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Abstract. We construct a new representation of the infinite rank Lie algebra ac, with central
charge ¢ = 1 on the Fock space F®% of a single neutral fermion. We show that F®% is a direct
sum of irreducible integrable highest weight modules for ac with central charge ¢ = 1. We prove
that as aco modules F ®% is isomorphic to the Fock space F®! of the charged free fermions. As
a corollary we obtain the decompositions of certain irreducible highest weight modules for de
with central charge ¢ = % into irreducible highest weight modules for do with central charge
c=1.

1. Introduction

Our motivation for this paper was to better understand the wvarious boson-fermion
correspondences and their connection with the representation theory of certain infinite
dimensional Lie algebras. The first to write on the topic of the relationship between a boson-
fermion correspondence and representation theory were Date, Jimbo, Kashiwara, Miwa in
[DKMS81], [DJKMS81a] and I. Frenkel in [Fre81]. Since then many attempts have been made
to understand the boson-fermion correspondences as nothing else but an isomorphism of infinite
dimensional Lie algebra modules. In his seminal paper I. Frenkel wrote: “The Boson-Fermion
correspondence is nothing else but the canonical isomorphism between two realizations of the
same representation of the affine Lie algebra 15(2[) and in particular of its subalgebra gl(l)”
(page 317 of [Fre81]). In the language that became commonly used later many had translated
this to mean that the boson-fermion correspondence of type A is just an isomorphism between
the vertex (the bosonic) and the spinor (the fermionic) realizations of the standard modules of
oo = é\loo (the label “type A” derives from the ao = gAlOO, and is intended to distinguish this
correspondence from the boson-fermion correspondence of type B for example, [DJKMS81b]).
This point of view of course had to be amended, as the charged free fermion Fock space F®!
underlying the fermionic side of the boson-fermion correspondence of type A is actually an
infinite direct sum of irreducible standard modules of an, = gl., (for details on F®! see e.g.
[Fre81], [KR&7], [Kac98], [Wan99a], as well as Remark 3.2 in this paper). Starting with L.
Frenkel’s work in [Fre81], and later, the boson-fermion correspondence of type A (and the
correspondence of type B) was related to different kinds of Howe-type dualities ([KWY9§],
[Wan99a], [Wan99b]). For instance, in [Wan99a] Wang wrote that “the (GLy, D) -duality
in Theorem 5.3 is essentially the celebrated boson-fermion correspondence” (15 denotes the
universal central extension of the Lie algebra of differential operators on the circle, sometimes
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also labeled by W1+ ). But what we contend is that the boson-fermion correspondences are more
than just isomorphisms between certain Lie algebra modules: a boson-fermion correspondence
is first and foremost an isomorphism between two different chiral field theories, one fermionic
(expressible in terms of free fermions and their descendants), the other bosonic (expressible in
terms of exponentiated bosons). In fact, as I. Frenkel was careful to summarize in Theorem
I1.4.1 of his very influential paper [Fre81], “the canonical” isomorphism of the two o(2l)-current
algebra modules in the bosonic and the fermionic Fock spaces follows from the boson-fermion
correspondence (in fact that is what makes the isomorphism canonical), but not vice versa.
But what we will show is that although the isomorphism of Lie algebra representations (and
indeed various dualities) follow from a boson-fermion correspondence, the isomorphism as Lie
algebra modules is not equivalent to a boson-fermion correspondence. To do that we consider
a single neutral fermion Fock space F ®% and show that as modules for the Lie algebra ao,
F®3 =~ F®1_Of course, it is known that even as super vertex algebras, and certainly as modules
for the Lie algebras as, doo with central charge ¢ = 1, as well as other affine Lie algebras,
FOl ~ p@3 ® F®3 . This fact is often and extensively used in many papers on vertex algebras,
and it was once again I. Frenkel who used it first in [Fre81] in connection to representation

theory. But, the representations of as, doo and other affine algebras on F&7 = F®3 RF ®% that
1
are known in the literature do not reduce to representations on each of the F®2 factors. What

was known is that F®7 is a representation of the Lie algebra d, with central charge ¢ = % (this

is one of the explanations for the label % in F®%, the other being that F®% is only a “half-

infinite” Fock space, as opposed to F®!). This is then what we do in this paper: First, we build

a fermionic (spinor) representation of ao, with central charge ¢ = 1 on F®% . Next we show how
this representation decomposes into irreducible highest weight modules, which ultimately shows
that as modules for the Lie algebra as, with central charge ¢ =1, F ®% o F®!_ This shows that
it is not the a-module structure that distinguishes these spaces—F®é and F®! are identical
as vector spaces, Or even as as, Lie algebra modules. The difference is in the vertex algebra
structure (field theory) on F ®é, versus the vertex algebra structure on F®!. The field theory
on F®! is local in the usual sense (at z = w, or as we can refer to it, 1-point local, see Definition
2.2); or more precisely F®! has a super vertex algebra structure (see e.g. [Kac98], [LL04],
[FBZ04] for a precise definition of a super vertex algebra). On the other hand, even though
F®3 has a super vertex algebra structure, this super vertex algebra structure is not enough to
produce the new representations that we obtain below— to do that we at the minimum need to
introduce 2-point locality (i.e., the fields we consider on F®3 are allowed to be multi-local, at
both z = w and z = —w). More precisely, there is a twisted vertex algebra structure on F&3
(see [Angl2], [ACJ13] for a precise definition of a twisted vertex algebra). This shows that the
type of vertex algebra structure on F®! versus F®3 is of great importance, in particular the set
of points of locality is a necessary part of the data describing any boson-fermion correspondence.

The outlay of the paper is as follows. First, we recall the necessary definitions and technical
tools in Section 2. In Section 3 we introduce the infinite Lie algebras that we will work with,
and the Fock space F ©% and its different gradings. Next we show that F ®7 is a module for the
Lie algebra a., with central charge ¢ = 1, and by restriction for the Lie algebra d., with central
charge ¢ = 1. Next we show that each homogeneous component of F®% is a highest weight
module for a., with central charge ¢ = 1, which is moreover irreducible. That allows us to show
that F®7 is completely reducible and to show its decomposition in terms of irreducible modules
for ao, with central charge ¢ = 1. Hence we can compare and conclude that as a., modules with
central charge c =1 F®% =~ o1, Finally as a corollary we obtain the decomposition of certain
c= % modules for do, in terms of irreducible highest weight d., with central charge ¢ = 1.
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2. Notation and background
We work over the field of complex numbers C.

