, (3.17)

where

I
(q)
S = exp

{
−

∞∑
k=1

[β]qk
Λk

k

n∑
a=1

[(
r
(a)
k +

[va+]
′
qk

[β]qk

)(
r̃
(a)
k +

[va−]
′
qk

[β]qk

)
−

[va+]
′
qk

[β]qk

[va−]
′
qk

[β]qk

]}
.

(3.18)

Here we have introduced the q-number

[a]q :=
1− qa

1− q
, (3.19)

and

[va−]
′
qk := −

a−1∑
s=1

[vs−]qk , [v(n−a)+]
′
qk :=

a∑
s=1

[v(n−s)+]qk ,

with
[v1−]

′
qk = [vn+]

′
qk = 0.

Let λ be a partition, λ′ be its conjugate and aλ(s) (resp. ℓλ(s)) be the arm length (resp. leg
length) at s = (i, j) ∈ λ:

aλ(s) = aλ(i, j) = λi − j, ℓλ(s) = ℓλ(i, j) = λ′j − i. (3.20)
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Using the Cauchy identity for the Macdonald polynomials Pλ(x; q, t),

∑
λ

Cλ

C ′
λ

Pλ(x; q, t)Pλ(y; q, t) = exp

{ ∞∑
k=1

[β]qk
1

k
pkp̃k

}
, (3.21)

where
Cλ

C ′
λ

=
∏
s∈λ

[aλ(s) + βℓλ(s) + 1]q
[aλ(s) + βℓλ(s) + β]q

, (3.22)

we obtain a Λ-expansion of the q-deformed conformal block into a basis given by products of
the Macdonald polynomials:

Z
(q)
S =

∞∑
k=0

Λk
∑
Y⃗

|Y⃗ |=k

n∏
a=1

CYa

C ′
Ya

⟨
n∏

a=1

PYa

(
−r(a)k −

[va+]
′
qk

[β]qk

)⟩
N+

×

×

⟨
n∏

a=1

PYa

(
r̃
(a)
k +

[va−]
′
qk

[β]qk

)⟩
Ñ−

. (3.23)

According to AGT conjecture at q-lifted case, this q-deformed conformal block is identified with
the five dimensional instanton partition function. In Section 2, we have seen that the deformed
screening charges and vertex operators reduce to those of the superconformal model and its
generalization. We will see that the ALE instanton partition function can be obtained from the
five dimensional instanton partition function by taking the root of unity limit in next section.
Therefore, once the dictionary is found, AGT conjecture at q-lifted case provides the equality
between the block and ALE instanton partition function.

4. ALE (R4/Zr) instanton partition function
4.1. brief review of 4d SU(n) instanton partition function on ALE
The instanton partition function of four dimensional N = 2 supersymmetric SU(n) gauge theory
on R4 (with Ω-deformation) can be calculated by the method of localization. The fixed points

of the torus action U(1)2×U(1)n is labeled by an n-tuple of Young diagrams Y⃗ = (Yα)α=1,2,··· ,n.

For the fixed points corresponding to the k-instanton, |Y⃗ | =
∑

α |Yα| = k. Here we denote by
|Yα| the number of boxes carried by Yα.

Suppose that the torus action is generated by (ϵ1, ϵ2, a1, · · · , an). Then the weight of an
individual box (i, j) ∈ Yα of Young diagram is given by aα + (i − 1)ϵ1 + (j − 1)ϵ2. Here
ϵ1 =

√
βgs and ϵ2 = −gs/

√
β. Therefore,

g2s = −ϵ1ϵ2, β = −ϵ1
ϵ2
. (4.1)

Let us consider the instanton on R4/Zr. The Zr action is [45, 48]

ϵ1 → ϵ1 −
2πi

r
, ϵ2 → ϵ2 +

2πi

r
, aα → aα + qα

2πi

r
. (4.2)

