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Abstract. Underwater clutter is the main interference for active sonar to detect buried 
target. Anti-clutter waveform designing and processing method play a significant role 
in clutter suppression. This paper proposes a processing framework for detecting buried 
target. The linear-frequency-modulated continuous wave (LFMCW) signal is selected 
as the detecting waveform, and the properties of time-frequency distribution, spectrum, 
periodic fractional Fourier transform (PFRFT) and wideband ambiguity function (WAF) 
for LFMCW are analysed, then the waveform parameters is designed to well detect 
buried target. Furthermore, on the basis of PFRFT and WAF, this paper proposes a 
processing method for LFMCW. Both the theoretical analysis and simulation results 
validate the proposed method. Sine-square weighted LFMCW outperforms the 
rectangular weighted one. 

1.  Introduction 
Underwater clutter is the main interference for active sonar to detect buried target. The main methods 
for clutter suppression are anti-clutter waveform designing and signal processing. There are two ways 
to design anti-clutter waveform: one is deriving the optimum anti-clutter waveform by combining the 
prior knowledge of the target, the scattering distribution of the scatters and the autocorrelation function 
of the signal; another one is designing anti-clutter waveform according to the application environment 
and the ambiguity function matching principle. However, the former method is very difficult in 
mathematical derivation, whose results are not much, but the latter one is convenient to calculate. As a 
low probability of intercept signal, linear-frequency-modulated continuous wave(LFMCW) has 
reflected some advantages in detecting target under interference environment. Therefore, LFMCW 
signal can be selected in detecting buried target, and its waveform parameters can be designed according 
to the requirements. 

In addition, the detection of buried target requires high spatial resolution. Therefore, the hydrophone 
arrays and transmitted signal should have high angular resolution and high range resolution, respectively. 
Some effective processing methods should be used to suppress clutter and reduce the effect of multipath 
propagation, which caused by propagation medium’s fluctuation and uniformity. The frequency of the 
transmitted signal can’t be too high, because it is necessary to consider that the sound wave should have 
some capability of penetrating sediment [1]. 

This paper is organized as follows. In section 2, preliminary work including the wideband ambiguity 
function (WAF), clutter model and periodic fractional Fourier transform (PFRFT) algorithm will be 
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introduced briefly. In section 3, the processing method for detecting buried target is discussed in detail, 
LFMCW signal is analyzed, and experimental results are provided to validate the performance of the 
proposed method. Finally, the conclusion will be presented. 

2.  Methodology 
This section introduces the theories of wideband ambiguity function, clutter model and periodic 
fractional Fourier ransform briefly. 

2.1.  Wideband Ambiguity Function(WAF) 
The ambiguity function is a concept proposed in the study of radar resolution, which is the ability to 
distinguish two adjacent targets. Ambiguity function is an effective tool for signal analysis and 
waveform design. At the same time, the mathematical model of the moving point target echo and the 
least mean square error criterion are used to derive the ambiguity function [2].  

Considering broadband model of moving point target echo [3] 
 
                                                               ݃ሺݐሻ ൌ ඥݏߟሾߟሺݐ െ ߬ሻሿ                                                       (1) 
 

where	ߟ ൌ ሺܿ െ ሻݒ ሺܿ ൅ ⁄ሻݒ  represents doppler scale parameter. 
For a wideband signal, the effect of target velocity must also consider the compression of the signal. 

The wideband ambiguity function of time delay and doppler scale factor is thus defined as [4]: 
 

                                                       χሺη, τሻ ൌ ඥߟ ׬ ݐሺߟሾ∗ݏሻݐሺݏ െ ߬ሻሿ݀ݐ
ାஶ
ିஶ                                       (2) 

 
The quantity of interest is usually the square of the envelope of the matched filter response, and the 

ambiguity function is thus often defined as 
 

                                         Ψሺߟ, ߬ሻ ൌ |߯ሺߟ, ߬ሻ|ଶ ൌ ቚඥߟ ׬ ݐሺߟሾ∗ݏሻݐሺݏ െ ߬ሻሿ݀ݐ
ାஶ
ିஶ ቚ

ଶ
                          (3) 

 
 Let	ߟ ൌ 1, then (3) becomes  
 

                                                           Ψሺ1, ߬ሻ ൌ ቚ׬ ݐሺ∗ݏሻݐሺݏ െ ߬ሻ݀ݐ
ାஶ
ିஶ ቚ

ଶ
                                        (4) 

 
which is called time delay ambiguity function. 
Let	߬ ൌ 0, then (3) becomes 
 

                                                         Ψሺߟ, 0ሻ ൌ ቚඥߟ ׬ ݐሻ݀ݐߟሺ∗ݏሻݐሺݏ
ାஶ
ିஶ ቚ

ଶ
                                        (5) 

 
which is called velocity ambiguity function. 
WAF can be realized by FFT algorithm, shown in (6) 
 

                                                                 χሺߟ, ߬ሻ ⟺ ܷሺ݂ሻܷ∗ሺ݂ ⁄ߟ ሻ ඥߟ⁄                                         (6) 
 

Different waveform's ability to distinguish two targets, including the τ௘ (distance resolution) and η௘ 
(velocity resolution), is an important indicator for sonar system, which can be obtained by making 
Ψሺ1, ߬ሻ ൌ 1 2⁄  andΨሺߟ, 0ሻ ൌ 1 2⁄ , respectively. 
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2.2.  Clutter Model 
Making the following assumptions in order to simplify the calculation and complete the reverberation 
simulation: 