The mathematical definitions of a field in a chiral quantum field theory and normal ordered
products of fields are well known, they can be found for instance in [FLM88], [FHL93|, [Kac9§],
[LLO4] and others, we include them for completeness:

Definition 2.1 (Field) A field a(z) on a vector space V is a series of the form

a(z) = Z a(n)zfnfl, amy € End(V), such that ag,, v =0 foranyv €V, n,>0. (2.1)

neZz
Denote
= Z anz "l a(z)y = Z anz "L (2.2)
n>0 n<0
Definition 2.2 ([ACJ13]) (N-point local fields) Let € be a primitive Nth root of unity. We
say that a field a(z) on a vector space V is even and N-point self-local at 1,¢,€2,..., N1, if
there exist no,ni,...,nN—1 € Z>o such that
(z —w)™(z — ew)™ --- (2 — N lw)"V-1[a(2), a(w)] = 0. (2.3)

In this case we set the parity p(a(z)) of a(z) to be 0.
We set {a,b} := ab + ba. We say that a field a(z) on V is N-point self-local at 1,¢,€?, ..., eN71
and odd if there exist ng,n1,...,nN—1 € Z>o such that

(z —w)™(z — ew)™ - - - (z — V" Lw)™-1{a(z),a(w)} = 0. (2.4)

In this case we set the parity p(a(z)) to be 1. For brevity we will just write p(a) instead of

pla(z)).
Finally, if a(z),b(z) are fields on V, we say that a(z) and b(z) are N -point mutually local at

1,e,€2,..., N7 if there exist ng,ni,...,nn_1 € ZL>q such that

(z —w)™(z — ew)™ - (z — N hay)V -1 (a(z)b(w) — (—l)p(“)p(b)b(w)a(2)> = 0. (2.5)
Definition 2.3 (Normal ordered product) Let a(z),b(z) be fields on a vector space V.

Define
ca(2)b(w) := a(z) 1 b(w) + (—1)PDPOp(w)a_(z2). (2.6)
One calls this the “normal ordered product” of a(z) and b(w).

Remark 2.4 Let a(z),b(z) be any fields on a vector space V. Then
a(z)b(Az) : and : a(Az)b(z) : are well defined fields on V' for any A € C*.

For a rational function f(z,w), with poles only at z =0, z = ¢'w, 0 <i < N — 1, we denote by
izwf (2, w) the expansion of f(z,w) in the region |z| > |w| (the region in the complex z plane
outside of all the points z = €w, 0 < i < N — 1), and correspondingly for iw,zf(z,w). The
mathematical background of the well-known and often used (both in physics and in mathematics)
notion of Operator Product Expansion (OPE) of product of two fields for the case of usual
locality (N = 1) has been established for example in [Kac98], [LL04]. The following lemma
extended the mathematical background to the case of N-point locality:
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Lemma 2.5 ([ACJ13]) (Operator Product Expansion (OPE) of N-point local fields)
Let a(z), b(w) be N-point mutually local fields on a vector space V. Then exists fields cji(w),
j=0,...,N—-1k=0,...,n; — 1, such that we have

N—1mn;—1

a(2)b(w) =iz > Y ij’;w s al2)b(w) (2.7)

7=0 k=0

We call the fields cji,(w), 7 =0,...,N =1,k =0,...,n; —1 OPE coefficients. We will write the

above OPE as
N-1n;—1

~ 2 Z C]]; w)E L (2.8)

jOkO

The ~ signifies that we have only written the singular part, and also we have omitted writing
explicitly the expansion i, ,,, which we do acknowledge tacitly. Often also the following notation
is used for short:

lab] = a(2)b(w)— : a(z)b(w) = [a(z)—, b(w)], (2.9)
i.e., the contraction of any two fields a(z) and b(w) is in fact also the 4., expansion of the
singular part of the OPE of the two fields a(z) and b(w).

The OPE expansion of the product of two fields is very convenient, as it completely determines
in a very compact manner the commutation relations between the modes of the two fields, and
we will use it extensively in what follows. In particular, extending of the OPEs to the case of
N-point local fields allows us to extend and use Wick’s Theorem for N-point local fields:

Theorem 2.6 (Wick’s Theorem, [BS83], [Hua98] or [Kac98] ) Let a(z), b(w) be N-
point mutually local fields on a vector space V, satisfying

(i) I[)L( ()) (w)], ¥ (x)+] = [[a'b ], ¥ (x)+] = 0, for all i,5,k and *(z) = a¥(z) or F(z) =
(ii) [a(2)+, b (w)+] = 0 for all i and j.

Then
al(z)--aM(2) = b (w) - BN (w) =
min(M,N)
Z > E[@V ] [a Ve sal(2) - o (20 (w) - DN (W) sy i) -
= 11 <--<tg,
JFFs
Here the subscript (i1,...,isj1,...,js) means that those factors a'(z), b/ (w) with indices

i € {i1,...,is}, j € {j1,...,js} are to be omitted from the product : a'---a™bt---bN : and

when s = 0 we do not omit any factors. The plus or minus sign is determined as follows: each
permutation of an adjacent odd field changes the sign.

3. The Fock space F ®% and representations of a., and d,, with central charge 1
We recall the definitions and notation for the Fock space F®3 and the double-infinite rank Lie
algebras ao, and do as in [Fre81], [DJKMS81a], [Kac90], [Wan99b]; in particular we follow the
notation of [Wan99b], [Wan99a].

Consider a single odd self-local field ¢”(z), which we index in the form ¢”(z) =

ZneZJr% (bgz_"_%. The OPE of ¢P(2) is given by

1

zZ— W

¢P (2)¢" (w) ~ (3.1)
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This OPE completely determines the commutation relations between the modes ¢~ n € Z + %:

{om, o0} = ool + o8 dh = 6m,—nl. (3.2)

and so the modes generate a Clifford algebra Clp. The field ¢ (z) is usually called a “neutral
fermion field”. Now Clp has basis consisting of 1 and the products gi)i? g --~q5i[lz where
i < dp < -+ < ik, i € Z+ 1/2. We introduce a Z-grading dg on Clp by defining the
following degree of a basis element:

dg(1) =0,

dg(? .. c;bnrlqﬁfl"):#{i:1,2,...,k| n; =odd} —#{i=1,2,... k| n; = even}.

nk,,

Lemma 3.1 The Z-grading of Clp is an algebra grading. Furthermore, the operation left
multiplication by an element ¢P € CLp for any n € Z + 1/2 is a homogenous operator on
CLp, of degree 1 if n = 2k 4+ 1/2, and of degree —1 if n = 2k — 1/2 for some integer k.