From the weight associated with the torus action, we see that Zr-charges are assigned to each
Young diagram and its boxes. The charge of each box (i, j) of the Young diagram Yα is

qα,(i,j) = qα − (i− 1) + (j − 1) (mod r), α = 1, 2, · · · , n, (4.3)

and qα is regarded as the Zr-charge of each Young diagram Yα.
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4.2. more on the labeling of ALE instantons
Let us consider the case where the 1st Chern class vanishes. This condition leads to

nℓ − 2kℓ + kℓ+1 + kℓ−1 = 0. (4.4)

Here nℓ is the number of Young diagram {Yα} such that Zr-charge qα = ℓ and kℓ is the total
number of the boxes such that the Zr-charge qα,(i,j) = ℓ. Of course they satisfy n =

∑
ℓ nℓ and

k =
∑

ℓ kℓ. When (4.4) is satisfied, the 2nd Chern number is k/r and the ALE partition function
is schematically written as

ZR4/Zr =

∞∑
k=0

(Λ′)k/r
∑
|Y⃗ |=k

AY⃗

∣∣∣∣ 1st Chern=0
Zrcharge of each factor = 0

. (4.5)

Here AY⃗ represents the contribution of the fixed point Y⃗ .

4.3. limiting procedure from 5d instanton partition function
The five dimensional instanton partition function is given by given by [46, 25]

ZR5
=

∞∑
k=0

Λ̃k
∑
|Y⃗ |=k

ÃY⃗ , (4.6)

ÃY⃗ =

∏n
α=1

∏n
k=1 f

q+
Yα

(mk + aα)f
q−
Yα

(mk+n + aα)∏n
α,α′ g

q
YαYα′ (aα − aα′)

, (4.7)

gqY W (x) =
∏

(i,j)∈Y

[x+ βℓY (i, j) + aW (i, j) + β]q[−x− βℓY (i, j)− aW (i, j)− 1]q, (4.8)

f q±Y (x) =
∏

(i,j)∈Y

[±x∓ β(i− 1)± (j − 1)]q. (4.9)

The parameter mi (i = 1, · · · , 2n) is related to the five dimensional fundamental mass m5d
i by

mi = m5d
i +

1

2
(1− β). (4.10)

Eq. (4.2) can be read off as the shift in q as well as in t [49]

q = eϵ2 → ω q, t = e−ϵ1 → ω t, q
aα
ϵ2 = eaα → ωqαq

aα
ϵ2 , ω = e2πi/r. (4.11)

Here we have rescaled aα → aα/ϵ2. If we take the limit q → 1 subsequently, we expect that
this is equivalent to taking the Zr orbifold projection on four dimensional space. On the other
hand, this limit is equal to the root of unity limit of q and t and the five dimensional Nekrasov
partition function reduces to that on R4/Zr. In what follows, let us realize this procedure as

q = ω ehϵ2 , t = ω e−hϵ1 , q
aα
ϵ2 = ωqα ehaα , q

mi
ϵ2 = ehmi , h→ +0. (4.12)

Here we have rescaled mi by mi/ϵ2.
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4.4. obtaining ALE instanton partition function
We have established the method of obtaining the SU(n) instanton partition function on R4/Zr

from the five dimensional partition function. The appropriate factors to remove the extra
coefficients which appear in the limiting process have been also obtained. In the following,

Ã(qα)

Y⃗
represents that each Young diagram Yα is assigned the Zr-charge qα. The results are as

follows:
• SU(2) and r = 2 case

Z
R4/Z2

SU(2) =

∞∑
k=0

(
Λ′)k Z(2)

k +

∞∑
k=0

(
Λ′)k+1/2

Z
(2)
k+1/2, (4.13)

where

Z
(2)
k+1/2 := lim

h→0

h2

22

∑
|A|+|B|=2k+1

Ã(1,1)
AB (4.14)

Z
(2)
k := lim

h→0

∑
|A|+|B|=2k

Ã(0,0)
AB . (4.15)

• SU(2) and general r case

Z
R4/Zr

SU(2) =

⌊ r
2
⌋∑

qa=0

∞∑
k=0

(
Λ′)k+ qa(r−qa)

r Z
(r)

k+
qa(r−qa)

r

, (4.16)

where

Z
(r)

k+
qa(r−qa)

r

:= lim
h→0

Ξqa

∑
|A|+|B|

=rk+qa(r−qa)

