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Abstract. We conjecture that the category of permutation-twisted modules for a multi-fold
tensor product vertex operator superalgebra and a cyclic permutation of even order is isomorphic
to the category of parity-twisted modules for the underlying vertex operator superalgebra.
This conjecture is based on our observations of the cyclic permutation-twisted modules for
free fermions as we discuss in this work, as well as previous work of the first author constructing
and classifying permutation-twisted modules for tensor product vertex operator superalgebras
and a permutation of odd order. In addition, we observe that the transposition isomorphism
for two free fermions corresponds to a lift of the —1 isometry of the integral lattice vertex
operator superalgebra corresponding to two free fermions under boson-fermion correspondence.
We conjecture that all even order cyclic permutation automorphisms of free fermions can be
realized as lifts of lattice isometries under boson-fermion correspondence. We discuss the role of
parity stability in the construction of these twisted modules and prove that in general, parity-
unstable weak twisted modules for a vertex operator superalgebras come in pairs that form
orthogonal invariant subspaces of parity-stable weak twisted modules, clarifying their role in
many other settings.

1. Introduction and preliminaries

Let V' be a vertex operator (super)algebra, and for a fixed positive integer k, consider the
tensor product vertex operator (super)algebra V&% (see [FLM3], [FHL]). Any element g of
the symmetric group Sy acts in a natural way on V®* as a vertex operator (super)algebra
automorphism, and thus it is appropriate to consider g-twisted V®*-modules. This is the setting
for permutation orbifold conformal field theory, and for permutation orbifold superconformal
field theory if the vertex operator superalgebra is not just super, but is also supersymmetric,
i.e. is a representation of a Neveu-Schwarz super-extension of the Virasoro algebra.

In [BDM], the first author along with Dong and Mason constructed and classified the g-
twisted V®*-modules for V a vertex operator algebra and g € Si. In particular, it was proved
that the category of weak (12 --- k)-twisted V®¥-modules is isomorphic to the category of weak
V-modules. In [Barl2], the first author extended this result to a construction and classification
of (12 --- k)-twisted V@ _modules for V a vertex operator superalgebra and k odd. However,
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as was shown by Barron in [Bar12], the results of [BDM] for permutation-twisted tensor product
vertex operator algebras and the results of Barron for the odd order case in the super setting, do
not extend in a natural way to the super setting for permutation automorphisms of even order.
Rather, the construction of the twisted modules for even order permutations is fundamentally
different whenever V' has nontrivial odd subspace.

In this paper, following first the construction of [DZ2], we study the case of Vf@;’?f a k-fold
tensor product of the free fermion vertex operator superalgebra for k even and (1 2 --- k) acting
as a vertex operator superalgebra automorphism to gain further insight into the problem. These
models, along with observations from [Barl2], provide the basis for a conjecture we make on
the nature of the classification of permutation-twisted modules in general. Our main conjecture
is that for k even, the category of weak (12 --- k)-twisted V®*-modules is isomorphic to the
category of weak parity-twisted V-modules. This contrasts to the case when k is odd where, as
shown in [Bar12], the category of (12 --- k)-twisted V®¥-modules is isomorphic to the category
of weak untwisted V-modules.

Permutation-twisted modules for free fermions, as well as parity-twisted modules for free
fermions, give examples of how “parity-unstable” twisted modules arise. Motivated by these
examples, we prove that parity-unstable weak twisted modules arise as orthogonal pairs of
invariant subspaces of a parity-stable weak twisted module. Furthermore, if these two parity-
unstable weak twisted modules are ordinary then they will always have the same graded
dimension but are not isomorphic, meaning they can not be detected via techniques which
only produce the graded dimensions of the twisted modules. This simplifies much of the work
in [DZ1], [DZ3], [DH], and shows how from a categorical standpoint, all modules should be
defined so as to be parity-stable, and then what is referred to as “parity-unstable modules” in,
for instance [DZ1], [DZ3], [DH], should be referred to as “parity-unstable invariant subspaces”
of the parity-stable modules.

We use “boson-fermion correspondence” to formulate another conjecture regarding whether
one can realize the permutation-twisted modules for free fermions in the even cyclic case via two
different constructions. Boson-fermion correspondence refers to the fact that the two free fermion
vertex operator superalgebra is isomorphic to the rank one lattice vertex operator superalgebra
with length one generator, i.e. one fermion propagating on a circle. Thus one can use the work
of [DZ2] to construct the permutation-twisted modules for permutation-twisted free fermions,
or one can try to use boson-fermion correspondence and the theory of twisted modules for a
lattice vertex operator superalgebra and a lift of a lattice isometry as developed in [DL2] and
[X]. If the automorphism on the lattice is the lift of a lattice isometry, then one has an overlap
of construction techniques which can potentially give insight into the general theory of the
construction and classification of twisted modules.

However, then the question arises: When does the permutation correspond to a lift of a lattice
isometry? In this paper we provide an example of when it does, and make a conjecture that
any cyclic permutation of even order acting on free fermions is conjugate to a lift of a lattice
isometry under boson-fermion correspondence. This gives an alternative construction to even
order cyclic permutation-twisted modules for free fermion vertex operator superalgebras based
on twisted lattice constructions, i.e. space-time orbifold constructions, versus worldsheet orbifold
constructions that has potentially for being extended in general to further explore the connection
between the space-time geometry of the lattice versus the worldsheet geometry of propagating
strings, following, for instance [BHL], but in a new and different setting which explicitly involves
the supergeometry underlying vertex operator superalgebras. This is particularly interesting and
relevant for cases involving supersymmetric vertex operator superalgebras, cf. [Barl] — [Barl3].

It is important, at the same time to note the following: We show (see Remark 4.1 below)
that the construction of twisted modules for lattice vertex operator superalgebras and a lift of
a lattice isometry can not be used in general to construct the permutation-twisted modules for
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lattice vertex operator superalgebras directly for the case of permutations of even order. This is
because if v is a permutation isometry on the lattice of even order k, due to certain properties
of v, which we note in Remark 4.1, the construction of [DL2], [X], only holds for v lifted to
an automorphism 2 of the vertex operator superalgebra such that o is of order 2k. Thus it is
impossible for & to correspond to the permutation automorphism of order k. Details are given in
Section 4 and Section 5, and in particular in Remark 4.1. In particular, we give general criteria
for a lattice isometry of order k to lift to a vertex operator superalgebra automorphism of order
k. In the process of this, we clarify aspects of the construction of twisted modules for a lift of a
lattice isometry and a positive definite integral lattice following [DL2] and [X].

1.1. Background

Twisted vertex operators were discovered and used in [LW]. Twisted modules for vertex operator
algebras arose in the work of I. Frenkel, J. Lepowsky and A. Meurman [FLM1], [FLM2], [FLM3|
for the case of a lattice vertex operator algebra and the lattice isometry —1, in the course of the
construction of the moonshine module vertex operator algebra (see also [Bo]). This structure
came to be understood as an “orbifold model” in the sense of conformal field theory and string
theory. Twisted modules are the mathematical counterpart of “twisted sectors”, which are
the basic building blocks of orbifold models in conformal field theory and string theory (see
[DHVW1], [DHVW2], [DFMS], [DVVV], [DGM], as well as [KS], [FKS], [Banl], [Ban2], [BHS],
[dBHO], [HO], [GHHO], [Ban3] and [HH]). Orbifold theory plays an important role in conformal
field theory and in superextensions, and is also a way of constructing a new vertex operator
(super)algebra from a given one.

Formal calculus arising from twisted vertex operators associated to a an even lattice was
systematically developed in [Lel], [FLM2], [FLM3] and [Le2], and the twisted Jacobi identity
was formulated and shown to hold for these operators (see also [DL2]). These results led to the
introduction of the notion of g-twisted V-module [FFR], [D], for V' a vertex operator algebra
and g an automorphism of V. This notion records the properties of twisted operators obtained
in [Lel], [FLM1], [FLM2], [FLM3] and [Le2], and provides an axiomatic definition of the notion
of twisted sectors for conformal field theory. In general, given a vertex operator algebra V and
an automorphism g of V, it is an open problem as to how to construct a g-twisted V-module.

The focus of this paper is the study of permutation-twisted sectors for free fermion vertex
operator superalgebras. A theory of twisted operators for integral lattice vertex operator
superalgebras and finite automorphisms that are lifts of a lattice isometry were studied in
[DL2] and [X], and the general theory of twisted modules for vertex operator superalgebras
was developed by Li in [Li2]. Certain specific examples of permutation-twisted sectors in
superconformal field theory have been studied from a physical point of view in, for instance,
[FKS], [BHS], [MS1], [MS2].

The case of V' a vertex operator superalgebra and V' ® V' being permuted by the (1 2)
transposition is the mirror map if V ® V, in addition to being a vertex operator superalgebra is
also N=2 supersymmetric (see for example, [Bar11]). This is one of the motivations for studying
this construction in detail in the case of free fermions. Although the free fermion vertex operator
superalgebras are not N=2 supersymmetric, they can be used to achieve supersymmetry via
tensoring with an appropriate bosonic theory as, for example, in [Barll]. In particular, a
mirror-twisted module for an N=2 supersymmetric vertex operator superalgebra is naturally a
representation of the “mirror-twisted N=2 superconformal Lie superalgebra”, cf. [Barl0] and
[Barll]. In [Barl3], further classifications and constructions involving this transposition mirror
map as well as other mirror maps for N=2 supersymmetric vertex operator superalgebras arising
from free fermions are given.
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1.2. The notion of vertex operator superalgebra

In this section, we recall the notion of vertex operator superalgebra, following the notation and
terminology of, for instance [LL], [Bar3]. Let z,x,x1,x2, etc., denote commuting independent
formal variables. Let 6(x) = ), ., ™. We will use the binomial expansion convention, namely,
that any expression such as (x; — x2)" for n € C is to be expanded as a formal power series in
nonnegative integral powers of the second variable, in this case xs.

