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Abstract. In this paper, nonlinear dynamic characteristics of a single span rotor system with 
two discs are investigated under fixed-point and local arc rub-impact conditions. A twenty-
degree-of-freedom model considering the gyroscopic effect is developed, the simple Coulomb 
friction model and piecewise linear spring model to describe the contact between the rotor and 
the stator. The vibration chracteristics of the rotor system with two types of rub-impact forms 
are analyzed with respect to the effects of rotating speed by using spectrum cascades, vibration 
waveforms, orbits and frequency spectra. The simulation results show that different rotor 
motions appear, such as P1(period-1), P2, P3 and P4 with the increasing rotating speed under 
two rub-impact conditions. And some combination frequency components and continuous 
spectra appear under the local arc rub-impact condition, which are different from those under 
the fixed-point rub-impact condition. 

1. Introduction 
Due to the increasing demand for high speed and high efficiency, the clearance between the rotor 

and stator in rotating machinery is becoming smaller and smaller. As a result, the rub-impact, which 
refers to the contact between the rotating and non-rotating structures in a machine, has become one of 
the most common damaging malfunctions in rotating machinery. Many works on different rub-impact 
forms, such as point, local annular and full annular rub-impacts, have been extensively studied [1].  

Many researches on the fixed-point rub-impact have been carried out by Ma et al., Han et al., 
Lahriri et al., Hu et al. and many others. Ma et al. [2,3] analyzed nonlinear dynamic characteristics of a 
flexible rotor system with fixed-point rubbing by numerical simulation and experimental verification. 
Han et al. [4] developed a FE (finite element) model of the rotor system and analyzed different rotor 
motions caused by rub-impact occurring at fixed limiters. Lahriri et al. [5,6] proposed a new 
unconventional backup bearing design (similar to four point rubbing device) in order to reduce the rub 
related severity in friction and center the rotor at impact events. The result shows that the rotor with 
impacts is forced to the center of the backup bearing and the lateral motion is mitigated. Hu et al. [7] 
analyzed the features of sharp rubbing between the rotor and stator in a rotor system by experiments. 
Their results show that in the early rubbing stage, there are the sub-harmonics vibration of the order 
1/3 and 2/3 obviously. 
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Many efforts have been devoted to study the local rubbing fault, such as Muszynska et al., Abuzaid 
et al., Chu et al., and Roques et al. Muszynska et al. [8] discussed chaotic response of unbalance rotor-
bearing-stator systems with local rubbing. The results show that at low rotational speeds, the rotor’s 
response exhibits 1X (X denotes rotating frequency) vibration as the lowest frequency component. At a 
speed roughly equal to twice the rotor’s first lateral natural frequency, a 1X/2 sub-synchronous 
vibration component appears, and continuous until the rotational speed reaches 3 times the rotor’s first 
natural frequency. Then, the 1X/2 is replaced by 1X/3 vibration as the lowest frequency component. 
Abuzaid et al. [9] investigated the effect of partial rotor-stator rubbing both experimentally and 
analytically. The results show that the features of light rubbing include 1X, 2X and 3X, whereas severe 
rubbing include 1X/3 and 2X/3. Chu et al. [10] studied the nonlinear vibration of a rub-impact rotor 
system and observed a variety of periodic and chaotic vibrations. The experiments show that the 
system motion generally contains multiple harmonic components, such as 2X, 3X, and 1/2-based 
fractional harmonic components, such as 1X/2 and 3X/2. Under some special conditions, the 1/3-based 
fractional harmonic components can also be observed. Roques et al. [11] presented a rotor-stator 
model of a turbogenerator and investigated rotor-stator rubbing caused by an accidental blade-off 
imbalance. Thereinto, the rotor system is modeled using FE method, rotor-stator rubbing is simulated 
using node-to-line contact and the highly nonlinear equations due to contact conditions are solved 
through an explicit prediction-correction time-marching procedure combined with the Lagrange 
multiplier approach. 

Aiming at full annular rubbing, Dai et al. [12,13] adopted the simple Coulomb friction model and 
piecewise linear spring model to describe the contact between the rotor and the stationary stop, 
established the dynamic equations of the rotor that does precession roughly enough to rub with the 
displacement stop in the support and analyzed nonlinear vibration responses in the process of rubbing 
by numerical simulation. Choi [14] investigated the whirling motion of the rotor with full annular rub. 
His study shows that the effects of the friction coefficient and the eccentricity of the rotor can explain 
the onset of backward rolling and backward slipping as the rotor speed increases or decreases. Jiang et 
al. [15] analyzed the stability of the full annular rub solutions of a modified Jeffcott rotor with a given 
rotor-stator clearance and cross-coupling influences. Adopting a linear spring model to model the local 
impact-deformation phenomenon, Xu et al. [16] studied the synchronous full annular rub motion of a 
Jeffcott rotor and its dynamic stability behaviour in detail. 