Ã(qa,−qa)
AB . (4.17)

Here

Ξ0 = 1, Ξ1 = h2
1

(1− ω)(1− ω−1)
, (4.18)

Ξi = h2i
∏i−1

k=1(1− ωk)2i−3k(1− ω−k)2i−3k∏i
l=1(1− ωi+l−1)(1− ω−(i+l−1))

, 2 ≤ i ≤
⌊r
2

⌋
. (4.19)

• SU(n) and general r case

Z
R4/Zr

SU(n) =
∑
qα

∞∑
k=0

(
Λ′)k+ d

r Z
(r)

k+ d
r

, (4.20)

where

Z
(r)

k+ d
r

:= lim
h→0

Ξqα

∑
|Y⃗ |

=rk+d

Ã(qα)

Y⃗
. (4.21)

Here
Ξqα = h2

∑n−1
α=1 αqαξqα(ω)ξqα(ω

−1), (4.22)
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ξqα(ω) =

n−1∏
a<b

qb−1∏
j=1

(1− ωj)2(qb−j)

(1− ω
∑b−1

i=a qi+j)qb−j(1− ω
∑b−1

i=a qi+j)qb−j

1

(1− ω
∑b−1

i=a qi)qb

×
n−1∏
a=1

qa−1∏
j=1

(1− ωj)qa−j(1− ω
∑n−1

i=a+1 qi+j)qa−j

(1− ω
∑a−1

i=1 qi+j)j(1− ω
∑n−1

i=1 qi+j)qa−j

1

(1− ω
∑a

i=1 qi)qa

×
n−1∏
a=1

qa+1+···qn−1∏
j=1

(1− ωj)qa

(1− ω
∑a

i=1 qi+j)qa

×
n−1∏

a+2≤b

qb−1∏
j=1

(1− ωj)j(1− ω
∑b−1

i=a+1 qi+j)qb−j

(1− ωqa−qb+j)j(1− ω
∑l−1

i=k qi−j)j

qa+1+···+qb−1−qb∏
j=0

(1− ωqb+j)qb

(1− ωqa+j)qb
.(4.23)
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[39] L. Alvarez-Gaumé and Ph. Zaugg, Annals Phys. 215, 171-230 (1992) [hep-th/9109050].
[40] D. Friedan, Z. Qiu and S. H. Shenker, Phys. Lett. B 151, 37-43 (1985).
[41] M. A. Bershadsky, V. G. Knizhnik and M. G. Teitelman, Phys. Lett. B 151, 31-36 (1985).
[42] S. O. Warnaar, Ramanujan J. 10, 237-268 (2005).
[43] P. J. Forrester and S. O. Warnaar, Bull. Amer. Math. Soc. 45, 489-534 (2008) [arXiv:0710.3981 [math.CA]].
[44] S. O. Warnaar, Acta Math. 203, 269-304 (2009) [arXiv:0708.1193 [math.CA]].
[45] P. Kronheimer and H. Nakajima, Math. Ann. 288, 263-307 (1990).
[46] H. Awata and H. Kanno, Int. J. Mod. Phys. A 24, 2253-2306 (2009) [arXiv:0805.0191 [hep-th]].
[47] A. Mironov, A. Morozov, Sh. Shakirov and A. Smirnov, Nucl. Phys. B 855, 128-151 (2012) [arXiv:1105.0948

[hep-th]].
[48] F. Fucito, J. F. Morales and R. Poghossian, Nucl. Phys. B 703, 518-536 (2004) [arXiv:hep-th/0406243].
[49] T. Kimura, JHEP 1109, 015 (2011) [arXiv:1105.6091 [hep-th]].

XXIst International Conference on Integrable Systems and Quantum Symmetries (ISQS21) IOP Publishing
Journal of Physics: Conference Series 474 (2013) 012022 doi:10.1088/1742-6596/474/1/012022

13