A wvertex operator superalgebra is a %Z—graded vector space V. = ][] V5, satisfying

nG%Z
dimV < oo and V,, = 0 for n sufficiently negative, that is also Zs-graded by sign

V=vOQev® with vO= T[] v

n€Z+%
and equipped with a linear map
V — (End V)[[z, =™ ']], v Y(v,z) = Zvnxfnfl, (1)
nez

and with two distinguished vectors 1 € Vj, (the vacuum vector) and w € V, (the conformal
element) satisfying the following conditions for u,v € V:

up,v =0  for n sufficiently large; (2)

Y(1,z) =1 3)

Y(v,2)1 € V][z]] and lir%Y(v,x)l = v; (4)
T—

Ty — 21

) (“’”1 - “) Y (u,21)Y (v, 22) — (—1)llPlz s (

Zo

> Y(v,29)Y (u, x1) (5)

—x0

= x2_16 (zl _ mo) Y (Y (u,z0)v, x2)

Z2

(the Jacobi identity), where |v| = j if v € V) for j € Zy;

[L(m), L(n)] = (m —n)L(m +n) + %2(7713 = M)0min,0C (6)

for m,n € Z, where L(n) = wpy1, for n € Z, ie., Y(w,z) = Y., .5 L(n)z7" 2, and ¢ € C (the
central charge of V');

L(0)v = nv = (wtv)v for n € 1Z and v € Vj,; (7)
%Y(v,x) =Y (L(—1)v,x). (8)

This completes the definition. We denote the vertex operator superalgebra just defined by
(V,Y,1,w), or briefly, by V.

Given two vertex operator superalgebras (Vi,Yy, 1M, w®) and (Va,Ys,1?),w®), we have
that (V1 @ Va, v, 10 @ 1@, W 1@ 410 g w®?)) is a vertex operator superalgebra, where
Y is given by

Y (u1 @ ug, ) (v1 @ va) = (—1)“21111Y3 (g, 2)oy @ Ya(ug, x)vs, 9)
for U ® ug, v1 @y € V1 ® V.

Remark 1.1 As a consequence of the definition of vertex operator superalgebra, we have that
wt(vpu) = wtu + wtv —n — 1, for u,v € V and n € Z. This implies that v, € (End V) if and
only if v € VU for j € Zo, i.e. that v,V C y(itlv)mod2
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1.8. Automorphisms of vertex operator superalgebras and the notion of twisted module
An automorphism of a vertex operator superalgebra V' is a linear automorphism g of V preserving
1 and w such that the actions of g and Y (v, x) on V are compatible in the sense that

gYXv,x)g_lzz‘Y(gv,w) (10)

for v € V. Then gV,, C V,, for n € %Z.
If ¢ has finite order, V is a direct sum of the eigenspaces V7 of g,

v= ] V. (11)

where k € Z, is a period of g (i.e., ¢* = 1 but k is not necessarily the order of g) and

Vi ={v eV |gv=niv}, for n a fixed primitive kth root of unity.
Note that we have the following §-function identity

T — T z1 — 20\ * To+ T T9 +x -k
To ) T I
for any k € C.

Next we review the notions of weak, weak admissible and ordinary g-twisted V-module for
a vertex operator superalgebra V and an automorphism g of V of finite order k, as well as
the notion of “parity stability” for these various kinds of g-twisted V-modules. These are the
“standard” definitions, following, for instance [DZ1], [DZ3], [DH]. However, below we argue (see
Remark 2.2), that the more natural notion of “weak g-twisted V-module” should be that of a
“weak parity-stable g-twisted V-module”, and similarly for the notions of weak admissible or
ordinary g-twisted V-module.

Let (V,Y,1,w) be a vertex operator superalgebra and let g be an automorphism of V' of
period k € Zy. A weak g-twisted V -module is a vector space M equipped with a linear map

V — (End M)[[z'/%, 27 V¥, v YI(0,2)= Y e (13)

nG%Z

satisfying the following conditions for u,v € V of homogeneous sign and w € M:

vJw =0 for n sufficiently large; (14)
YI(1,z) =1, (15)
70 (“;”) Y, 1)V (v, 22) — (~1) s (“ ;“) Y9(0,22)Y?(u,m1)  (16)
0 —Zo
11 (g — 20)V/* ;
:9021% Z 0 (77]( 1 1/18) )YQ(Y(QJU:@"O)U,@)
JEL/KZ Lo

(the twisted Jacobi identity) where 7 is a fixed primitive kth root of unity.

We denote a weak g-twisted V-module by (M,Y9), or briefly, by M.

If we take g = 1, then we obtain the notion of weak V-module. Note that the notion of weak
g-twisted V-module for a vertex operator superalgebra is equivalent to the notion of g-twisted
V-module for V' as a vertex superalgebra, cf. [Li2]. In particular, the term “weak” simply
implies that we are making no assumptions about a grading on M.
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It follows from the twisted Jacobi identity that

Y9(v,x) = Z vl ! (17)

nEZJr%
for j € Z/kZ and v € V7, and thus we have

Y9(gv,x) = lim Y9(v,x), (18)

a/ky=1g1/k

where the limit stands for formal substitution.
Let (My,Y!) and (M2,Y]) be two weak g-twisted V-modules. A g-twisted V-module
homomorphism from My to Mo, is a linear map f : M; — M> such that

fFO (v, 2)w) = Y5 (0, 2) f(w) (19)

forv eV and w € M.

A weak g-twisted V-module may or may not have additional grading structures. These
possible grading structures fall into two different types: 1. Those involving the Zo grading
structure, i.e. by sign or parity. 2. Those involving the weight grading structure. The first type
leads to the notion of parity stability for a weak g-twisted V-module which detects whether the
module has a Zs-grading that is compatible with the Zs-grading of V. The second type leads
to the notion of weak admissible g-twisted V-module which detects whether the module has a
ﬁZ—grading compatible with the %Z—grading of V where k is the order of g. This second type
also leads to the notion of ordinary g-twisted V-modules which detects whether the g-twisted
V-module is graded by eigenvectors of the twisted LI(0) operator.

We now give the details for these different module definitions.

A weak admissible g-twisted V-module is a weak g-twisted V-module M which carries a
iZ—grading

M= ] M@ (20)

nGﬁZ

such that v, M(n) C M(n + wt v — m — 1) for homogeneous v € V, and M(n) = 0 for n
sufficiently small. If g = 1, we have the notion of weak admissible V-module.
An ordinary g-twisted V -module is a weak g-twisted V-module M which is C-graded

M =[] M\ (21)
AeC

such that for each A, dim M) < oo and M, /) = 0 for all sufficiently negative integers n. In
addition,
LI(0)w = \w for w € My, (22)

where L9(n) = w_ | are the modes for the twisted vertex operator corresponding to the Virasoro
element. We will usually refer to an ordinary g-twisted V-module, as just a g-twisted V-module.
We call a g-twisted V-module M simple or irreducible if the only submodules are 0 and M.

For an ordinary g-twisted V-module, M, we have the notion of graded dimension or q-
dimension, denoted dim,M, and defined to be

dim,M = trapg™’ O =e/24 = g=e/24 Z(dim Mg (23)
AeC
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A weak, weak admissible or ordinary g-twisted V-module M is said to be parity stable if there
exists a Zo-grading on M that is compatible with the Zs-grading of V' in the following sense:

09, M) C ppUHvhmod2 (24)
In this case, setting |w| = j for w € M (4), defining the parity map on M by
on i M —s M, w i (—1)%ly, (25)
and defining Y9 o oy by
Y90 oy (v,z) = Yoy (v),2) = (~1)"Y9(v, 2), (26)

we have that (M, YY) is isomorphic to (o5 (M), Y900y ) as weak (or weak admissible or ordinary)
g-twisted V-modules. Note that a vertex operator superalgebra V is always a parity-stable V-
module by Remark 1.1.

2. Parity-unstable modules arise as pairs of invariant subspaces of parity-stable
modules

The notion of parity stability features prominently in, for instance, [DZ1]-[DZ3], [DH]. However,
in this section, we show that all parity-unstable weak twisted modules appear as invariant
subspaces of parity-stable weak twisted modules. Thus it is enough to study the parity-stable
weak twisted modules and then restrict to the invariant subspaces of such modules to study the
parity-stable ones. This theorem was motivated by constructions involving free fermions such
as those given below in Sections 3.2 and 3.3.

Theorem 2.1 Let V' be a vertex operator superalgebra and g an automorphism. Suppose
(M,Ynr) is a parity-unstable weak g-twisted V -module. Then (M,Yy o ov) is a parity-unstable
weak g-twisted V -module which is not isomorphic to (M,Yar). Moreover (M, Yy )® (M, Yarooy)
is a parity-stable weak g-twisted V-module. In addition, if (M,Yy) is weak admissible or
ordinary, then (M,Yyrooy) and hence (M, Yar) ® (M, Yy oov) are weak admissible or ordinary.
In the case that (M,Y)r) is ordinary, then (M,Yyr) and (M,Yys o oy) have the same graded
dimension.

Proof: Suppose (M,Yyr) is a parity-unstable weak g-twisted V-module. Then it follows
immediately that (M, Yarooy) is a weak g-twisted V-module. If (M, Yy ooy ) were parity stable,
that would imply that there exists ops as in (25) such that (op (M), Yar ooy ooy) = (M,Yum)
is isomorphic to (M, Yy o oy ), implying (M, Y)) is parity stable. Thus (M, Yy, o o) is parity
unstable.

Now consider (M,Yyr) @ (M, Yy ooy ), and let

UM@M:M®M—>M@M, UM@M:(wl,wg)H(wg,wl) (27)
so that M @& M has a Zo-grading with respect to g given by
(M @& M) = {(w,w) |weM} and (M & M) = {(w, —w)|we M}. (28)

Then (opygm(M@M), (Yar®(Yarooy))ooy) is obviously isomorphic to (M &M, Y ®(Yarooy)).
The rest of the theorem follows in a straightforward way from the definitions. O
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Remark 2.2 Requiring weak twisted modules to be parity stable as part of the definition
gives the more canonical notion of weak twisted module from a categorical point of view, for
instance to allow for the tensor product of modules for two vertex operator superalgebras be
a module for the tensor product vertex operator superalgebra. (See e.g. (9)). In particular,
the notion of a weak V-module corresponding to a representation of V as a vertex superalgebra
only holds for parity-stable weak g-twisted V-modules, in that the vertex operators acting on
a weak g-twisted V-module have coefficients in End M such that, the operators vy, have a Zo-
graded structure compatible with that of V. For instance the operators v, for v € V, give
a representation of the Lie superalgebra generated by vg in End V if and only if M is parity
stable. This corresponds to V' acting as endomorphisms in the category of vector spaces (i.e.,
via even or odd endomorphisms) rather than in the category of Zs-graded vectors spaces (i.e.,
as grade-preserving and thus strictly even endomorphisms). However, it is interesting to note
that, as is shown in Section 7, for a lift of a lattice isometry, the twisted modules for a lattice
vertex operator superalgebra naturally sometimes give rise to parity-unstable modules. Thus
the notion of “parity-unstable module” does naturally arise in certain constructions.

3. Permutation-twisted free fermion vertex operator superalgebras and a
conjecture

We first recall the notion of free fermion vertex operator superalgebras following the notation of
[Bar11], but also in the spirit of [DZ2]. Then we recall the construction of parity-twisted modules
and construct the permutation-twisted modules following [DZ2]. Finally we make a conjecture
based on this example on the nature of the construction of (12 ---k)-twisted V®¥-modules for
k even and V any vertex operator superalgebra based on the example of free fermions.

