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Abstract. We construct a family of integrable systems generated by the Casimir functions
of Lie algebra of skew-symmetric matrices, where the Lie bracket is deformed by a symmetric
matrix.

1. Introduction
Let A(n) be the vector space of antisymmetric n X n matrices and Sym(n) be the vector space
of symmetric n x n matrices. The (A(n), [, ]s) is a Lie algebra with the S—bracket defined by a
deformeded commutator

[X,Y]s = XSY — YSX (1)

for fixed S € Sym(n) and X,Y € A(n), (see [4, 5]).

In this paper we construct the family of integrable systems — a hierarchy generated by the
Casimir functions on the dual of Lie algebra A(n). We prove that the integrals of this family of
Hamiltonian systems are in involution.

The idea of considering these systems comes from [1]. In this paper we present more general
case, which reduces to the case considering in [1] if we put that the matrix S = 1. Also in [3] the
authors studied similar systems in the complex setting and for matrices with a different internal
structure.

2. Hierarchy generated by Casimir functions

~

We identify A(n) with its dual A*(n) = A(n) using natural non-degenerate pairing by trace of
the product

(X,p) =Tr(pX), pe€A(n), X €An). (2)
We shall write a general element A(n) as
A B
x=(_pr o) 6

where A € A(2), C € A(n —2) and B € Maty,(,—9)(R). Having Lie algebra (A(n),[-,]s) one
defines the Lie-Poisson bracket on C°°(A(n)) by

(Fods =1 (x| 55 5%| ). roecaom) g
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where o5 of
ﬁ _ ( 0A oB ) ( 5)
= af of |
0X ~8BT  OC

In order to obtain the second Poisson bracket ("frozen" Poisson bracket) we fix the element
Xo € A(n) and put

(Fodrs =10 (X0 [ S22 ). fge oA ()

It is a general fact that the Lie-Poisson bracket and frozen bracket are compatible in the sense
that their linear combination

O‘{'V}S_‘_ﬂ{'?'}FS (7)
is also a Poisson bracket.
We shall choose L/ 4 § g
_t o 0 _ 1S3
where Ag is 2 x 2 matrix defined by
0 1
A02—<_1 0> (9)
After simple calculation we show that the Poisson bracket (6) can be written in the form
of of
=T Ag=—= — ==Ap 1
(Fades =T (54058 - Prdogs )57 ) + (10)
of , 9y
I <8BTA08352>

Basic assumption. From now we put the block S3 equal to zero (S3 = 0). After
reducing to this case we obtain

{f,9}rs =Tr <aaéfTAoaBS2> (11)

Thus, we can think of this bracket as being defined on C°°(Matyy (n—2)(R)) (thus A(n) —
Matyy (n—2)(R) is injective smooth Poisson map).
In the case when det S # 0 the Casimir functions for the Lie-Poisson bracket (4) are given by

Cp(X) = %Tr(XS) k=1,2,... (12)

see [5]. For the degenerate case when S; = 0 we know only some Casimir functions of the
following form

k
Ch(X) = %Tr (B7Bs;") . k=12, (13)

(see [2] for the case So = 1). In this case the Lie-Poisson bracket (4) can be rewritten in the
form

Of 499, 99,00 52> (14)

—2T:
{/.gks =2 <aBT OB ac aC

of 8f
+2Tr<(aBTBaC 55T 80>S2>
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Now, we show that the functions given by (13) are Casimir functions for the bracket (14).
Since the derivative of CY is

% —2BS;" (JzeTBS;)k_1 , (15)
g}% — 25, (BTBS2‘1)k_1 BT, (16)
%if —0, (17)
we have
(Cras =T (G agiis:) - (18)

k—1 -1
— 4Ty (S;l <BTBSQ_1) BTABS;! (BTBS;1> 52> _
k+1—2
4Ty (BTA3521 (BTBS;) ) =0 ={Cy,Ci}rs,

. . . . — 1\ E+HI-2 . .
because the matrix BT AB is antisymmetric and Sy ! (BTBS2 1) 2 symmetric. Moreover
we have the following proposition.

Proposition 1 The Casimir functions Cy, defined by (12) or (18) for the Lie-Poisson bracket
(4) considered as functions of B are in involution with respect to the frozen bracket (11).

Proof 1 Since the derivative of Cy, given by (12) is
oCy,

_1\2k—1
55 — 2P+ (xs H™ P, (19)
oCy, _ 2k—1
ST = 2P (S7'X)™ Py, (20)

where Py, P_ are the orthogonal projectors given, in block matriz notation, by

P+_(38>, p__<82>. (21)

After a direct calculation we obtain

oC, 00
wAaBS2>

— 4T (P (57'X

{Cr, Ci}ps =Tr ( = (22)

)T P AP (XST)TPLS,) =

)2k72

= —4Tx (P (X$7) " X P AP, (XST) T P =

— 4T ((x57)*7

XPyAgPy (X571 +
)2k72 }2+) _

XPpAPLX (571X) 571 —o.