Proof: For any pair ¢, ¢, (m # n) we claim dg(¢pmdn) = dg(pndm). If m # —n then
Ombn = —Ondm, and one of these expressions appears in the given basis so determines the

degree of both ¢, ¢, and ¢pdm. If m = —n, ¢y, = 1 — dpodm, and again, either the left or
right hand side is a sum of basis vectors, since dg(1) = 0 the degree of ¢, ¢, and ¢, ¢, again
agree. Thus the Clifford algebra relation (3.2) is compatible with the definition of dg. Now it is
obvious from the definition of the grading that as an operator left multiplication by ¢2 € CLp
is a homogeneous operator of the given degree. [

The Fock space of the field ¢”(z) is the highest weight module of Clp with vacuum vector
0), so that ¢2|0) = 0 for n > 0. It is denoted by F®% (see e.g. [DJKMS81b], [FFRI1], [KW94],

[Wan99a|, [Wan99b], [KWY98]). F ®% has basis

(P 1,..<z>’_3n2_%¢m 10),0)| gy >+ >ng>my > 0,n €Z,i=1,2,...,k}  (3.3)

—ng—1
The space F®3 has a Z9 grading given by k mod 2,

1
F®5 =F T QF

W~

®7
1

1 1
where F? ? (resp. F?Q ) denote the even (resp. odd) components of F®% . This Zsy grading can
be extended to a Z>( grading L, called “length”, by setting

L(oZ,, 100, 100, 110) = (3.4)

—”k—§

The space F®3 can be given a super vertex algebra structure, as is known from e.g. [FFR91],
[KW94], [Kac98].

The Z grading dg on Clp induces a Z grading dg on F®3 by assigning dg(|0)) = 0 and
dg(o"”

1 -

o0 100, 110D = #{i =12, k| n; = odd} (3.5)

—#{i=1,2,... k| n; = even}.
1
Denote the space of homogenous elements of degree dg = n € Z by F(QZ )9 , hence as vector spaces

we have

1 ®%
F®2 = 69nEZF )2

" (3.6)
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1
Introduce also the special vectors v, € F ((i)g defined by

1

vo = [0) € Fly7; (3.7)
®L

Oy = ¢’32n+1_% ... ¢f’3_%¢>f’1_%|0> € Fy, forn>0; (3.8)
Q1

V_p = ¢132n+2_% . ¢132_%¢1_7%\0> €F_ 7, forn>0. (3.9)

Note that the vectors v, € Ffi

and they are in fact the unique (up-to a scalar) vectors minimizing the length L, such that the
index ny is minimal too.

The Lie algebra s, (sometimes denoted gl or just gl, see for instance [Wan99a], [Wan99b],
[KWY98]) is the Lie algebra of infinite matrices

~— o~

- 1
have minimal length L = |n| among the vectors within F' (Qi)?

Uoo = {(aw)] 1,7 € Z, Q5 = 0 fOl“|i —j‘ > 0}. (3.10)

As usual denote the elementary matrices by Fj;.

~

The algebra a, (often denoted also by gAlOO or gl) is a central extension of a, by a central
element ¢, aso = Goo @ Cc, with cocycle given by

C(A, B) = Trace([J, A]B), (3.11)
where the matrix J = Zigo E;;. In particular

C(Eij,E]‘i) = _C(Ejquij) = 1, if 4 < 0, j > 1
C(Eij, Ery) =0 in all other cases.

The commutation relations for the elementary matrices in a., are
[Eij, Exi] = 0;Ey — 01iExj + C(Eij, Egi)c.

The non-central generators have generating series

EA(z,w) = Z Bzt (3.12)
,JEL
and relations
[EA(Zl, wl), EA(ZQ, wg)] = EA(Zl, 'LUQ)(S(ZQ - wl) - EA(ZQ, w1)5(21 - ’wg) (3.13)
1 1 1 1
+ Lz wo 21 — Wy bwy,zo wy — ZQC — lwa,z 21 — Wy bz w1 — 2o c.
Here we used the formal delta function notation 6(z —w) := Y, ., 2"w™ "1 = §(w — z) (see e.g.

[Kac98], [FBZ04], [ACJ13]).
Further, a. has a triangular decomposition

oo = Gy ® a2, @ al. (3.14)
Here aZ consists of correspondingly the strictly upper (strictly lower) triangular infinite
matrices; a’, = gl, ® Cc where gl, denotes the diagonal matrices.
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The root system of as is A = { —€;|i,j € Z,i # j} where ¢; € (gly)* is defined by
€i(Ejj) = 0ij (1,5 € Z). There is a conjugate linear, involutive anti-automorphism w € End(as)
defined by w(E;;) = Ej; and this is called “the compact anti-involution”.

For ¢€ C and A € @,cz,.0(CEi)", set

a)\z' = A(E“)
“H; := Ejj — Eit1,i41 + dijoc

“hi = AN("H;) = "N\i — “Nig1 + dio¢
Define %A; € (ad))* by

(o]
1, for 0 < i <7,
aAj(Eii) =4 —1, for 7 <1<0,
0, otherwise,
“Aj(c) = 0.

Define also %A € (a2,)* by *Ag(c) = 1, *Ag(Ej;) = 0 for i € Z. Then the i-th fundamental weight
is
a]\j :aAj +QA0, 1€ 7.
Let L(aco;"A,¢) = L(gA[oo;aA, ¢) denote the highest weight an,-module with highest weight A
and central charge ¢.
The algebra d., is defined as the subalgebra of a.,, consisting of the infinite matrices
preserving the bilinear form D(v;,v;) = 6;1—5, i.e.,

doo = {(aij) € ool aij = —a1-j1-i}- (3.15)

Denote by ds the central extension of d by a central element ¢, doo = doo ® Cc, with the same
cocycle as for as, (3.11). The commutation relations for the elementary matrices in d, are
obtained using the relations in as: !

(Eij, Exi] = 6 Eq — 0By + C(Esj, Ey)c.
The generators for the algebra d, can be written in terms of these elementary matrices as:
{Eij — E1—ji1-i, 9,j € Z;and c}.
We can arrange the non-central generators in a generating series
EP(zw) =) (Ey— Bijui)2 'w. (3.16)
1,JEZ
The generating series E”(z,w) obeys the following relations:
EP(z,w) = —EP(w, 2)
and
[EP (21, w1),EP (29, w2)] = EP (21, w2)8(20 — w1) — EP (22, w1)8(21 — ws)

+ ED(wz,w1)5(21 — 22) — ED(Zl, 22)5(’(01 — wg)

1 1 1 1
+ 2LZ1,w2 bwy,z2 c— 2L22,w1 bwa,z; c
21 — w2 w1 — 22 Z2 — W1 w2 — 21
1 1 1 1

— 2y Lwy v CH+ 2y 5y —— gy ——————C-
1’2Z1—22 1,2w1_w2 2,12,1_22 271w2_w1

! Note that in [Kac90] the commutation relation [E;;, Ex] = 0jrEy — 61i Exj + %C(Eij, Eyi)c is used instead.
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The assignment E(z,w) +: ¢P(2)¢P(w) :, ¢ %IdF@,% gives a representation of the Lie
algebra do, on F ®3 (see e.g. [DJKMS81b], [KW94], [KWY98]), which we denote by r 1. Further,
it is known (see e.g. [KW94], [KWY98], [Wan99a]) that as ds modules

1

®L 1
< 5).