3.1. Free Fermion verter operator superalgebras
Let b be finite-dimensional vector space over C equipped with a nondegenerate symmetric
bilinear form (-,-). Let d denote the dimension of b, let ¢ and = denote formal commuting
variables, and let U(-) denote the universal enveloping algebra for a Lie superalgebra (-).

Form the affine Lie superalgebra

b’ =p o t/2Clt, t7!] & Ck,
with Zo-grading given by sgn(a ®t") =1 for n € Z + %, and sgn(k) = 0, and Lie super-bracket

relations

k,b/1=0, and [a®t™, B®t"] = (a,B)0minok (29)
for @, 8 € h and m,n € Z + %. Then b/ is a ((Z + 1) U {0})-graded Lie superalgebra

V- I W

ne(zZ+1)u{o}
where 6{; =ht™ forneZ+ %, and 65 = Ck. It has graded subalgebras
bl =pot/2Clt™!] and B =pot/2C).

Note that 6f = 6{ @ ﬁi @ Ck, and note that 6f is a Heisenberg superalgebra.
Let C be the (6’: @ Ck)-module such that 6{ acts trivially and k acts as 1. Let

V%g = U(F)f) ®U(6£€B(Ck) C~ /\(6i)7
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so that Vf%fl is naturally isomorphic as a ﬁf -module to the algebra of polynomials in the

anticommuting elements of 6{;
Let aehand neZ+ % We will use the notation

a(n) =axt".
Then Vf% is a h/-module with action induced from the supercommutation relations (29)
given by
kp(-m)1 = p(-m)1 (30)
am)B(-m)1 = (a,B)dmnl (31)
a(-n)B(-m)1 = —B(-m)a(-n)1 (32)

for a, 3 € h and m,n € N+ % That is letting {oz(l), a® .. , oD} be an orthonormal basis for
bh, we have

VEd = A [a(j)(—n) )j: 1,...d, neN+%] (33)

where k acts as 1, and for j = 1,...,d and n € N+ %, the operator a(j)(n) acts as the partial

derivative with respect to a\¥)(—n), and the operator a'¥)(—n) acts as multiplication.
For a € b, set

HE%+Z

Define the normal ordering operator ¢ - 2 on products of the operators a(n) by

°a(m)A(n)° = { a(m)B(n) ifm<n (35)

—B(n)a(m) ifm>n

for m,n € Z + %
For v = ay(—n1)as(—n2) - - (—nm)1 € Vier, for a; € h,nj e N+ 3, and j =1,...,m and
m € N, define the vertex operator corresponding to v to be

Y (0,2) =2 (8,,_101(0)) (8, 100(@)) -+ (9, _1am(@)) & (36)

2

where for n € N, we use the notation 0, = % (%)n.
Note that

[Oé(j)(xl)ya(k)(x2)]:(5j7k<( L - L > (37)
),

implying that the aU)(z) = Y (a9 (-1/2)1,
fact, setting

for j = 1,...,d, are mutually local. And, in

1 . ,
w=; > all(=3/2)a)(-1/2)1, (38)
j=1
we have that (V%‘?, Y,1,w) is a vertex operator superalgebra with central charge d/2. V%g is
called the d free fermzon vertex operator superalgebra.
When d is even, Vf%f is precisely the vertex operator superalgebra studied in [FFR] denoted

CM(Z + %), although in [FFR] a polarized basis for b is used as we will do also below, as in
Equation (43).
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The graded dimension of V%g using the %Z—grading of Vf‘%f by eigenvalues of L(0) is

dimqvf%g =4q —e/24 Z dlm Vf%f nq =4q —d/48 H n 1/2 f(Q)da (39)

ney; 1z nEl4

where f(q) is a classical Weber function [YZ]. A simple calculation shows that in fact

f(q) = #&;/2), where 7(q) = ¢"/** [l.ez, (1 —¢") is the Dedekind n-function.

In addition, the superdimension of a vertex operator superalgebra V = V0@ V! is sometimes
of interest. It is defined to be sdim,V = dimqV(O) — dimqV(I). Thus the superdimension of V.,
is

sdimVyer = ¢~ " T[ (1-¢""*)? = 1i(g)? (40)
TLGZ+
where f1(q) is also a classical Weber function. Observe that fi(g) = 77(1;1(71(]/)2).

Remark 3.1 In addition to the two classical Weber functions, f and f;, there is a third classical
Weber function, denoted f2 and given by

fa(q) = v2¢"** T 1+ ¢") = Vo) (41)

el n(q)

This third classical Weber function, f2, will appear in Section 3.2. These three Weber functions,
f,f1, and fo, form a set that is SL9(Z)-invariant up to permutation and multiplication by 48th
roots of unity [YZ].

Finally, we note that Vy.,, and thus Vf%f,l, is not only rational, but is self-dual as a vertex

operator superalgebra (cf. [FFR|, [KW], [Lil]), i.e., the only irreducible Vy.-module is Ve,
itself.

3.2. Parity-twisted free fermions
Form the affine Lie superalgebra

b/lo] =h®C[t,t '] & Ck,

with Zg-grading given by sgn(a ® t") = 1 for n € Z, and sgn(k) = 0, and Lie super-bracket
relations .
k,b/[0]] =0, and [a®t™, B@t"] = (a, B)minok (42)

for a, B € h and m,n € Z. Then 6f [0] is a Z-graded Lie superalgebra

o) =TT 6 lon

neL

where Gf[a]o = haoCk, and ﬁf[a]n =ht " forn#0. And ﬁf[a} is a Heisenberg superalgebra.

If dimbh = d is even, i.e. d = 2, then we can choose a polarization of § into maximal isotropic
subspaces a*. That is a® both have dimension I, and satisfy (a*,a™) = (a”,a”) = 0, and
@)

we can choose a basis of a™, given by {ﬂ(_l), B
{ﬁ+ , + ,...,BJF } such that <B(j Srn)> = 0jn-
If dimbh = d is odd, i.e. d = 2] + 1, then we can choose a polarization of h into maximal

isotropic subspaces a*, each of dimension [, and a one-dimensional space ¢, so that h = a~@at e,
and such that (a®,¢) =0, and ¢ = Ce with (¢, €) = 2.

,...,59)}, and a dual basis for a™, given by
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Remark 3.2 If {a(l), a®, oz(d)} is an orthonormal basis for h with respect to the symmetric
bilinear form, then a polarization for h can be given as follows: For d either 2 or 2] + 1, set

‘ 1 . .
ﬁg) = 7 (a(ﬂ) + ia(]-l-l)) (43)

for j = 1,2,...1. Then a* = spanc{ﬁg),ﬁg), . ~,B§:l)} gives a decomposition into maximal
polarized spaces. If d = 21 + 1, then set ¢ = v2a(®. Note that (43) is equivalent to

o = L (59 + 59 and a0+0 = =1 (8 — 89 for j=1,...,L
Then b/ [0] has the following graded subalgebras
Blo)s =betIC]  and  blo] = b tCl],
and we have bf[o] = bf[o]_ @ h @ h/[0]; ® Ck. In addition, b/ [o] has the subalgebras
b/lo]y @at  and  blo]-@a”

for d even and

bl o] @at @e and b/ lo]- ®a”
for d odd. . .

Let C be the (h/[0]_ @ a~ @ Ck)-module such that h/[o]_ @ a~ acts trivially and k acts as
1. Set

M, = U([)f[g]) ®U(6f[g]_@a—@@k) C. (44)

Then as a vector space, we have
vec.sp. /\(ﬂf[a]+ ®at) if d is even
M, ~ 2 , 45
{ A/ [o]+ ®at @e) if disodd (45)

where if d is even, this is also an associative algebra isomorphism, but if d is odd it is not; rather,
if d is odd, M, is a Clifford algebra but not an exterior algebra.
Let a € h and n € Z. We use the notation

a(n) = a®t" € b’[o]

where the overline is meant to distinguish elements of ﬁf [o] from elements of 6, used to construct
the free bosonic theory.

Then M, is a hf[o]-module. For d even, the action induced from the supercommutation
relations (42) is given by

~ kBm)1 = p(=m)1 (46)
a(n) B(—m)1 = (a,B)dmnl (47)
a(-n)B(-m)1 = —B(-m)a(-n)1 (48)

for either (i) a, 8 € h and m,n € Zy; (i) a € h, B €at, m=0,and n € Z,; or (iii) a € a~,
B€h,n=0,and m € Z,; and

a(0)8(0)1 = (a,B)1 (49)

if « € a” and B € a™, and where here 1 = 1;, = 1.
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For d odd, the action induced from the supercommutation relations are given by (46)—(49)
as well as

ke(0)1 = €(0)1, a(0)€(0)1 =0, (50)
B(0)e(0)1 = —€(0) ()1, €(0)€(0) = %(676>1, (51)

foraca ,Beat, and € € e.

In particular, letting {Bg ) Bf ), e (l)} be the bases for the polarized spaces a* as defined
in Remark 3.2, and if d is odd, letting ¢ = Ce with (e, e) = 2, then we have

M, = A[/B(_j)(—m)l, ﬁf)(—n)l‘ méeZy,neN, and j = 1,...,l]

for d even, and in this case, the identification is as an associative algebra. For d odd, we have

M, = A[B(_j)(—m)l, 5g)(—n)1, e(—n)1 ‘ m € Z4y,n €N, and j = 1,...,[}

where in this case, the identification is as a vector space but not as an associative algebra. As an
associative algebra with identity, M, for d odd is the Clifford algebra generated by b/ [o]; Dat @e
with the corresponding symmetric bilinear form.

That is, for d even, k acts as 1, and for j = 1,...,[, and n € Z,, the operator ﬂi‘j)(n) acts

as the partial derivative with respect to Bg ) (—n), the operator ,Bij )(—n) acts as multiplication

by ﬁg)(—n), the operator B(_j)(O) acts as the partial derivative with respect to Bg)(O), and the

operator (3 Jrj (0) acts via multiplication. If d is odd, then we have the operators as above in
addition to the operators e( ) for n € Zy, which act as two times the partial derivative with
respect to €(—n), and the operators e(—n) for n € N, which act as multiplication with the
condition that €(0)e(0) = 1.