From experiments on aero-engine test rigs, it has been observed that rubbings often only occur at 
fixed points or local arc area along the radial direction if they are caused by the deformation of 
compressor cases [17], which is called fixed-point or local arc rub-impact in this paper. In our study, a 
twenty-degree-of-freedom model of a flexible rotor system considering the gyroscopic effect is 
established. Vibration responses are simulated under fixed-point and local arc rub-impact conditions. 
The results will give deep insight into the local rub-impact mechanism. 
 

2. Fixed-point and local arc rub-impact models 
Fixed-pint rub-impact is that the rotor contacts a fixed point of the stator once in one cycle, which 

usually occurs when the stator stiffness is greater than that of the rotor system or bumps caused by the 
stator deformation appear. Schematic diagram of the fixed-point rub-impact is shown in figure 1(a). In 
the figure, ω is rotating speed, Frx and Fry are normal and tangential rub-impact forces respectively and 
their expressions are as follows 
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where c is an initial clearance between the rotor and the stator, kr  is the stator stiffness in the rub-
impact direction, fr  is friction coefficient at rub-impact position, H is Heaviside function and its 
expression can be written as 
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Schematic diagram of the local arc rub-impact is shown in figure 1(b). In the figure, o is the center 
of the stator, o' is the center of the rotor, β is the angle between oo' and the positive x-axis, α0 and α1 
are start and end angles between the stator and the positive x-axis, Fn and Ft are normal and tangential 
rub-impact forces respectively and their expressions are as follows 
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where 22 yxr += is the radial displacement of the rotor. The component forces Frx and Fry of rub-

impact force in x and y directions can be expressed as follows 
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(a) fixed-point rub-impact              (b) local arc rub-impact 

Figure 1. Schematic diagrams of fixed-point and local arc rub-impacts 
 

3. The motion differential equations of the rotor system with rub-impact 
 

In order to study the rub-impact fault efficiently, a mathematical model of the rotor-bearing system, 
which is depicted in Fig. 1, is simplified according to the following assumptions. 

(a) The movements of the rotor in torsional and axial directions are negligible; the journals, 
coupling and discs are simulated by five lumped mass points and the corresponding points are 
connected by massless shaft sections of lateral stiffness; each point has four degrees of freedom 
including two rotation and two translation freedom, in which mi (i=1,2,3,4,5) are lumped masses. 

(b) The bearings are modelled ideally by linear stiffness and damping, where kblx, kbly, cblx, cbly and 
kbrx, kbry, cbrx, cbry are stiffnesses and dampings of the left and right bearings in x and y directions, 
respectively. 
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Figure 2. Schematic diagram of a rotor system  

 
Assuming that rub-impact occurs at the left disc and the motion differential equations of the rotor-

bearing system with twenty degrees of freedom can be deduced as  
( ) ru FFKqqCGqM +=+++ &&& ,                                                 (4) 
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where Jpi and Jdi (i=1,2…5) are the polar moment of inertia and the diametral moment of inertia of 
lumped points, respectively. 
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The matrix elements of Kx and Ky are calculated as follows: 
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in which E, li and I are the Young’s modulus of elasticity, the distance between every two consecutive 
lumped mass points and the area moment of inertia respectively. 
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where ωn1 and ωn2 are the first and second order natural frequencies (r/min); ξ1 and ξ2 refer to the first 
and second order modal damping ratios, respectively. 

]0,0,0,0,0,0,0,,0,0,0,0,0,0,0,0,0,,0,0diag[ blbl2 yx cc=C                         (14) 
T

55443322115544332211 ],,,,,,,,,,,,,,,,,,,[ xxxxxyyyyy yyyyyxxxxx θθθθθθθθθθ=q ,   (15) 
where xi, yi, θxi and θyi (i=1,2,3,4,5) are the displacements in x and y directions and angles of 
orientation associated with the x and y axes, respectively. 
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where m3e, m4e, φ1 and φ2 denote the eccentricity of unbalance mass of the left and right discs, the 
initial phase angles of eccentricity in left and right discs, respectively. 

[ ]Trrr 0,0,0,0,0,,0,0,0,0,0,0,0,0,0,,0,0,0,0 yx FF=F                                (17) 
in which Frx and Fry are rub-impact forces of the left disc in x and y directions.  