~ L ~
Fy? = Ldooi"Ao, 5); Fy 7 2 LidooiAs,

~®

(3.17)
where L(doo;dA, ¢) denotes the highest weight d..-module with highest weight 9\ and central
charge ¢. The highest weights are defined by the following, using the symmetry in duo:

d./A\()(EZ',i — El—i,l—i) =0 forany i€ Z;
dAl (Ei,i — El—i,l—i =1 for i = 1; dAl (Ei,i - El—i,l—i) =0 for ¢ 75 0, 1;

)
Ro(c) =4 A, (c) = %

As a doo-module with central charge ¢ = % F®3% then decomposes as

1

N ~ 1
© = L(doo;dA(), 5) ® L(doo;dAla 5)7

0

ISIEN
ISIEN

Fo: = F T @ F;:

Next we will show that F®% is also a module for an (and thus d) with central charge ¢ = 1.

Remark 3.2 It is well known (in the context of representation theory it was introduced by I.
Frenkel in [Fre81] and extensively used afterwards) that

F®% ®F®% ~ F®1.

where F®! is the Fock space of 1 pair of two charged fermions. The two charged fermions are
the fields ¢+ (z) and ¥~ (z) with operator product expansions (OPEs):

1

Z—w

()Y (w) ~ ~ ()T (W), T ()Y (w) ~ 0~ YT (2)Y (w)

where the 1 above denotes the identity map Idpe:. The modes ;" and v,,, n € Z of the fields
Yt (2) and ¢~ (z), which we index as follows:

) =)t () =) e (3.18)

neZ neZ

form a Clifford algebra Cly with relations

{me QM} = 6m+n,—117 {¢r—ir_w W{} = {1%_17 ¢;} =0. (319)

The Fock space F®! is the highest weight representation of Cly generated by the vacuum vector
0), so that ¥,7|0) = 1,7 |0) = 0 for n > 0 (see e.g. [Fre81], [KR87], [KW94], [Kac98] for more
details on F®1). It is well known (see e.g., [Kac98], [FBZ04], [LL04]) that F®! has a structure
of a super vertex algebra (i.e., with a single point of locality at z = w in the OPEs); this vertex
algebra is often called “charged free fermion vertex algebra”. It is also well known (introduced
by I. Frenkel, [Fre81]; and [DJKMS81la]) and extensively used (e.g., [KR87], [FFR91], [Kac90],
[Wan99b], [Wan99a] among many others) that F®! is a module for the as, algebra, moreover

F®1 = @nEZL(aoo;a[\n» 1)'
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This isomorphism has often been referred to as equivalent to the well known charged free boson-
fermion correspondence (an isomorphism between the super vertex algebra on F®! and the
super vertex algebra of the rank one odd lattice). Here we are concerned with a more subtle
point: a boson-fermion correspondence is not just an equivalence of Lie algebra representations,
but an isomorphism of appropriate field theories (or vertex algebra structures). As shown and
used by I. Frenkel ([Fre81]) one has

®1 ~ ®% ®L
Fo =2 F92 @ F9z,

which is implemented by

1 { _
¢1(2) = 7 7 (¥ (2) =¥ (2) -

In today’s language we would say that this fields map generates an isomorphism of super vertex
algebras, a fact which is extensively used by many authors (e.g., [FFR91], [MTZ08], [Barll]
among many). But as we will show below, as ao, modules

(W (2) + 97 (), ¢2(2) =

F® = F9% = @00 L(ase®Ay, 1).

In other words, as vector spaces and as a., modules F ®% and F®! are indistinguishable. On the
other hand, in the case of F®! the boson-fermion correspondence (of type A) is an isomorphism
of super vertex algebras, requiring locality only at z = w (see e.g., [Kac98]). But, in the case
of F®3 the boson-fermion correspondence (of type D-A) is an isomorphism of twisted vertex
algebras, requiring locality at both z = w and z = —w (see [Ang12], [ACJ13]).

We obtain a representation of as, on F ®3 by introducing fields arising from a 2-point local
twisted vertex algebra:

Proposition 3.3 Let

¢+DA(Z) _ ¢D(Z) _2¢D(_Z)’ ¢_DA(Z) _ ¢D(’z) +2¢D(_Z) ] (320)

The assignment zE(22,w?) —: ¢TPA(2)pPA(w) :, ¢ — IdF®% gives a representation of the

Lie algebra ao on F®% with central charge c = 1.

Proof: We will use Wick’s Theorem. We have ¢tP4(z) =3, ¢132n+%z2”*1 and ¢p~PA(2) =

Y onez (15]_32“_122", thus the modes ¢tP4(2) (resp. ¢ P4(2)) are the operator coefficients of
2

#P(2) in front of odd (resp. even) powers of the formal variable z. Hence, since ¢ (z) obeys
the second condition of Wick’s theorem, ¢TP4(2) and ¢~P4(2) obey it too. We also have

¢TPA(2) P (w) ~ 0, ¢ PA(2)7PA (w) ~ 0; (3.21)
DA _DA 1 1 1 z )
e ] ) I et (322)
_ 1 1 1
¢ PA(2)pTPA(w) ~ 3 (Z " Z+w> ~ 3 iuwz? (3.23)

hence the first condition of Wick’s theorem is also satisfied. Thus from Wick’s theorem we have
TP (21) ¢ P (wr) 1 ¢TPA(20) 9P A (w2) -
z _ z _
~ o ! 50 DA (w1)pT™PA(2,) +—5——> 2 5 1 pTPA(z1) g P A (wo) -
2] — Wy wy — %
Z1 Z9

+ .
2 2.2 _ 2
2] — Wiy wi — 2
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Hence
[ TPz P A (wr) 5y 9P (z2) 6 P (w2) 1]
= 210(27 — w3) : ¢~ VM wi)¢ TP (20) 1 +220(25 — wh) 1 9T (1) 7P (w) -
21 2 21 2
+ L2y wo Z% — w% bwy, 2o w% _ Z% — lwa,z Z% — w% bzgwn 'LU% — Zg’
and we use the fact that : g~ PA(w)¢TPA(2) := — : ¢TPA(2)¢~PA(w) .. O

We will denote this new representation on F®é by r1. Since d, is a subalgebra of as, we
have the following

Corollary 3.4 F®% s a module for doo with central charge ¢ = 1 wvia the restriction of the
representation r1.

If we introduce a normal ordered product : ¢2¢2 : on the modes ¢2 of the field ¢P(z),
compatible with the normal ordered product of fields (Definition 2.3), we have to have

: ¢D(2)¢D(w) = Z : ¢]3m,%¢l,)n,; 2",

2

m,n€Z+%
and thus
D D
o) mfédlni% form+n#1
. D D L D D 1 _ _ 4D D _
: ¢_m_%¢_n_% = ¢_m_%¢_n_% 1= ¢_n_%¢_m_% form+n=-1,n2>0, (3.24)
P ol form+n=-1,m>0.
—m—3 —nT3

Hence the well known representation r1 of do, on F®% with central charge ¢ = % is defined by
2

r (Em,n - Elfn,lfm) = ¢?m+1/2¢713—% :

1
2
for all m,n € Z. Now Proposition 3.3 gives us a new representation r; of as, on F®3 given by

71 (Emn) = ¢?2m+%¢2%,% o (3.25)

for all m,n € Z. Hence by restriction the representation of dy, on F ©37 with central charge
c=11is
D D D D
Tl(Em,n - Elfn,lfm) = ¢_2m+%¢2n_% L ¢2n—3/2¢—2m+3/2 ce
for all m,n € Z.