For o € b, set
—_— 1
a(z)’ = Z a(n)z™" "2, (52)
nez
Then for the orthonormal basis of §, a9/, for j =1,...,d, we have
[a(j)(xl)o’ a(k)( 2)°] = 6,k xi/Q ;1/2 < 1 _ 1 > (53)
(r1 —x2) (—z2+471)

[

for j,k =1,...,d, implying that the a(j)(ac , for j =1,...,d, are mutually local.
For v € Vf%f, define Y7 (v,z) : My — M,[[z"/?,27/?]] as follows: For o € h, n € N+ 1/2,

and u € Vf%f, let

=) e 54
T o

: (%15 (xlx; “") a(z1)7Y (u, ) — (—1)llagts <"’“"__£1> Ya(u,x)a(a;l)ff> .

Then since Vf%f = (V) (=1/2)1 | j = 1,...,d), equation (54) defines Y7 (v,z) iteratively for
any v € V%ﬁl

Y7 (a(-n)u,r) = Y7 (a_,_1/2u, ) = Resz, Resy, (
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Recalling that the Virasoro element, wy.,, for the free fermionic vertex operator superalgebra

Vf%‘? is given by (38), we have

Y (Whers T ZY“ (—1/2) 209 (=1/2)1,2) =Y L7 (n)a™ "2, (55)

ne”

and thus

5

J=1

m , . d
— ) al@)(=n) al) —
(n+2>a3( n)aj(n+m)+165m,0. (56)

3
VﬁM
I m

N

2
From this it follows that [L"(—l),Y”(a(j)(—l/Q)l,:c)] = dd Y?(a)(-1/2)1,z). Thus from
[Li2], we have that M, is a weak o-twisted module for Vf@;r. It is also admissible. In [FFR], if
d is even, M, is denoted by CM(Z).

By [Li2] as well as [DZ2], in the case that d = dim ) is even, M, is irreducible and is the only
irreducible admissible o-twisted module for Vf‘%g, up to isomorphism. It is parity stable and is
also an ordinary o-twisted Vf%f—module, as we will see below when we discuss the L?(0)-grading
and the Zo-grading.

In the case that d is odd, M, is irreducible as a parity-stable module but reduces to the
direct sum of two irreducible parity-unstable subspaces, and these two are the only irreducible
admissible parity-unstable o-twisted modules for Vf@);g, up to isomorphism. In this case, setting

m)l‘m€Z+,n€N, and j =1,...,1

W= A [59><—m>1, ()1, o

and letting W = W% @ W! be the decomposition of W into even and odd subspaces, these two
irreducibles are given by

MZE = (1 + o )1) WO @ (1 ¥ @1) wl, (57)

and we have M, = M, @& M. That MF are in fact ordinary o-twisted modules for Vf%f and

parity-unstable, we shall see now by discussing the L"(O)—grading and the Zy-grading.
In terms of the polarization of h with respect to the basis o), we have from equation (56)

; d
Yy (89 ) 890m) + s ) 8Pm) ) + 1+ 5 (59)
j=1meZy
where if d is even, L' = 0, and if d is odd, L' = %ZmEZ.,_ me(—m) e(m). Thus for j =1,...,1,
and m € Z, the L7(0) grading is given by

) d ROV d
wt1 =wt 87 (0)1 = g and wt BY (—m)1 =m + o (59)
for d = 2I, and if d is odd, we also have
te(0)1 = 4 and wt (—m)L=m+ 4 (60)
€ =1’ a wt € =m 6
Therefore, for d even, the graded dimension of M, is
dimgM, = q~/** Y (Mo)rg* = q~¥*8¢¥102%2 TT (1 + ¢ = fa(g)* (61)

AeC nEZ+
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where f2 is a classical Weber function as discussed in Remark 3.1. For d odd, the graded
dimension of M, is

diquo' _ q—d/48qd/162(d+1)/2 H (1+qn)d _ \/ﬁh(q)d’ (62)

neZy

and the grading of each of the two submodules M is exactly half that of the graded dimension
of M,.

Lemma 3.3 If d is even, then the unique up to equivalence irreducible parity-twisted module
for d free fermions M, is a parity-stable twisted module. If d is odd, then the two unique
up to equivalence irreducible parity-twisted modules MUi for d free fermions are parity-unstable
invariant subspace of M,. In addition, M, = M)} & M is a parity-stable twisted module and
1s 1rreducible as a parity-stable twisted module.

Proof: We first show that M, is parity stable for d even or odd. Define a Zy-grading on M,
via the natural Zs-grading on A(h[o]+ @ a™) for d even and via the natural Zs-grading on
Aol @ at @¢) for d odd. That is w = B1(—n1)B2(—n2) - B(—nm)1l € M7 for nj € Zy if
Bj € 6[0]+ and n; € N if 3; € at & ¢ has odd parity if m is odd and even parity if m is even.
Then Y7 (oW (-1/2)1,2) - w = oW (z)? -w = ¥, yan) - wz™ Y2 is contained in
M§m+1)m0d2[[a:1/2,:n_l/z]], implying vg - Méj) C Mo(-ijl)mOdQ for all v € V%ﬁl and w € M,.
However, for d odd, considering the irreducible modules M=, we have, for instance

Yo (e(=1/2)1,2) - (1 £ €(0)1) = £(L £ e(0) 1)z > + (1 Fe(0)1) Y e(n)la ™2 (63)
—n€Zy

Thus there exists no Zs-grading on M such that this lowest weight vector (1 4 €(0)1) has a
parity compatible with the Zs-grading of V%g. Il

From Theorem 2.1, we have that (M, ,Y? o o) must be a parity-unstable parity-twisted
module that is isomorphic to (M, Y?). This isomorphism is given explicitly by

f:M(,+ — M, (64)
((1+T0)1)w0,(1—@1)w1) o ((1—@1)w0,—(1+@1)w1),

for w; € W for j =0,1.

3.3. Permutation-twisted modules for free fermions

Now we turn our attention to tensor product vertex operator superalgebras. Let V = (V)Y 1,w)
be a vertex operator superalgebra, and let k be a fixed positive integer. Then V®* is also a
vertex operator superalgebra, and the permutation group S; acts naturally on V®F as signed
automorphisms. That is (j j + 1) (01 @2 ®@--- @) = (=) itl(v; @ve @ -+ vj_1 Qvj1 @
Vj ® Vj42 @ - - ®vy), and we take this to be a left action so that, for instance

12 k): VRV - V—0VVe -V (65)
1)1®U2®-~-®v1€r—>(—1)'”1|(|”2|+"'+|v’“|)vg®v3®--'®Uk®v1.

Letting V' = Vy,,, we have that g = (1 2---k) acting as a signed permutation on Vf%ff is a
lift of the following permutation on b, the k-dimensional Heisenberg Lie superalgebra used to

construct Vf%f : Let a9, for j = 1,...,d = k be an orthonormal basis for § as before. Then

(12---k):CaV@CaP @ @ Ca® — CaV e Ca® @---aCa®  (66)

(61,62,...,Ck) —> (CQ,Cg,...,Ck,Cl),
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that is (12---k)al) = aU=Y for j = 1,..., k where a{=Y is understood to be a!¥).

Defining h° = {h € b | gh = h}, we have that h* = CS with 3 = 2?21 ald),

Thinking of h as a purely odd super vector space, we also have a parity map on b denoted by
o, which of course just acts as multiplication by —1. Then defining §%* = {h € b | goyh = h},
we have that h% = {(c1,ca,...,ck) € b | ¢j = —c¢jp1 for 1 <j<k—1andc¢, =—c1}. So that
h%* is of dimension 1 if k is even and is of dimension 0 if k is odd.

Since from the first author’s work in [Barl2], we already have a unified construction and
classification of all (1 2 --- k)-twisted V®¥ modules for & odd and V any vertex operator
superalgebra, we turn our attention here to the case when k is even, following [DZ2]. In this
case, according to [DZ2], we should obtain two equivalence classes of irreducible parity-unstable
(12 .- k)-twisted Vf%f modules for k even.

Letting g = (12 --- k) for k odd, we consider the goy-eigenspaces

b, = {h €| goyh=n"h} Cb, (67)

for 1 a fixed primitive kth root of unity. And so in terms of our discussion above, h%* = h{o)' (In

the notation of [DZ2], we have h{n) = H™.) We use the f superscript to denote this fermionic
setting as opposed to the bosonic setting of the lattice we will encounter latter in Section 5.

We have h = HneZ/kZ h{n), where we identify b(fn mod k) with h{n) for n € Z. For n € Z/kZ,
/

denote by P, : h — h(n, the projection onto h{n), and for h € h and n € Z, set
h(n) = Py mod k)h- In general, we have that for h € h and n € Z,

1 i .
hwy = 1 21" (goy)'h. (68)

Then it is clear that dim h{n) =1, for 0 <n < k-—1. In fact, O‘Erll)) can be taken as a basis for

each h{n).
Viewing b as an abelian Lie superalgebra concentrated in the odd component, let
bl = T b @ 1" @ Ck (69)
nE%Z

with Zs-grading given by sgn(a ® t") = 1 for n € %Z, and sgn(k) = 0, and Lie super-bracket
relations

k,b/[g]] =0, and [a®@t™,B@t"] = (@, 5)0n+nok (70)
for a € bf(km), B e hf(,m), and m,n € %Z. Then 6f[g] is a %Z—graded Lie superalgebra

b/lgl = [] b/lgln

nE%Z

where ﬁf[g]o = h{o) @ Ck, and ﬁf[g]n = Bgn) ® 7" for n # 0. And ﬁf[g] is a Heisenberg
superalgebra.
Then h/[g] has the following graded subalgebras

Gf[g]-l- = H hf(kn) ® tn> and Gf[g]— = H []f(kn) ® tna (71)

n<0 n>0
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and we have b/[g] = b/[g]- @ b @ 6/[g]...
Let C be the 6f[g], @ Ck-module such that ﬁf[g}, acts trivially and k acts as 1. Set
M, = U 9)) 9y r14_oc C (72)
Then as a vector space, we have
M,y =" AB 9]y @ b)), (73)
Let a e hand n € %Z. We use the notation
a(n)? = a®t" € h/[g).

Then M, is a hf[g]-module. The action induced from the supercommutation relations (70) is
given by

KG(-1 = (1)1 (74)
a(mB-m)1 = (@), B (75)
o(-nBmP1 = —(-m)a(-n)’1 (76)

a(08(001 = Slag. o)l (77)

for a, 8 € h, m,n € %ZJF and [ € %N. (Here 1 = 1 € M,.) As an associative algebra with
identity, M, is the Clifford algebra generated by b/ [g]+® b{o) with the corresponding symmetric
bilinear form.