£ ATY (P+ (x5! )

XPy APy (XS

— T (X577
Above vanishes because in the first term we have a product of three antisymmetric 2 X 2 matrices
which is also antisymmetric and in the second term we have a product of an antisymmetric matric
(XS_l)k+l_2 XPAgPL X (S_lX)k—i_l_2 and symmetric matriz S~

The proof of the involution of the functions (13) with respect to the frozen Poisson bracket
(11), was given before this proposition.
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Proposition 2 The smooth functions &y : Matay (,—2)(R) — R defined by

2k—1

§u(B) = Tr (Bs;l (€85 BTAO> (23)

are in involution with respect to the frozen Poisson bracket (11)

{0k, 01} ps = 0. (24)
Proof 2 Since the derivative of oy, is
O —2a0Bsy (05 (25)
09y, _ _1\2k—1
apT = 2521 (€83 ) B Ay, (26)
we have
00, . 0
{0k, 01} ps = Tr (WAOGBS2> = (27)

—4Tr (S;l (Csy )

BT AgAgAoBSy ' (CS; )P 52> _
= —4Tx (BT 4gBs3* (C571) " 07%) =0,

)2(k+l)—2

because the matriz BT AgB is antisymmetric and 5'2_1 (052_1 s symmeltric.

Proposition 3 Assume that S1 = 1. Then the functions §; and Cj (given by (12)), k,l =

1,2,..., are in involution with respect to the frozen Poisson bracket (11)
{(5k, Cl}FS = 0. (28)
Proof 3 First, we show that 61 commutes with Cy, given by (12)
061 0Ck
1) =T Ag— | = 29
{01, Cr}rs r((‘)BT 083> (29)

= —4Tx (851087 BT Ap Ao Py (X571

P_S) =
—4Tr (CS7' B Py (X577 P ) =

——4Tx (P (XS P-XPy (X577 P ) =

= —4Te (XS P XP (X)) 4

)Qk—l P+) _

+4Tr (P (XS7Y) P-XPy (X571
= —4Te (PXPy (X57)*) +

— 4T (PXPy (X7

(P_xXP.)T 5—1) -
— 4T (X Py (x571)™) +
Y 4T <P+XP+ (x5~ p+) _

— 4T (P, (X$7)" XP.) =0,
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because P, (XS_l)Zk X Py s antisymmetric, Py X Py is antisymmetric and Py (XS_l)Qk Py s

symmetric. Second, the functions 0y, and Cp satisfy the following recursion formula

{0k, Ci}ps = {0k-1, Cry1} s (30)
Thus the relation (28) is valid for any k.

Proposition 4 The functions o and C; (given by (13)), k,l = 1,2,..., are in involution with
respect to the frozen Poisson bracket (11)

{0, Ci}rs = 0. (31)

Proof 4 For the functions Cy given by (13) we have

(0% AC
{5k; CZ}FS =Tr <WA033> = (32)
_ -1
_4ﬂ<$4@w;fk13@@%3g¢@ﬂ3g{) &>_
l
:_¢n<w%w%c%1@ﬂagﬁ>zm (33)

because the matrix (C’Sz_l)mC C is antisymmetric and S2_1 (BTBS2_1)Z s symmetric.

We obtain a hierarchy of Hamilton’s equations generated by Hamiltonians Cj given by (12)
or (13) with respect the frozen Poisson bracket (11)

B | 9C, B
aitk —AoaiBS27 k— 1,2,... (34)

Example 1 In this example we consider the case when X is 5 X b-matriz which we denote

0 a p1 P2 P3
—-a 0 @ ¢ g3
X = —P1 —q1 0 —C3 Co (35)
—p2 —q2 C3 0 -
—p3 —q3 —Cc2 c1 0

and matriz S is degenerate, that mean S1 = 0 and

et 0 O
So = 0 e O . (36)
0 0 €3

The frozen Poisson bracket in this case is

of 9g Of 8g> <8f og Of Bg>
ps(piai) =er (220 — L) ey (28 L 29
U gbrs(pi @) =en (8171 0q1  Oq1 Op1 “ Op2 Oq2  Oqo Opo

of dg  Of Og )
teg (L2991 990 37
“ (3133 O0gq3  0gq2 Ops (87)
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The integrals in involution are

C1 = (8579) -7+ (55'0) - @ (39)
Co= 30— ((S570)  (8577) - (@ =), (39)
61 =—20-((y'9) x (55'9)).- (40)

Hamilton’s equations for the Hamiltonian C1 are

op
— =27, 41
oq

= —2p. 42
ot P (42)

Hamilton’s equations for the Hamiltonian Cy are

W (rq+ (59) % (7x D). (43)
00— (~Cp+ (55'0) % (7 x D). (49)
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