Proposition 3.5 (The upper triangular elements annihilate v,) For all n € Z, aX v, = 0.

Proof: We need to prove that for any £k > 1 and any i,n € Z, ri(E;;1r)v, = 0. We have
r1(Eiitk) = »P 2z+1¢2z+2k 1 . We start with n = 0, vg = |0). There are two cases: The case

of 2 4+ 2k > 0 is trivial. In the case 21 + 2k < 0, then : qﬁD
But —2¢ > 2k > 2, hence

D
2i+5 1 ¢2z+2k : ¢2z+2k7 1 ¢ 2i+% :

r1(Eiivr)vo = 11(Eji41)|0) = —¢§+2k_%¢]32i+%’0> = 0.
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We continue with n > 0, where v, = ¢” LR P
—2n+1-1 -3-1¥1

first we will consider the case when 27 + 2k < 0:

~1]0). Again, there are two cases:
2

D D D D D
Tl(EiviJrk)‘b—an— . ¢P —3— 1¢ 1— 1|0> 2z+2k 7¢ zz+1¢ 2n+1-1 " "¢—3—%¢—1—%|0>'
Now since it is impossible to have —2i + l = —(=20+1- 7) for any | € Z, qb i will

anticommute with any ¢ RYIRIRE and thus ¢D2 +1¢D2n+1_7 e ¢_3_%¢?1_%|0> =0.
D _ D
Next let 2¢ + 2k > 0, then : qb ey +1¢21+2k =¢ 2z+1¢21+2k L and
D D D D D D
Tl(Ei’i+k)¢72n+1—% e ¢737%¢ ‘0> 21+1 ¢21+2k7l¢72n+17% o ¢7375¢717§ 0)-
Now ¢2 +ok—1 is an operator annihilating the vacuum, and unless we have 2i + 2k — 5 =
—(-20+1— 7) for some 1 < [ < n, | € Z, then it will anticommute with any of the
¢D2l+1 L 1 <1 < n, and thus <;52 4 2 1¢D2n+1 ...ng 1¢>D 1\0) = 0. If, on the other

hand22+2k:—§:—( 204+1-13) forsome1<l<n ZEZ thenwehave

1 (Ei7i+/€)¢?2n+1_% s ¢l_)3_%¢?1_% ‘O>

_ D D D D D
- ¢—2i+%¢2i+2k—%¢—2n+1—% o '¢—2z+1—% T ¢—1—%|O>

D D b D D
= i¢72i+%¢72n+17% e ¢721+17%¢721+3f% e ¢717%|0>;

1 denotes the fact that gz$ 1 is absent. But then from 2i + 2k — 1/2 =

L
here ¢7), —ol41—

—(—20+1- ;), we have i+k = [ and —2i+1 = —2l—|—2k+1—§, and we know from £ > 1 that either
—2+3-5 < -2i+5<—1—g o —2i+5 >3 If —2i+5> 3 (ie, k> 1), thensince ¢°,

D D D D D
241-10 we have ¢—2i+%¢—2n+1—% e ¢—2l+1—%¢—2l+3—% e ¢—1—% |0).
If on the other hand —2[ + 3 — 5 < =23 +% <-1- %, then that means ¢f_32i+% = ¢1_7211+1_% for
1 < ll {—1and

D D b .D D
¢—2i+%¢—2n+1—% T ¢—21+1—%¢—2l+3—% T ¢—1—% 10)
D D D D D D
= ¢—2z’+l¢—2n+1—% e '¢—2l+1—%¢—2l+3—% e '¢—211+1—% s '¢—1—§|0>

D b D D D
- ‘Z’ 2ll+1fl¢72n+1f% e '¢72z+1f%¢721+1f§ T ¢7211+17% T ¢717%|0>

anticommutes with all qu

_ 44D D D D D D —_0
- i¢—2n+1—% T ¢—21+1—%¢—2l+1—% T ¢—2l1+1—%¢—2l1+1—% T ¢—1—%‘0> =0
D D _
since ¢ o, +1_;¢ oy 411 =0.
Consider now v_,, = ¢D2n+2,1 . .¢?271¢?1|0>, n > 0. Again, first we consider the case
2 2
D _ 4D D
21+ 2k >0, when : ¢ 2@+1¢21+2kn - ¢72i+%¢2i+2k7%

D D D D D D D D
Tl(Ei,z’—i-k)(b_%_,_Q_% s ¢_2_%¢_% |0> = ¢—2i+%¢2i+2k—%¢—2n+2—% e ¢_2_%¢_% |0>

Now since it is impossible to have 2i + 2k — 3 = —(—21 + 2 — 3) for any | € Z, ¢ 1 will

;¢13; ’0> =0.
2 2

2i4-2k—

anticommute with any ¢f)2 L and thus ¢2 2k 1¢?2n+27l . ¢727
2
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; . 4D D R D D
Next, let 2¢ + 2k < 0, then : ¢—2i+%¢2i+2k—% = _¢2i+2k—%¢—2i+%’ and
D D D _ D D D D D
™ (Ei,i+k)¢_2n+2_% cee ¢_2_%¢_% |0> - _¢2i+2k—%¢—2i+%¢—2n+2—% cee ¢_2_%¢_% ’0>
Now gf)l_)% L1 is an operator annihilating the vacuum, and unless we have —27 + % =—(-20— %)
2

for some 1 <1 <n-—1, | € Z, then it will anticommute with any of the ‘15?2[,17 1<i<n—1,
2
and thus ¢?2i+%¢132n+2,% . ¢5)2*%¢?é‘0> = 0. If, on the other hand —2i+ = —(—2{ — 1) for
some 1 <l <n-—1, [ €7Z, then we have
D D D
"1 Biisk) 9 g ip1 - 925 107110)

_ D D D D D
- ¢2i+2k7%¢72i+%¢72n+275 o '¢721+275 T ¢7%|O>

= :|:¢D L¢P 1 ¢f\ ¢D 1 ¢D1 10)
2i42k—5 " —2n42—5 """ _25_% —2l42—5 =5

But then from —2i + 1/2 = —(—2[ — 1), we have i = — and 2i + 2k — 3 = 2k — 2] — 1, and we
know from i+ k < 0 that —20 +2 — 1 < 2i + 2k — 3 < —1. That means ¢2 =¢P, 4 for
2

1
2 2i+2k—1
0<[;<l—-1and

0D o 167 T 6P110)
2i42k—3 7 —2n42—5 "V g1V 21425 T4

—_—
_ 4D D D D D D
- ¢2i+2k7%¢72n+27% T ¢_zl_%¢721+2f% T ¢lelf% T ¢f%‘0>

_ D D D D D D
= 0 o1y 10 ampa 1 - Oy 10 p 1 07 1801 10)
— 4¢P 6P P 60 197 o110 = 0;
—2n+2-1 —21-1 —2l42—% Yoo LYo 1 V1 ’
: D D _
since d)_%_%(;ﬁ_%_% =0.