For a € b, set
1
a(z)? = > an)z "z, (78)
nelZ
Then for the orthonormal basis of h, a9/, for j = 1,...,k, we have
[a(j) (21)? a® (22)9] = 15.15 a2 —mme1/2 1 _ 1 (79)
(km) » 7 (kn) ko 1 2 ({L‘l — 1'2) (—1'2 + 1‘1)

for j,l=1,...,k and m,n € %Z implying that the a(j)(:c)g, for j =1,...,k, are mutually local.
For v € Vf‘%’f, define Y9(v,z) : My — M,[[z/* 2=/*]] as follows: For a € f){r), neN+1L,
and u € Vir, let

21 —xo\"* _alip
) g (30)

. < ~15 < x> a(x1)IY9(u, x) — (—=1)lzgts <x — xl) Y9(u, x)a(x1)9> :

Y9(a(—n)u,x) = Y9(a_,_1/5u, r) = Resy, Resy, <

o —Z0

Then since Vf%]f = (aU)(=1/2)1 | j = 1,...,k), equation (80) defines Y9 (v, z) iteratively for
any v € Vf%f.

Recalling that the Virasoro element, wye,, for the free fermionic vertex operator superalgebra
V®d is given by (38), a nontrivial computation shows that

2
_kZ Z (n+ 2 =Y ot /R0t m— /) + 250 s1)
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One should compare this with (56).

From (81) it follows that [Lg(—l),Yg(a(j)(—l/Q)l,x)} = %Yg(a(j)(—l/Q)l,x), and thus,
following [Li2], M, is a weak g-twisted Vf%ff—module. It is also admissible.

Similarly to the situation in the parity-twisted case, the admissible g-twisted module, M,
reduces as the direct sum of two irreducible parity unstable admissible g-twisted modules, and
according to[DZ2], these two irreducibles are the only irreducible admissible g-twisted modules
for Vf%f, up to isomorphism.

Note that My, = A [agig(—n)gl |r=0,....k—1, ne N+ ﬂ Thus setting a = kagég =
o —a@ £l 4. oD _ (B then h{o) = h% = Ca. Let € = ——a so that b{o) = Ce
and (e,€) = 1. Set

8

W =A [e(—m)gl ) for m € Zy., } (82)

and let W = W9 @ W' be the decomposition of W into even and odd subspaces. Then these
parity-unstable subspaces of the irreducible parity-stable module M, are given by

MF = ((1£ €0)1) W & (15 €(0)71) W) (83)

oA [agig(—n)ﬂ ‘ r=1,..,k—1, neN+1,
Then we have My = M, & M, g"’ is an ordinary parity-stable irreducible g-twisted Vf%f—module
and M, gi are parity unstable invariant subspaces of My, i.e. parity unstable irreducible g-twisted

Vf%ff—modules.
From (81), we have that the L9(0) grading on M, is given by

k2 +2 1 k2 +2
= and wt agrg(—n)gl =n+ T (84)

forn e N+ 7 and r=0,...,k — 1. Thus the graded dimension of M, is

dimgM, = 2"/ *qW2/E0TT (14 ¢m) = V2fa(¢"/"). (85)
HG%Z+
8.4. A conjecture for (12 --- k)-twisted V=¥ -modules for k even and V any vertex operator

superalgebra
We make the following two observations, Remarks 3.4 and 3.5, to motivate the conjecture we
are about to make.

Remark 3.4 Comparing the graded dimension of the o twisted Vy.,-module, M, to the graded
dimension of the (12 --- k)-twisted Vf%f module, My, we have that

dimg My = V2fa(q"*) = dim i/ M,. (86)
This relationship of ¢ — ¢'/* between graded dimensions was in the past observed in the vertex
operator algebra setting between untwisted V-modules and (1 2 --- k)-twisted V®*-modules for
k even or odd, and was one of the original motivations to the proof that these two categories of
modules are in fact isomorphic given in [BDM]. That is, it had been observe that the graded
dimension of a (1 2 --- k)-twisted V®-module was the same as the graded dimension of a
V-module but with ¢ replaced by ¢'/*. In [Barl2], the first author showed that in the case
when V' is a vertex operator superalgebra, the extension of the construction in [BDM] to an
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isomorphism of categories between untwisted V-modules and (1 2 --- k)-twisted V®*-modules
exists in general for a vertex operator superalgebra V if and only if k is an odd positive integer.
Motivated by the relationship between M, and M, observed here, we make the conjecture below,
Conjecture 3.6, that for k even, the categorical correspondence is between (1 2 --- k)-twisted
V®*_modules and parity-twisted V-modules.

Remark 3.5 In addition, we have that both the modules M, and M, split into parity-unstable
invariant subspaces. This was another one of the motivating examples for Theorem 2.1 as well
as further evidence to bolster our conjecture given below, Conjecture 3.6.

These two observations given above, as well as recent constructions given by the second
author, and certain observations given by the first author in [Barl2], leads us to the following
conjecture.

Conjecture 3.6 If V is a vertex operator superalgebra, and k is an even positive integer,

then the category of weak (parity-stable) (1 2 --- k)-twisted VE*-modules for k even is
isomorphic to the category of weak (parity-stable) parity-twisted V-modules. In addition, the
subcategories of weak admissible and ordinary (12 --- k)-twisted V®*-modules are isomorphic

to the subcategories of weak admissible and ordinary parity-twisted V -modules, respectively.
Furthermore, all the various subcategories of parity-unstable invariant subspaces, i.e. parity-
unstable submodules, coincide.

Note that this is in contrast to the results of the first author in [Barl2] where we prove the
following:

Theorem 3.7 ([Bar12]) If V is a vertex operator superalgebra, and k is an odd positive integer,
then the category of weak (parity-stable) (12 --- k)-twisted V®*-modules is isomorphic to the
category of weak (parity-stable) V-modules. In addition, the subcategories of weak admissible
and ordinary (1 2 --- k)-twisted V®*-modules are isomorphic to the subcategories of weak
admissible and ordinary V-modules, respectively. Furthermore, all the various subcategories of
parity-unstable invariant subspaces, i.e. parity-unstable submodules, coincide.

In addition, in [Barl2], an explicit construction of the weak, weak admissible, and ordinary
(12 -+ k)-twisted V®*-modules for k¥ odd is given in terms of the weak, weak admissible and
ordinary V-modules.

4. Lattice vertex operator superalgebras

We recall the notion of a lattice vertex operator superalgebra following the notation and
terminology of [FLM3| and using the setting and results of, e.g. [Lel], [FLM2], [DL1], [X],
and [DL2].

Let L be a positive-definite integral lattice, with nondegenerate symmetric Z-bilinear form
(+,+). We introduce a lattice L with an isometry v, and two central extensions, Land L,. (There
should be no confusion between this use of the symbol L and the operators L(n) for the Virasoro
Algebra). The lattice L together with the central extension L will be used to construct a vertex
operator super algebra V7. The central extension L, will be used in Section 5 to construct a
space VLT on which Vj, acts via twisted vertex operators. In Section 7.1, v will be specified to
the —1 isometry and a certain lift # on L, to construct the twisted modules we are interested
in.

Let k be a fixed positive integer. The following initial assumptions and conditions are
assumed.

1. Let L be a positive definite integral lattice with nondegenerate symmetric Z-valued bilinear
form (-, ), i.e. L is a finitely generated abelian group with positive definite symmetric Z-bilinear
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form (-,-): L x L — Z.
2. Let v be an isometry of L with period k& (k need not be the order of v, and in fact will be a
period that is not the order in the particular case in which we will be interested).
3. We fix a primitive kth root of unity 7. Set 19 = (—1)*n, so that 7y is a primitive 2kth root
of unity if k is odd, and 19 = 1 remains a primitive kth root of unity if k£ is even.

Since L is integral, we can give it a natural Zy-grading

L=I°UL', L'={aeL| (o,a)ec2Z+j} (87)

and LY is an even sublattice of L. We will use the notation |a| = j for a € L.
Note that

. e
; la| + 27 if k is odd
Z_; Va, o) { la| + (V*/%2a,a) + 27 if kis even (%)

.

In addition,

k—1 e
Gria, a) { kZ if k is odd (89)
=0

E(wh2a,a) + kZ if kis even

<.

Remark 4.1 If k is even and (v¥/2a, a) € 27 + |, which can always be arranged by doubling
k if necessary, then the expressions in 88 and 89 are in |a| + 2Z and kZ, respectively. For
the purposes of this paper, we always assume that if & is even, then (Vk/za,oz) € 27 + |a.
That is we do indeed double k if necessary. However in the setting of permutation-twisted
modules for lattice vertex operator superalgebras, this can not be done. That is, following but
extending [BHL], taking L to be the orthogonal sum of k copies of K for k even and considering

= (12 --- k) acting on L in the natural way, then we have (1*/2a,a) € 2Z. But doubling k
results in a lift that is of order 2k, i.e. that is not the permutation automorphism on the tensor
product lattice vertex operator superalgebra. This is another illustration of the fundamental
difference between the nonsuper case or the super case for k odd versus the super case for k
even in the permutation twisted setting.

Let ¢ = k if k is even, and g = 2k if k is odd. We define the v-invariant functions

Co:LxL—C*, (a,) = (—1)@Bh+ab) (90)
C:LxL—C*, (o0,f) (_1)<0¢7a><ﬁ,5>+2§;3(Vja,ﬂ>nZ§;é<jVja,ﬂ> (91)
k—1
— (—1) @G T] ()8
5=0

Note that Cp and C' are bilinear into the abelian group C*; i.e., C(a+8,v) = C(a,v)C(8,7)
and C(a, B +7v) = C(a, B)C(e,7), for a, B,y € L, and similarly for Cy. In addition, we have
Co(a, ) = 1, and by (88) and (89), we have C(a, a) = 1. Moreover, C(3,a) = C(a, )71

The maps Cy and C determine uniquely (up to equivalence) two central extensions of L by
the cyclic group (no),

1— (o) — L—L — 1, (92)

1— (o) = L,—L — 1, (93)
with commutator maps cg and cfj, respectively, i.e., such that

aba~ b1 for a,be L, (94)
aba"tvt = C(a,b) for a,be L,. (95)

|
£
—~

QI

S
~~
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There is a natural set-theoretic identification (which is not an isomorphism of groups unless
k =1 or k = 2) between the groups L and L, such that the respective group multiplications x
and x, are related by

axb— H (_nj)<V 'ab), X, b for a,be L. (96)
0<j<k/2

Note that this is the exact same relationship as in the even lattice case treated in [FLM2], [Lel],
and [BHL]. Observe further that since Cy is v-invariant, if we replace the map ~ in (92) by vo 7,
we obtain another central extension of L by (1) with commutator map Cy. By uniqueness of
the central extension of L, there is an automorphism o of L (fixing 7o) such that ¥ is a lifting
of v, i.e., such that

(va) =va for ae€ L. (97)

The map © is also an automorphism of L, satisfying
(ba) =va for a€ L, (98)
Moreover, we may choose the lifting & of v so that
va=a if va=a (99)

(see (134) below).