The model parameters of the rotor and the bearing are listed in Table 1. The first and second 
natural frequencies can be determined to be about 27.27 Hz and 98.48 Hz. Eq. (4) is solved by using 
numerical methods and Newmark-β integration method is adopted because it is a kind of robust 
algorithm for solving nonlinear equations in the time domain. In this paper, the spectrum cascade is 
used to exhibit continuous changes of the frequency components of the rotor-bearing system, rotor 
orbit is used to show the axis trace moving direction and vibration waveform to indicate time domain 
features under some rotating speeds. 

 

Table 1. Model parameters of the rotor-bearing system 
m1,m2,m3,m4,m5 (kg) 0.0439, 0, 0.741, 0.741, 0 

Jp1,Jd1 (kg·m2) 2.42×10-6, 2.56×10-6 

Jp2,Jd2(kg·m2) 0, 0 

Jp3,Jd3(kg·m2) 4.09×10-4, 2.4×10-4 

Jp4,Jd4(kg·m2) 4.09×10-4, 2.4×10-4 

Jp5,Jd5(kg·m2) 0, 0 

kblx,kbly,kbrx,kbry (N/m) 1×105,2×105,2×108,5×108 

cblx,cbly,cbrx,cbry (N·s/m) 100,200,1000,2000  

ξ1 , ξ2 0.02, 0.04 

m3e, m4e (kg·m) 1.56×10-4 

φ1, φ2(rad) 0, 0 
 

4. Numerical simulation of fixed-point and local arc rub-impacts 

4.1. Fixed-point rub-impact simulation 
Material parameters of rotor are as follows: Young’s modulus of elasticity E=207 GPa, Poisson 

ratio υ=0.3. The stator stiffness kr=8 MN/m and the clearance between the rotor and the stator c=0.1 
mm, friction coefficient fr=0.3. Spectrum cascade of the system with rotating speed is shown in figure 
3. In the figure 1X denotes rotating frequency. 
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Figure 3. Spectrum cascade of the left disc with fixed-point rub-impact 
 

From figure 3 it can be seen that the frequency feature includes 1X, 2X in the range of ω∈[1000, 
3500] r/min, which show system motion is P1 (period-1); 1/2 fractional harmonic components, such as 
1X/2, 3X/2, 5X/2, etc., in the range of ω∈[3500, 6300] r/min; 1/3 fractional harmonic components in 
the range of ω∈[6300, 9200] r/min; 1/4 fractional harmonic components in the range of ω∈[9200, 
10000] r/min. The detailed vibration responses at ω=1000, 5000, 8500 r/min are shown in Fig. 4, 
which shows, from the left to the right, vibration waveforms, orbits and spectra. In the orbits, the black 
line denotes the orbits without rub-impact and red line the orbits with rub-impact. 
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Figure 4. Vibration response of the system at ω=1000,5000, 8500 r/min 

4.2. Local arc rub-impact simulation 
 
The clearance between the rotor and the stator c=0.14 mm and rub-impact regional angle α=α1-α0= 

30º and other parameters are the same as those in section 4.1. Spectrum cascade of the system with 
rotating speed is shown in figure 5. As a whole, the system motions (P1, P2, P3 and P4) with local arc 
rub-impact are similar to those under fixed-point rub-impact condition. However frequency features of 
the former, especially the transition regions between different motions, are more complicated than 
those of the latter. Some continuous spectra appear in the ranges of ω∈[1800,2000], [3000,3800], 
[5000,6000] and [8800,9200] r/min, which show the complexity of the local arc rub-impact. 

Figure 5. Spectrum cascade of the left disc with local arc rub-impact 
 

The detailed vibration responses at ω=2000, 4000, 6000 r/min are shown in Fig. 6. Combination 
frequency components appear and the system motion is quasi-periodic at ω=2000 r/min. 1/2 fractional 
harmonic components, such as 1X/2, 3X/2, appear at ω=4000 r/min, which show system motion is P2. 
Low frequency components with big amplitudes and continuous spectra appear at ω=6000 r/min. 
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Figure 6. Vibration response of the system at ω=2000,4000, 6000 r/min 
 

5. Conclusions 
In this paper, a twenty-degree-of-freedom model of a flexible rotor system considering the 

gyroscopic effect is developed. The system vibration responses are analyzed under the fixed-point and 
local arc rub-impact conditions by numerical simulation. Some conclusions drawn from the study can 
be summarized as follows. 

Under the fixed-point rub-impact condition, system motion is from period-1 through period-2 and 
period-3 to period-4 with the increase of the rotating speed. On the whole, the motion forms under the 
local rub-impact condition are similar to those under the fixed-point rub-impact, however, some 
combination frequency components and continuous spectra appear at the transition regions between 
different motions. These features show that the local rub-impact is more complicated than fixed-point 
rub-impact. 
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