Lemma 3.6 (Calculating the weights) For all i,n € Z, r1(E;;)vy, = “Np(Ei;)vp.

Proof: We want to prove

(Ei)
(Bii)vn=1-v, for0<i<n; ri(E;vy,=1 v, fori>n>1,
r(Eii)vp =0-v, fori<0, n>0;
(Bij)v—p=—1-v_, for —n+1<i<0; ri(Ej)v_p=0-v_, for —n+1>i>0;
(Eii)v—p =0-v_p, fori>0, n>0.
We have
D D ~
r(Bi) = ¢P, oD = ¢72i+%¢2¢7%7 for e >0,
, —2i+35 "2i—3 —gbg_%qb?%_i_%, for i <0

For n =0, vo = |0), and r1(E;;) =: ¢?2i+%¢§f% ;, and it is clear that r(£;;)|0) = 0.

Let n > 0 and v, = ¢’32n+17% e ¢?3,%¢131,%‘0>- Ifi > 0, ¢£7% from 7 (E;,;) will anticommute
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with any ¢P , in vy, except for [ such that -2/ +1 — % = —(2i— %), i.e., l =i. In the case
2

20+1—
there exist an [ such that [ =i, then

r1(Eii)von = Tl(Ei,i)¢D2n+1 1o ¢D3_%¢E)1_% 0)

_ D D D

_¢—2i+%¢21—7¢ 2n+1-1° 9 21+1—l"'¢ 1— l|0>

_ (_q\n—l 4D D D D

=(=1) ¢72i+%¢72n+17% 21 1¢ 20+1-1 - ¢717%|0>
—

— -1 . D D D

D D D _
= ¢72n+17% . .¢721+17% .. .¢717%‘O> = Un

Hence r1(E;;)v, = vy, for i <0 when n > i (i.e., exist an [ such that | =), and r1(E;;)v, =0
for ¢ < 0 when n < 1.

If i <0, then r(E;;) = vl 1¢D2 +1 and (j)D i will anticommute with any ¢ ColpioL in
2

Up, as it is impossible to have -2l +1 — 5 = —(— 21 + 3). Hence r1(E;;)v, = 0 for i <0.
Let n > 0 and v_,, = ¢?2n+2_%...¢1_72_%¢1_7%\0>. If 7 <0, ¢132i+% from ri(E;;) will

anticommute with any ngD 21 in v_,, except for [ such that —2[ + 2 — % = —(2i + %),

20+
i.e., | = —i — 1. In the case there exist an [ such that [ = —¢ — 1, then

r1(Eii)vn = r1(Ei)o”, ISR N 1¢£)%|0>
= (Z)szl 721+1¢D2n+277 ¢1321+27% e ¢?§|0>
= (=)o 100 1 00516 1 00110)
- _(_1)n_l¢?21+2f%¢132n+27% T ¢l_)2l+2—l T ¢?§|0>

D D D
= _¢—2n+2—% e ¢—2l+2—% L ¢Z1]0) = on

Hence r1(E; ;)v—p = —v_p, for i <0 when n > —i — 1 (i.e., exist an [ such that [ = —i — 1), and
r1(Eii)v—p = 0 for i <0 when n < —i — 1.

If i > 0, then r1(E;;) = ¢D2H1¢D . and qu . will anticommute with any ¢” as it
2 2

—21+2-1’
is impossible to have —2/ +2 — 1 = —(2i — 1). Hence r1(E;;)v_, =0 for i > 0. O

~— e~

Proposition 3.7 For anyn € Z, Fe

(n 1S an Aoo-submodule of F®% and F (

Proof: First, Ffi )é is an aso-submodule of F®é as ri (E,,J) is a homogenous operator acting on
F®3 of degree 0 with respect to the grading given in Lemma 3.1 and in (3.5). Then certainly
that gives us U(ag,)vn, C F(®)é The proof that F(Qi)é = U(a,)vy, is similar for each n € Z, thus
we will show it only for n = 0. Let v € Fe 0 ) , without loss of generality here we can assume

1
v is homogeneous, i.e. v = d)l—)nk—l . ¢_n2_1¢D ~1]0). Since v € F{G;)Q, we have k = 2] and

precisely half of the indexes ni,ns,...,n; are even, the other half are odd. Thus we can write
after eventual use of the anticommutation relations in Clp

—n{—5 7 —nf
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i.e., we have rearranged the factors in pairs, so that the indexes in the pairs are n¢ and n?, and
we have n{ > --- >n{, nj > --- > nf. Hence we have nf = 2¢, for some g5 € Z and nJ = 2p, — 1
for some ps € Z. Thus

v = i¢?n77%¢f)nef% T d)l}n(fi%d)?n?i% 0) = £r1(Epy—q) - 11(Epy,—q10);

l

1 ®1
which proves that F (%)2 = U(a)vo. The proof that F (n )2 = U(ay,)vn is very similar for the
other n € Z and we will omit it. [J

ol

Proposition 3.8 For anyn € Z, F( jg is an irreducible submodule for the representation r1 of
@l .

Qoo inside F®% . Moreover foranyn € 7, F( f > L(aoo;"Ap, 1).

Proof: This proof uses the uniqueness property of the contragradient Hermitian symmetric
form on the Verma module V (as0;*Ay, 1) (see [Jan79], [Kac90] or [MP95]). For a more direct,
but calculational proof the reader can see the Appendix. It is well known that one can define w
the conjugate linear involutive anti-automorphism on Clp by w(¢l) = ¢P  for all m € Z + %

and w(1) = 1. Recall the module F®% is defined to be the induced module
1
F®2 = Clp ®cigcp, Cl0)

whereby 1]|0) = |0) and Clp|0) = 0. The conjugate linear involutive anti-automorphism (or
antilinear antiautomorphism) w : Clp — Clp defined by w(¢,) = ¢_, gives rise to a non-

degenerate positive definite form ( | ) defined on F®% whereby
(Xv[w) = (w]w(X)w)

for all v,w € F®% and X € Clp. Observe that FE2 ,y 1 F®3, for m # n.
It is straightforward to check that

wW(r1(Empn)) = r1(Epm) = r1(w(Emmn))- (3.26)

Thus w defined on Clp agrees with the compact anti-involution defined on aoo given earlier.