We now use the central extension L to construct a vertex operator superglgebra Vi, equipped
with an automorphism & of period k, induced from the automorphism  of L. This is essentially
a specialized case of the “unrelativised operators” in Section 2 of [DL1], [DL2] and of [X].

Embed L canonically in the C-vector space h = C ®z L, and extend the Z-bilinear form on
L to a C-bilinear form (-,-) on h. The corresponding affine Lie algebra is

h=hoCltt ' @ Ck, (100)
with brackets determined by
kb]=0 and  [a®t",B@ "] = (a,B)mbpinok (101)

for a,8 € b, and m,n € Z. Then h has a Z-gradation, the weight gradation, given by
wt(a®t") =—n and wtk =0, for « € h and n € Z.
Set
bt =h®tClt] and h~ =ph @t 'C[t']. (102)

The subalgebra GZ = 6+ @ 6_ @ Ck of 6 is a Heisenberg algebra, in the sense that its
commutator subalgebra equals its center, which is one-dimensional. Consider the induced b-
module, irreducible even under bz, given by

M(1) = U(h) ®upecieck) C = S(h7)  (linearly), (103)

where h ® CJt] acts trivially on C and k acts as 1, U(-) denotes universal enveloping algebra and
S(-) denotes symmetric algebra. The h-module M (1) is Z-graded so that wt1 = 0 (where we
write 1 for 1 ® 1)

= I M@)n, (104)

neN

where M(1),, denotes the homogeneous subspace of weight n.
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Form the induced L-module and C-algebra
C{L} = C[L] ®c|yy C ~ C[L] (linearly), (105)

where C[] denotes group algebra. For a € L, write ¢(a) for the image of a in C{L}. Then the
action of L on C{L} is given by

a-u(b) = t(a)e(b) = t(ad) (106)
for a,b € L. We give C{L} the C-gradation determined by
1 .
wti(a) = 5(&,&) for a € L. (107)
Also define a grading-preserving action of h on C{L} by
h-u(a) = (h,a)ca) (108)
for h € b, and define )
" u(a) = 2 (a) (109)
for h € h. Set A
Vi = M(1)®cC{L} ~ S(h™)®C|[L] (linearly) (110)

and give V7, the tensor product C-gradation

Vi = H(VL)n. (111)
neC
We have wt (1) = 0, where we identify C{L} with 1 ® C{L}. Then L, bz, h, 2" (h € b) act
naturally on V}, by acting on either M (1) or C{L} as indicated above. In particular, k acts as
1.
For o € b, n € Z, we write a(n) for the operator on Vi, determined by a ® t". For « € b, set

a(z) =Y a(n)z " (112)
nez
We use a normal ordering procedure, indicated by open colons, which signify that the enclosed
expression is to be reordered if necessary so that all the operators a(n), for a € b, with n < 0,
as well as the operator a for a € L, are to be placed to the left of all the operators a(n) and z?,
for « € h and n > 0, before the expression is evaluated. For a € f), set

Y(a,z) = ¢ @@=z a0 (113)
using an obvious formal integration notation. Let a € [:, A1y €0, 01, ... 0y € Zy and
set

v = ai(=n)- - am(=nm) @ula) = ai(=n1)---am(=nm)-la) € VL. (114)
Define
Y(v,2) = ¢ (On—101()) -+ (On,—10m(2)) Y (a, ) ¢, (115)
where again, for n € N, we use the notation 0, = % (%)n. This gives us a well-defined linear
map
Ve — (End Vp)[[z,z7 Y]], v Y(v,2)= Zvnac—”_l. (116)
nez

Set1=1=1®1¢€ Vy and w = & S8, (—1)h;(~1)1, where {h;|j = 1,...,dimb} is an
orthonormal basis of h. Then V; = (V1,Y,1,w) is a vertex operator superalgebra of central
charge ¢ = dimh = rank L. For a proof that this is a vertex operator superalgebra, see for
instance Chapter 6.1 of [X].
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Remark 4.2 The construction of the vertex operator superalgebra V7, depends on the central
extension (92) subject to (94), and hence on the choices of k € Z and the primitive root of unity
1. But it is a standard fact that V7, is independent of these choices, up to isomorphism of vertex
operator superalgebras preserving the ﬁ—module structure; see for instance Proposition 6.5.5,
and also Remarks 6.5.4 and 6.5.6, of [LL]. In particular, Vi, as constructed above is essentially
the same as V7, constructed from a central extension of the type (92) subject to (94) but with
the kernel of the central extension replaced by the group (£1). For the purpose of constructing
twisted modules, it is valuable to have this flexibility, and we will use this property of lattice
vertex superalgebras below in Section 5.

5. Twisted modules for a lattice vertex operator superalgebra and a lift of a
lattice isometry
Following [Lel], [FLM2|, [FLM3], [DL2], [X], we recall the construction and classification of
v-twisted Vp-modules for a general lattice isometry v and a lift D.

Following [Lel], but extended to integral lattices, we note that the automorphism v of L acts
in a natural way on b, on h (fixing k) and on M (1), preserving the gradations, and for u € b
and m € M(1),

v(u-m)=v(u)-v(im). (117)
The automorphism v of L lifted to the automorphism # of L satisfies
v(h-u(a)) =v(h)-via), (118)

for h e hand a € L, and for b € L we have
(e(a)(d)) =v(a- (b)) = v(a) - vu(b) = i(a)iu(b), (119)

p(z - 1(a)) = '™ - du(a). (120)

Thus we have a natural grading-preserving automorphism of Vp, which we also call ©, which
acts via ¥ ® U, and this action is compatible with the other actions

via-v) = v(a)-v(v) (121)
v(u-v) = v(u)- () (122)
ol v) = "W () (123)

fora € L, u € 6, h € h, and v € Vg, so that ¥ is an automorphism of the vertex operator
superalgebra V..
Recalling our fixed primitive kth root of unity n from Section 4, for n € Z set

by ={h €b|vh=n"h} Ch, (124)

so that h = HneZ/kZ B(n), where we identify b, moa x) With by, for n € Z. Then in general,

by = {h+ 0 "vh+ 0722 h+ g ETDmATL | b e bl (125)

For n € Z/kZ, denote by
Py b — by, (126)

the projection onto b,), and for h € h and n € Z, set h(,) = P mod k)h- In general, we have
that for h € h and n € Z,

1 i i
h(n) = % n ]lljh. (127)
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Viewing h as an abelian Lie algebra, consider the v-twisted affine Lie algebra

bl = ] bowm ®t" @ Ck (128)
nE%Z
with brackets determined by
[kv 6[1/“ =0 and [a ®t",B® tn] = (a, B)mém-‘rn,ok (129)

for a € hrm), B € H(kn), and m,n € %Z.
Define the weight gradation on h[v] by wt (a @t") = —n, wtk = 0, for n € 1Z,a € B(kn)- Set

bl =[] b @t b =[] bom @ 1™ (130)
n>0 n<0
Now the subalgebra . R .
b[v]17 = blr]" ©blv]” & Ck (131)

~

of h[v] is a Heisenberg algebra. Form the induced h[v]-module
Slv] = U(h[v]) BU (1150 ey @t aCk) C = S(h[v]") (linearly), (132)

where [],,5 hkn) @™ acts trivially on C and k acts as 1. Then S[v] is irreducible under blv] 1z
Following [DL2], Section 6, we give the module S[v] the natural Q-grading (by weights)
compatible with the action of h[v] and such that

k-1

1
wtl= 5 ;j(k — j)dim (b)) (133)

Following Sections 5 and 6 of [Lel| extended to this setting, we have that the automorphisms
of L, covering the identity automorphism of L are precisely the maps p* : a — ap(a) for a
homomorphism p : L — (o). Similarly, there is a homomorphism pg : L N hg) — (no) such
that Pa = app(a) if va = a. Now py can be extended to a homomorphism p : L — (1) since
the map 1 — F% induces an isomorphism from L/(L N bg)) to the free abelian group (1 — Fy)L.

Multiplying o by the inverse of pj gives us an automorphism o of L, satisfying (98) and
va=a if va=a, (134)
as in (99).

Next, we wish to construct a space Up for L, and b0y to act upon which will be a subspace
of our twisted module. Set

N = {a€L|{abhg) =0} = (1-F)hNL, (135)
M = (1-v)LcCN, (136)
R = {aeN|Cn(o,N) =1}, (137)

where C'y denotes the map C' restricted to N x N. Note that M C R = Z(N) are all subgroups
of L, where Z(N) denotes the center of N. Also, it is clear that M C L°, the even sublattice of
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k—1

L. For a € b, we have Z?;é Va e b0y, and N C Z f(;) and thus for o, f € N, the commutator
j=1

map C, defined by (91) on N, simplifies to
On(a, ) = (—1)f@a)(B.8) im0 iv/eB) (138)

Denote by Q the subgroup of L, obtained by pulling back any subgroup @ of L. Then
{ava='|a € L,} ¢ M C (L°),. Note that by (134), we have that {ava='|a € L,} N {no) = 1.
For a € L, define

r(ava™) = nk(a,a)/Q—Z?;&(uja,a)ﬂ _ nk(’,a)/27k<a<o),a(o))/Q. (139)
In addition, for b € M, let
T(b) = 7()(b) = myr(B)  for j=1,....q. (140)
Then we have the following proposition:

Proposition 5.1 The map 7 : M — C* given by (139) and satisfying (140) is a well-defined
group homomorphism. Moreover, T is the unique group homomorphism from M to C* satisfying
(139) and (140). In addition, if (V*/?a, ) € 2Z + |a| for all o € L, then the image of T lies in
(n)-

Proof: We first show that 7 is well-defined. Suppose ava~! = bob~!. Then (1 — v)a = (1 — v)b,
which implies (1 —v7)a = (1 —1v7)b, for j =1,...,k — 1. Thus

2a,a) — (Va,a) — W a,a) =

which implies that

k—1 k-1
k(a,a)/2—>» (Wa,a)/2=kd,b)/2—> (17b,b)/2.
j=0 Jj=0

Therefore T(ava™') = 7(bvb~1), proving that 7 is well defined.
For a,b € L,, we have

k(@a)/2-3Y252g (v a,a)/24+k(bb) /2= 35 25 (v1b.b) /2

r(ava™H)T(O0b™Y) = 7
nk<a+5,a+5) /2= 3820 (v (@+b),a+b) /2+ 3K ) (v ab)

= (C(a—va, ?)T((ba)ﬁ(ba)f_l)
= C(a—va,b)r(C(a —va,b) Y ava 1) (bob™ 1))
o (7))

This proves 7 is a group homomorphism. Since M is the subgroup of L, which is a lift of M,
the uniqueness follows immediately from (139) and (140).
The last statement follows from (88). O
Next we extend 7 to R, and then to a maximal abelian subgroup J of N. We first observe
that if & € N, then there exists h € fj, such that

k—1 k—1
ka = kh—khgy = kh—>Y v/h =Y (h—v'h). (141)
7=0 j=1
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Furthermore for j = 1,..., k, we have h — v/h = (h — vh) + (vh — v?h) + - + (W "th —vIh) €
(1 — v)bh. Therefore ka € (1 — v)h. Writing h = ¢f3 for ¢ € C and 8 € L, we have that ko € L
and ka = c(kf — Z;Zé v13). Tt follows that ¢ € Z and thus ka € (1 — v)L = M. That is

kN C (1—v)L = M. (142)

Therefore N/M is a finitely generated torsion group, i.e. it is finite. Thus R/M is a finite group.
Also N/M finite implies that N /M and N /ker 7 are finite as well. (The last statement follows
from the fact that 7(a*va=%) =1 for all ava=' € M.)

We wish to construct an irreducible N -module, T', on which M acts as multiplication by the
character 7.

The following is just a restatement of Proposition 6.2 of [Lel], but extended to our setting,
and follows directly from Theorem 5.5.1 of [FLM3].

Proposition 5.2 There are exactly |R/M| extensions of T to a homomorphism X : R — C*.

For each such x, there is a unique (up to equivalence) irreducible N-module on which R acts
according to x, and every irreducible N-module on which M acts according to T is equivalent to
one of these. Every such module has dimension |N/R|Y?. Supposing that T is an irreducible
module for M such that M acts as T, to construct the N-module structure for T corresponding to
X, let J be any subgroup of N (necessarzly contammg R) that is mazimal such that Cy is trivial
on J. Then J is a mazimal abelian subgroup of N. Let P J — C* be any homomorphism
extending x and denote by Cy, the J-module C with character Y. Then T is isomorphic to the

induced N -module

T = C[N] ®¢ 5 Cy ~ C[N/J] (linearly). (143)

C[J]

Let T be any N-module on which M acts as multiplication by the character 7 as given by
Proposition 5.2. Form the induced L,-module

Ur = ClLy) @y T- (144)

Since T’ can be viewed as a module for the finite group N /ker 7, we have that T is completely
reducible. Then the structure of T" follows from Proposition 5.2, and in the irreducible case,

Ur = ClLy) @) T = C[Ly] ®¢(j; Cy = C[L/J] (linearly). (145)
The action of L, on Uy is given by
a-b@r=ab®r, (146)
for a,b € ﬁ,,, and r € T, and of course
(ava™')-b®@r = C(a —va,b)(b(ava™t)) @ r = C(a — va, b)b @ T(ava™")r. (147)
Let A € b0y be any fixed element such that
(a,\) € -Z (148)

for all € L.
Define the following action of by on Ur by

hob@r=(hb+\Nb®r (149)
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for a,b € ﬁy, r €T, h € hg). Then as operators on Ur,
ha = a((h,a) + h) (150)
for a € L, and h € Bo)-

Remark 5.3 For instance, we could take A= 0, but in general it can be nonzero, and this
gives us other hg)-module structures, and will result in other v-twisted Vz-module structures.

However, for the specialized case we are interested in, since hgy = 0 (see (177)), this A will be
Zero.

Note that the projection map Py (recall (126)) induces an isomorphism from L/N to PyL,
and thus we have a natural isomorphism

Ur = C[PyL] ®c T, (151)

of by U L,-modules. We extend Uz to a h[v]-module by letting h[v]
trivially.

; (recalling (131)) act

1
k

Remark 5.4 In the case that R = N, we have a linear isomorphism Up ~ C[PyL]. Also
PL = % (L N h(o)), and so in the case when R = N we have Ur ~ C [% (L N f)(o))]. This is the
case in, for instance, the important setting of permutation-twisted modules for lattice vertex
operator superalgebras [BDM], [BHL].

Now note that we can write

Ur= ][] U (152)
acPyL
where .
Us={u€Ur|h-u=(h,a+Nu for h€bq}l, (153)

and the actions of L, and b(o) are compatible in the sense that

a - Ua C Ua+a(0) (154)

for a € ﬁy and o € PyL.
We define an End Up-valued formal Laurent series 2" for h € b(o) as follows

" u=a"Yy for ae by and u € U,. (155)

Then from (150),
aPa = azxP for ael, (156)

as operators on Ur. Also, for h € h), if (h,a)) € Z for all a € L, define the operator n" on
Ur by

" u ="y (157)
for u € U, with a€ RL.
Then for a € L,, and using (147), we have
ba = an~ Yo viatk(aa) /2= 52 (Wa.a)/2 _ an~ ko) THa.a)/2-k(a(0),8(0)) /2 (158)

as operators on Ur.
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Then we have
o = an—jkﬁ(m+jk<5ﬁ>/2—jk<fl(o)ﬁ(o)>/2 (159)

and thus
*a = a, (160)

for all a € L, acting as operators in End Uy, where we recall that we had from the beginning
doubled k if necessary (see Remark 4.1). And thus 0¥ =1 on L, as well.

It is shown in, for instance, [X] in Chapter 6.2, that Ur is an irreducible L,u h(0)-module
when T is irreducible.

Define a C-gradation on Ur by

1
wtu = i(a,a) for « € PpL and u € U,. (161)

Then © preserves this gradation of Ur since v(a) = a for a € RyL C bg).
Form the space

Vi = SWeUr = (UGBK) @uqr,.yseerece C€) ® (ClL] @ Cr)  (162)
~ S(h[v]7) @c (C[RL] @c T),

which is naturally graded (by weights), using the weight gradations of S[v] and Up. We let L,
f)[u]%z, b(o) and z for h € b(0), act on VI by acting on either S[v] or Ur, as described above.

For o € h and n € 1Z, write o’ (n) or () () for the operator on V' associated with
Q(gn) @ 1", and set

ol(z) = Z ol (n)z=" 1 = Z oz(;m)(n):v_"_l. (163)
nE%Z nG%Z

Following [Lel] and [FLM2], for a € L, define

o0 P2 TT (1 -y 7)) if g € 22
0<j<k/2
pla) = , : (164)
I[1 @a-p7tree if ke2Z+1
0<j<k/2
Then p(ra) = p(a).
Using the normal-ordering procedure described above, define the U-twisted vertex operator
Y?(a, ) for a € L acting on V" as follows

Y’j(a,x) - k*@fl)/?p(a) gef(ﬁT(x)*ﬁT(O)ﬂ«“*l)axﬁm)+(fl(o)ﬁ(o))/?*(fl@)/? ° (165)
Note that on the right-hand side of (165), we view a as an element of L,, using our set-theoretic
identification between L and L, given by (96).
For aq,...,cm € b, n1,. .. ,ny € Zy and v = ag(—n1) - - - ap(—nm) - t(a) € Vi, set

W(v,z) = ¢ (ﬁm,lalT(w)) . (&Lm,la%(x)) Yﬁ(a,:n) o, (166)

where the right-hand side is an operator on VLT . Extend to all v € Vi, by linearity.
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Define constants ¢,y € C for m,n € Nand r =0,...,k — 1 by the formulas

k—1 ;
o 1 (14 z)F — =31 +y) 1k
Z Cmn0l Y = 5 lo ( ) 1 _77 —j( y) ) (167)
m,n>0 j=1 n
1 1 1k _ p=r(1 1/k
Z Crnnrx Y = §log (( +2) 1 iU _T( +9) for r #0. (168)
-n

m,n>0

Let {B1,..., Bdaimp} be an orthonormal basis of b, and set

k—1dimb

= D D Came(v 7B (m)B ()2 (169)

m,n>0 r=0 j=1

Then e+ is well defined on V7, since cog, = 0 for all 7, and for v € Vi, e®ev € Vg, [#~1]. Note that

A, is independent of the choice of orthonormal basis. Then ?A, = A,¥ and hence pes = eR=jy
on Vp. A
For v € Vi, the D-twisted vertex operator Y (v, x) is defined by
Y? (v, x) = W(ePov,z). (170)
Then this yields a well-defined linear map
Vi, — (End VD) [[z*, 27 V*)], v YP(u, ) Z vl (171)

nGZ

where v € End V. )
From [DL2], [X] we have that (V/,Y?) is an irreducible o-twisted V-module.

6. An isomorphism between V., ® V., and Vz,
In this section we present an isomorphism between the two free fermion vertex operator
superalgebra Ve, @ Vj. and the lattice vertex operator superalgebra V7, with (o, ) = 1.
The fact that these two vertex operator superalgebras are isomorphic is commonly referred
to as “boson-fermion correspondence” [F|, [FFR]. More specifically this isomorphism is a
correspondence between two free fermions and a fermion constrained to the circle R/Za.

To express this isomorphism, we polarize our two free fermions using the transformation

Oé:t = \}i(a(l) F ’i()d(g)) (172)

or equivalently o) = %(oﬁ' +a7) and ap) = %(oﬁ — a7). This polarization puts us in the
setting of [FFR]. In keeping with [Bar6], [Bar7], [Bar11], [Bar10], we call o™ the “homogeneous”
basis for h = spanc{ag, as}.

Consider the vertex operator subalgebra of Vi, ® Vj. generated by the vector
a™(=1/2)a(—1/2). Denote this vertex operator algebra by (a™(—1/2)a™(—1/2)). In addition,
consider the free, rank one bosonic vertex operator algebra Vios = S(h1) = (a(—1)). Then Vjos
is isomorphic to (a™(—1/2)a™(—1/2)) as vertex operator algebras with isomorphism given by
a(=1) = at(=1/2)a"(-1/2).

Then, for n € 7Z, the spaces Vpos ® €™ are irreducible modules for V.5, and Vz, =
ez Vios ® €. An isomorphism ¢ : Vi, — Ve, ® Vi, is given by

1@e™ +— at(-n+1/2)a™(-n+3/2) --at(-1/2)-

1
1@ s a=(—n+1/2)a~(—n+3/2)--a—(—1/2) - 1 (173)
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forn € Z,.

Here €™ is chosen as a section of L for convenience of notation. That is letting e : L =
Zo — L, € : na — enq be a section of L, this choice of section allows us to identify C{L} with
the group algebra C[L] by the linear isomorphism

C[L] — C{L}, €™ s i(ena). (174)

But in a slight abuse of notation, we write " for t(enq).