We have from Proposition 3.5, Lemma 3.6, and Proposition 3.7 that F? (n ) is a highest weight
aoo-module. By the universal mappmg property of Verma modules there exists an ao-module

homomorphism 7 : V(aoo,aAm 1) — Fe (n ) sending the highest weight vector v,; ~of the Verma
@1
module V(aoo;“An,l) to v, in F( )2 Moreover the Hermitian symmetric w-contragradient

1
form ( , ) on F(%L)Q pulls back to a Hermitian symmetric form ( , ) on the Verma module
V(aoo;a]\n, 1). In other words

(uvag, ,uvaA ) = (m(uvgg ), 7 (U/,’Ua[\n)> = (r1(u)v,, r1 (' )o,). (3.27)

for all u,u’ € as. By (3.26), we have
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Hence ( , ) is contragradient with respect to w.
Now it is known that there is a unique contragradient Hermitian symmetric form on the

~

Verma module V(aco;*An, 1) with (veg ,ve; ) = (vn,vn) and its radical is precisely the unique

maximal submodule V (aso;%Ay, 1) of V(aoo:®Ay, 1) (see [Jan79], [Kac90] or [MP95]). So
0= (V(asoi*An, 1), t'vag ) := (m(V(to0;*An, 1)), ('veg ) (3.28)

for all W' € U(as). Since (, ) is nondegenerate and m is surjective one must have
V(aoo;®An, 1) C kerm. Thus L(teo;®An, 1) = V(aoo;*An, 1)/V (a0s;0hn, 1) & FO7 ). O

1
Remark 3.9 An alternative proof of the irreducibility of F((i)g can be given as follows. In
[Ang12] we considered the Heisenberg algebra Hz, which is a subalgebra of a, represented by

hn = § Ei,iJrn
1€EZ

1
In [Angl2] we prove that each F(%Q is irreducible under Hyz. Since Hy is a subalgebra of @,

1
then F(Qi )2 is irreducible under aog.

The previous three propositions can now be combined in the following

1

Theorem 3.10 As a., modules with central charge ¢ = 1 F(Qi)z = L(aoo;af&n,l) and F®%

decomposes into irreducible submodules as follows:
F®é = @nEZL(aoo;aAna 1)-

Hence F®3 = F®1 gg oo modules with central charge ¢ = 1.

Here F®! denotes the fermionic Fock space of the charged free fermions (see Remark 3.2 above,
after [Fre81], [KR87], [KW94], [Kac98], [KWY98]|, [Wan99al).

Since F®% = F®! g aoo modules with central charge ¢ = 1, we can use Theorem 3.2 of

1
[Wan99b] to get the decomposition of the irreducible central charge ¢ = % dso modules F?Q and

1
F?Q in terms of the new d, central charge ¢ = 1 action:

Corollary 3.11 As ds modules with central charge ¢ = 1 we have

1 N 1z ~ ~
92 > [(doo®An, 1) forn#0  Fo? 2 L(deo:®Ao, 1) & L(doo;®Ager, 1); (3.29)

F (0)

(n)

where for n # 0 F(®

— o~

1
f has highest weight vector v, and F(QZ decomposes into two irreducible

n
1
highest weight modules, with highest weight vectors vy and Ty = ¢P 5P, |0) € F(%)Q (note Uy is
2 2

not a highest weight vector for the as action, only the do action). Thus as ds modules with
central charge c =1

Pes = (@nezL(dem 1>> D (L™ R0, 1) @ L(doe™ R 1)

n#0
and
®% 20 A
F7?% = @nezl(doo;™ Aon—1,1);
1 N ~ N
F?Q = <@n§ZL(doo§aaA2m 1)) @ (L(dOO;DDAﬂv 1) D L(doo;aaAdeta 1)) :
n#0
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Here, as in [Wan99b|, the highest weights A, are obtained from the restrictions of “An, except
for °°A 4., which is defined by

®Nget(Eii — E1ii—i) =2; fori=1, Ag(E;;—FE1_1-;) =0 fori#0,L.
Proof: Follows directly from Theorem 3.2 of [Wan99b| and Theorem 3.10. [

4. Appendix
For readers who would like to see a more computational proof of Proposition 3.8 we present one
below.

Alternate proof of Proposition 3.8: First we will prove that the action of a., on F®% will

1
preserve the Z grading gd; that will show that each F((?L j? is a submodule for the ry action of as
1
on F®%. Then we will show that the submodule F((i )3 is irreducible.

ol
Letv=0¢” |...¢” ¢” |0) be any homogeneous vector in F ®2  We have
—Ng—3 —n2—3 —Ni—3 ( )

¢D2p+1¢D 1, unless ¢ <0 and 2¢q — % =—(—2p+ %)

r(Epa) =075, 105 1 =

D
2q_lgb 2prL? otherwise.

Consider first the case when —(2q — %) =-2p+ % and g < 0. Then —2p + % > 0, and in

D D D D
Tl(Ep,q)UZ —¢2q,%¢ 2p+1¢ ng—31 - 07 ng—l¢—n1 ,|0>
¢D2 pil will either anticommute with all qﬁD 1,8 =1,...,k, in which case r(Epq4)v = 0 as
ns—3
2p+1 |0) = 0; or otherwise we will have —2p + % =—(—ns— %), for some s = 1,...,k. In that
case we also have —ng — % = 2q — % and
D D D D
T1 (Epg)’l} = _¢2q7l¢72p+l¢7nkfl . gb*’n,sf% - 7n17l |O>
— D D D
_j:%q_%qﬁ 1 QY % T ;’0>
_ D D
= i‘lln,(% ) ..¢7n57% 02 7\0>
1
This shows that in both cases when —(2¢ — 3) = —2p + 3 we have if v € F((?L)Q then

71 (Ep q)v S F(
Next, consider the case when —(2q — %) #* —2p+ %, but still ¢ < 0, which implies again that

n)

1 (Epq) = —qbgl 1 ¢£)2p+ , (anticommutation) and again we consider the possible cases for
2 2
D D D D
rl(Ep,q)v = _¢2q_l¢ 2p+1¢ k_* s (b 2_% —n1— l’0>
The first case is when p < 0 and qu p+1 anticommutes with all ngD 1, 8s=1,...,k, in which
ns=3
case r1(Epq4)v = 0. The second case is again as above when —2p + 5 = —(—ns — %), for some

s=1,...,k. We again have

r(Epgv = =g 167 107, 1. 60 102, 1]0)

—np—3% —ns—3 —ni—3
—_—

_iqs ¢nkl...¢ff L oP10).

nS,E n1*§
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In other words, we have “removed” gb? 1 with even index ny = 2p. Now since ¢ < 0, we either
2

have 2q — % = —n;— % for some ¢t = 1, .é. ., k,t # s in which case again we have 7 (E,4)v =0 as

gb?Qq_ 1 (;51_72(1_ 1= 0. Or otherwise we have “added” d)f’nt_ 1 with even index n; = —2¢q, which

doesn’t change the degree dg, as we have “removed” an even index ns; = 2p and “added” an

even index ny = —2¢. Thus in all cases when ¢ < 0 we have if v € F(Qz)é then ri(Epq)v € F(Qz)é.
Lastly, let ¢ > 1. Similar argument as above show that either rl(Ep,q)v =0, or