The vertex operator subalgebra (o (—1/2)a™(—1/2)) consists of those vectors in Vi, @ Ve,
which have an equal number of positive and negative ai(—m) terms for m € Z, — % Then
the modules corresponding to Vj,s ® e consist of those vectors in Vi, ® Vi, that have n more
positive terms than negative terms if n > 0 and that have n more negative terms than positive
terms for n < 0.

The isomorphism Ve, ® Vier = Vz, implies that Y92 o VZ%d for d € Z,. That is, the lattice

er

vertex operator superalgebra corresponding to the orthogonal rank d lattice @;l:l Za) with

<a(j), oz(k)> = 0; 1 is isomorphic to the 2d free boson vertex operator superalgebra.

7. Construction and classification of the (1 2)-twisted V., ® Vj.,-modules through
boson-fermion correspondence and a conjecture

In this section, we use the isomorphism of Vie, ® Vier = V7, to construct the (1 2)-twisted
Vier @ Vyep-modules by first transferring the signed permutation automorphism (1 2) on
Vier @ Vier to the corresponding automorphism ¢ o (1 2) o o~ on Vz,, observing that this
automorphism is a lift of the —1 lattice isometry, and then using the construction of such
twisted modules recalled in Section 5.

The transposition (1 2) acting as a signed permutation on Vye, ® Vye, is given by (1 2) :
u®v s (=1)ly @y for u,v € Vye,r. In terms of the polarization (172), this automorphism is
given by

(12):at(=1/2) — aT(-1/2).

7.1. The automorphism 0 = po (12) o™ of Vza corresponding to (12) on Vi,
Let ¢ o (12)op~! be the automorphism of Vz, corresponding to (1 2) on Vier @ Vier. Then this
automorphism is uniquely determined by

po(12)op " : Via — Via (175)
a(-1)1®1 = —a(-1)1®1
10e™ ()1 ®e ).

In particular, letting v be the lattice isometry

v:Zla — Za, nar —na, (176)
then o = @ o (1 2) o ot is a lift of the lattice isometry v to a central extension L, of L = Zo
by the cycle group (i) of order 4.

7.2. Constructing the D-twisted Vg -modules

We now specialize the construction of twisted modules for a lattice vertex operator superalgebra
and a lift of a lattice isometry given in Section 5 to the following setting:

o Let L = Za with (o, ) = 1.

o Let k=4 and let n =1y = 1.
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e Letv=—1on L =Za.
elet v =po(12)opt
We follow Section 5 to construct and classify the D-twisted Vz,-modules.
We have
boy=ha) =hE =0 and h =bh, (177)

and C(a, ) =1, for all a, 8 € L. Furthermore, we have N = R =L and M = 2L.

For a € L,, we have o _
T(apa™t) = P00 = (1)l (178)

But in addition, from (175), we have, for a = e"?,
T(ava™t) = 7(e"DeT ") = 1("*i"e") = i"7(e*"%). (179)

Therefore,
T(eQna) _ (_1)<no¢,no¢>z~—n _ (_1)n2<_i)n — " (180)

Next we extend 7 to R = L,, thereby constructing an irreducible ﬁy—module, T, on which
M = 2L, acts as multiplication by the character 7. From Proposition 5.2, there are exactly
|R/M| = |L/2L| = 2 extensions of 7 to a homomorphism x : L, — C*, and every irreducible
L,-module on which M acts as 7 is equivalent to one of these. Furthermore, since N = R = L,
we have x = 9 in Proposition 5.2, and thus the modules T' = C;, = C, will be precisely these
two modules.

It is clear from (180), that the two choices for x are

Xt : Ly — CX, €™~ +(e™/H)n (181)

for the primitive eighth root of unity e™/* and n e Z. R

Denote these two inequivalent irreducible L,-modules on which L, act as x4 and x_,
respectively, by C; and C_, respectively. Then we have two choices for Ur up to isomorphism,
namely Ur = Cy.

Note that (158) does reduce to va = ai®@® = q(—1){@% = (=1)l9lg, as operators on either
Cy,and 22 =1on L,.

Form the two D-twisted V7, modules

My = Sv]®@Cy ~ S[v]. (182)
Note that in this setting, we have

ol'(z) = Z ol (n)z 1, (183)

n€Z+%
Then the D-twisted vertex operators are given by (165) and (170). We denote these two

different D-twisted vertex operators by Y on M+, respectively.
And note that of course we have

Vo — (End My)[[z'/%,271?)), v YE(v,2) = Z vl Egn el (184)
nE%Z

where vzi € End M.
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From (133), we have

3
1 Z . 1
J:

Following (161), we have that the C-gradation on Cy is zero, and thus the weight grading of C4
is 1—16. In fact, we have that

7 N T T kS
L(0) =) aT(-n—1/2)a"(n+1/2) + T (186)
neN
and thus
dim, My = /490 TT (14 4%) = 0 = v g, (187)
n(q
n€Z+

In particular, M and M_ have the same graded dimension. Note also that this graded dimension
is the same as the graded dimension for the g-twisted free boson vertex operator algebra module
where ¢ is uniquely determined by —1 on the generator; see for instance [Barl1] Section 5.2. It is
also the graded dimension with ¢ replaced by ¢'/? for either of the two unique up to equivalence
irreducible parity-twisted Vy.,-modules as constructed in Section 3.2; see Remark 3.4.

From [DL2], [X] we have that (M4, YY) are each irreducible D-twisted V7z,-modules, and they
are the only irreducible v-twisted Vzo-modules. In addition, although these two modules, M
and M_ have the same graded dimension, they are not isomorphic to each other as D-twisted
Vza- modules. That is, if f: (M4, YY) — (M_,Y?) is a twisted module isomorphism, then
foYi(v,z)o f~t =Y?(v,2) = (—1)"IY¥(v,2) for all v € V. This would imply that there exists
a Zo-grading on M., given by My = Mj(co) @ Mi1)7 such that Y (v, z)w| = (Jv] + |w|)mod 2
for all w € My, where |w| = j for w € M(j), for j = 0,1. But if w € M, is a nonzero vector
which is homogeneous with respect to the Zs-grading, then writing w = u ® ¢ with u € S[v] and
t € C4, we have

V(e n)w = §p<a> (gl @@=t 5m1/20) oy (e) -t (188)

= r (gef(aT(x)—aT(O)fl) gx_l/Qu) @1

for a constant r € C*. Taking 7~ 'Res,z~'/? of both sides we obtain u ® t = w. Since |¢®| = 1,

this implies that |w| = (1 4 |w|)mod 2, a contradiction. Thus there exists no such Zs-grading
that would give an isomorphism between M, and M_.
It follows that

Lemma 7.1 The modules My are isomorphic as ordinary parity-unstable (1 2)-twisted Vf%f—
modules to the modules ]\4(i1 %) presented in Section 3.3 following [DZ2].

Remark 7.2 We observe that using the construction of [DZ2], one first constructs a parity-
stable irreducible (1 2)-twisted Vf‘%g—module and then identifies two invariant subspaces which
are parity-unstable irreducible (1 2)-twisted Vf%f—modules. However using boson-fermion
correspondence and the theory of lattice vertex operator superalgebras, one first directly
constructs a pair of parity-unstable irreducible (1 2)-twisted Vf(%,z—modules. In addition, from the
lattice construction it is immediately obvious that (M, Y?) is isomorphic to (M_,Y” o oy/) as
parity-unstable v-twisted modules, wheres the isomorphism is less straightforward in the [DZ2]
construction.
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7.8. A conjecture
For k > 2 even, if one tries to directly lift (1 2 --- k) to the lattice vertex operator superalgebra
VZ%I“ = Vza6--e70 in the obvious way extending what we did in the case k = 2 in the last section,
one does not get a lift of a lattice isometry.

For example if one tries to directly lift, say (1 2 3 4) to the lattice vertex operator
superalgebra VZ%Z = Vzaoze in the obvious way, we have that for instance under the map
(e®@)o(1234)0(p® )"t we have

(e-D1e)e(1lel)— % (Ie(e+e ) (1la (™ —e™)). (189)

However, we note that all the (12 --- k)-twisted Vf%f-modules, M il of Section 3.3 for k

(12 k)
even, have a structure that would imply that they could be realized as g-twisted VZ%W 2 modules
for g a lift of some lattice isometry. In particular, they look like S[v] ® C1 for S a symmetric
algebra and C. a one dimensional space on which the odd generating operator acts as +c for a
constant c.

This, as well as recent constructions of other permutation-twisted modules for free fermions
given by the second author, lead us to the following conjecture:

Conjecture 7.3 The (12 --- k) permutation automorphism of Vf%ff for k even is conjugate to

‘ o k/2 . .
a lift of a lattice isometry on VZ@;/ via boson-fermion correspondence.

Note that from (189), this conjecture is nontrivial. In addition, we stress that although the
permutation automorphisms for free fermions can be realized as lifts of isometries on h as in
[DZ2] and Section 3.3, this conjecture goes further to state that they can be be realized as lifts of
isometries on the lattice underlying the purely bosonic part of the vertex operator superalgebra.
This is a much stronger statement, and allows for the full theory of twisted modules for lattice
vertex operator superalgebras to come to bear.

8. Construction and classification of the oo (1 2)-twisted Vy., ® V}.-modules

Let = po (1 2) o~ ! be the automorphism of Vz, corresponding to (1 2) on Vier @ Vier
given explicitly by (175), where ¢ is the isomorphism between Vi, @ Ve, and Vz, given by
(173). Then the automorphism o o (1 2) of Vi ® Vi corresponds to the automorphism
cov=ypooo(l12)oyp ! given by

wooo(12)ogp t: Via — Vgza (190)
a(-1)®1l — —o(-1)
I@e™ — "(1®e ™).

Then oo = pooo(12)op!is also alift of the lattice isometry v = —1 to a central extension

of L = Za by the cycle group (i) of order 4. Repeating the construction of Section 7.2, we have
that there are exactly two inequivalent irreducible ¢ o D-twisted Vz,, given by

M§ = S[v] ® CT. ~ S[v]. (191)
where C7. are the irreducible L,-modules constructed as follows: Define the characters
X% i L, — CX, " £ (3T (192)

for the primitive eighth root of unity e3™/4, ¢f. (181). Denote the two inequivalent irreducible
L,-modules on which L, act as x7 and x7, respectively, by C7 and C?, respectively.
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Proposition 8.1 The modules My are isomorphic as ordinary parity-unstable o(1 2)-twisted
V%f—modules to the modules Mj(l ) following [DZ2], and are the only irreducible parity-unstable

o (1 2)-twisted Vf%f—modules up to equivalence.

We further conjecture that in general, for k even, (not just two) that o o (12 --- k) can be
realized as a conjugate of a lift of a lattice isometry under boson-fermion correspondence.
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