D D D D
71(Epq)v = ¢—2p+l¢2q—l¢ ng—1- Qb_nt_% Pl 0)
_ D D D
=+¢" o1 1(;5 o 7...¢7m7%... g 7\0>
where 2q—% = —(—my— f) for some t =1,...,k,t#s. Thus ny = 2¢—1 and we have “removed”
an odd index n;. Now if 2p +1—3 < () we are “adding” back an odd index —2p + 1. If, on
the other hand —2p+1 — 5 > 0, then either we get 0, or we remove also an even index. Thus

as a summary, in all cases we either remove an odd (even) index and add an odd (even) index

back; we remove both an odd and an even index; or we get 0. Hence in all cases the action of
1

r1(Ep,q) will preserve the grading. Hence each F(%L)E is a submodule for the representation r1 of
oo ON F ®é.
1
Further, from the observations above we can summarize the action r on F®2 as follows. We

have 3 nontrivial cases: in case 1 1 (E) ) acting on a homogeneous vector v “adds” two factors

oP , and ¢P 1, so that one of the indexes ng,, ns, is even , the other is odd (we will
“Ns; 3 “Nsy =3 v

call it for short “adding an even and an odd index”). In case 2, we replace a factor gzb?n

N

517
with another factor gbf)n 1, where either both factors ng,, ns, are even, or both factors ng,,
2

52
ns, are odd (we will call it for short “replacing even with even index” and “replacing odd with

odd index”). And case 3 is when we “remove” two factors ngn , and d)Dn 1, so that one
“Ms1 T3 “Msy 3
of the indexes ns,, ns, is even , the other is odd (“removing an even and an odd index”). Not

that “adding an index” that is already present, or “removing an index” that was absent, will of

course produce the 0 vector.
1

Now we want to prove that for each n € Z F((?L)E is an irreducible module for a.,. This will
1
be done in two steps. The first step is to prove that each vector in F(Gi)g can be generated from

the "n-th vacuum vector” v,, i.e., ( )5 = U(ay,)vn. The second step is to prove that for any
1
vector v € F( y » we have v, € U(aso)v.

®L

The proof that F( )2 = U(ay,)vy, is done in Proposition 3.7. Finally, we prove step 2, i.e.,
1 QL

for any vector v € F( ), we have v, € U(ax)v. Let v € F( )3 not necessary homogeneous:

hk

V= chev™, where v"* are homogeneous vectors,

= ¢P P el 10, aeC

nk,, ng—z

It is clear that by the operation “adding an even and an odd index” we can reduce v only to a
linear combination of homogeneous elements with minimal possible length L among the v* by
the following two steps: we would “add an even and an odd index” starting from the already
existing indexes in the vector v"* with the largest length L (which will annihilate it), and then
we would remove the same combination back (which will bring the elements with lower length
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1
back to their original length). This is always possible, as any two lengths within Ffi)z differ
always by an even number; and we always have at least two differing elements gi)f)nk_ 1 between

2

the homogeneous elements with the two consecutive lengths, as well as two differing elements
ng ! between homogeneous elements with same lengths. Now among the remaining different

Vectors v" with minimal possible length L we can use the operations of “replacing even index
with even” and “replacing odd index with odd” until only a single v"* with largest index ny,
being the m1n1mal possible remains. We will show how this algorithm on an example: consider

a vector v € F. (0 )2 that will illustrate these 3 steps,

v=02 100, 167, 167, 110)+ 07 160 107, 167 1[0)
+ 0% 1075 110) + 5 167, 1[0} + ¢?5_%¢_4_%|0> + 6% 107 110).
We have Step 1:
Ey _ov= ¢?7_%¢5)4_%U = ¢E)7_%¢E)4_%¢?7_%¢?4_%¢?3_%¢?2_%|O>
+ ¢£)7_%¢£)4_% ¢£)5_% ¢?3_%¢?2_%¢?0_% 0)
+ ¢?7,%¢?4,%¢?8,%¢?5,% 0) + ¢?7,%¢?4,%¢?6,%¢?1,% |0)
+ ¢?7,%¢?4,%¢?5,%¢?4,% 0) + ¢?7,%¢?4,%¢?9,%¢?8,% 0)
=02 107, 107 107 167, 107, 1|0)
+ ¢]37_%¢?4_%¢1_78_%¢?5_% 0) + ¢]37_%¢?4_%¢?6_%¢1_)1_% 10)
+ ¢?7_%¢?4_%¢?9_%¢?8_% 10);
Step 2:
E_94Fy ov= ¢f+%¢$+%¢?7_%¢?4_%1’
= 00107107 107, 1675 167, 167, 107, 110)
+ ¢f+%¢7D+%¢?7_%¢]_3 _%Qﬁ?g_%(b?g)_% |0)
+ b 107100 100, 100 107, 110)
+ ¢4D+%¢?+%¢?7_%¢?4_%¢?9_%¢5)8_% 0)
=675 107, 107, 100, 110)
+ P 10 110) + P 10" _110) + 0P 16" 1]0);
3 3 3 3 3 3
We repeat Step 1:
B3 1E_94F 9v = ¢£)5_%¢?2_%E72,4E4,720
=675 107, 107 107 167, 167 ,1[0)
+ ¢?5_%¢?2_%¢?8_%¢?5_% 0) + ¢£)5_%¢?2_%¢?6_%¢?1_% 0)
+ ¢?5,%¢?2,%¢]39,%¢D8 110)
=005 1075 100 100 1100+ 005 167, 167 167 110).
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We repeat Step 2:
E_13E3 1B 24Fy ov= ¢l,)6,%¢131,% 0) + ¢]39,%¢?8,% 10).-
Finally Step 3:

E1sE 13F3 1E _24Ey 2v= ¢?1_%¢5+%¢?6_%¢?1_% 0) + ¢?1_%¢§+%¢?Q_%¢?g_% 0)
- (bf)g_%(p?l_%‘(»

Hence similarly we can reduce any potentially nonhomogeneous vector v we started with to

a homogeneous vector v™* by successive action of 7 (Epg). Thus we consider the homogeneous

vector v = P .. pP 27l¢?n17l]0). If v"* has length L(v"*) > |n|, then L(v"*) = |n|+21
2 2

—ng—3 —n

and we can use the the operation of “removing an even and an odd index” [ times in succession

until we get a vector of minimal length L = |n|. After that we just have to eventually “replace

some even indexes with even” and “replace some odd indexes with odd” to produce the highest
1

weight vector v,. Hence, we have proved that v, € U(ax)v for any v € FSL?, which since
1

1 1
F (Qi )2 = U(ax,)v, proves that F (Q?;)Z is an irreducible highest weight module for a.,. The highest
weights are calculated in Lemma 3.6, and that proves Proposition 3.8. [J
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