The scatters are randomly distributed at the bottom of the sea. 
Considering only the primary scattering of scatters, and it is thought that the sound wave travels along 

a straight line without considering the multipath effect. 
In a sufficiently short pulse width, the angular variation of the scattered and the receiving array caused 

by the motion of the sonar platform is ignored. 
Based on the above assumptions, the clutter model is given by [5], and actually its basis lies in [6]. 
The geometric description of the backscattering model is shown in Fig. 1. At a given time instant, the 

platform is assumed to be traveling along the x-axis at speed ݒ. Scatters is distributed randomly and 
evenly in the bottom of the sea. The emission signal reaches scatters then backscattering to the receive 
source superposition forming clutter. Hence, the clutter signal can be expressed as: 

 
                                                             yሺݐሻ ൌ ∑ ݐ௡ሺߟሾݏ௡ܣ െ ߬௡ሻሿே

௡ୀଵ                                              (7) 
 

where N indicates the number of scatters, ܣ௡,	ߟ௡ and ߬௡ indicate the amplitude, the Doppler scale 
parameter and time delay of echo from the nth scatters, respectively.  

The scatters’ echo amplitude is related to the strength of emission signal, scattering strength, the area 
of scatters, the beam directivity of transmit and receive and transmission loss, etc. In this study we 
calculate scattered’ echo amplitude ignoring the beam directivity of transmit and receive and 
transmission loss. The distance from platform to scatters of point ܣ and ܤ areݎ௠௜௡andݎ௠௔௫, respectively. 
	ܰ. ݎ݀ ሺݎ௠௔௫ െ ⁄௠௜௡ሻݎ  scatters are distributed on quite small space ݎ݀	 ,whose shape resemble as 
semicircles on seabed. The whole area of scatters is 

 

                                                               ܵ௔ ൌ ଶݎ√ߨ െ ݎଶ݀ܪ cos߮ൗ                                                 (8) 
 

Hence, the area from platform to scattered of point ܣ is  
 

                                                 ܵ௡ ൌ ଶݎ√ߨ െ ௠௔௫ݎଶሺܪ െ ௠௜௡ሻݎ ܰ cos߮ൗ                                        (9) 
 

For √ݎଶ െ ଶܪ ൌ ݎ cos  the expression turns to，ߠ
 

                                                                 ܵ௡ ൌ ௠௔௫ݎሺݎߨ െ ௠௜௡ሻݎ ܰ⁄                                              (10) 
 

The scattering strength can be calculated by Lambert theorem 
 

                                                               ܵ௕ ൌ െ27 ൅ 10lg	ሺsinଶ ߮ሻ                                              (11) 
 

So the echo’s amplitude is 
 

௡ܣ                                                                 ൌ 10ሺௌ್ ଵ଴⁄ ሻൈௌ೙                                                          (12) 
 

The Doppler scale parameter of the echo is 
 

௡ߟ                    ൌ ሺܿ െ ௡ݒ cos ௡ߠ cos߮௡ሻ ሺܿ ൅ ௡ݒ cos ௡ߠ cos߮௡ሻ⁄                              (13) 
 

Here ߠ stands for azimuth,ܿ stands for sound velocity in water. 
The time delay of the echo is 
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                                                                            ߬௡ ൌ ௡ݎ2 ܿ⁄                                                           (14) 
 

Submitting (10), (11), (12) into (7), the clutter signal can be obtained. 
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Fig. 1. Geometric description of clutter model 

2.3.  Periodic Fractional Fourier Transform(PFRFT) 
The Fractional Fourier Transform (FRFT) of continuous function ݔሺݐሻ is defined as [7]: 

 

ሻݑఈሺܨ                                                         ൌ ׬ ,ݐఈሺܭሻݐሺݔ ݐሻ݀ݑ
ାஶ
ିஶ                                                  (15) 

 
The kernel function of FRFT is 
 

,ݐఈሺܭ                            ሻݑ ൌ ቐ
ሻ݁ି௝ଶగ௨௧ݑఈሺܣ ୡୱୡఈା௝గ௧

మ
ߙ									 ് ߨ݊

ݐሺߜ െ ߙ																																		ሻݑ ൌ ߨ2݊
ݐሺߜ ൅ ߙ																						ሻݑ ൌ ሺ2݊ ൅ 1ሻߨ

                              (16) 

 
whereܣఈሺݑሻ ൌ ඥ1 െ ݆ cot ߙ e௝గ௨

మ ୡ୭୲ఈ, ߙ ൌ ߨ݌ 2⁄  is rotation angle, ݌ is fractional order of FRFT. 
FRFT can accumulate the energy optimally for LFM signal but not for LFMCW. For LFMCW, FRFT 

can only process it as multi-component LFM, which against detecting buried target. 
To solve the problems above, periodic fractional Fourier transform (PFRFT) is proposed, which 

defined as: 
 

                                                  ఈܲ,ఛ,்ሺݑሻ ൌ ׬ ,ݐఈ,ఛ,்ሺܭሻݐሺݔ ݐሻ݀ݑ
ାஶ
ିஶ                                              (17) 

 
The kernel function of PFRFT is 
 

,ݐఈ,ఛ,்ሺܭ                            ሻݑ ൌ ቐ
ሻ݁ି௝గሾଶ௨௧ݑఈሺܣ ୡୱୡఈି௠௢ௗ

ሺ௧ାఛሻమ ୡ୭୲ఈሿ									ߙ ് ߨ݊
ݐሺߜ െ ߙ																																																							ሻݑ ൌ ߨ2݊
ݐሺߜ ൅ ߙ																																											ሻݑ ൌ ሺ2݊ ൅ 1ሻߨ

              (18) 

 
The relationship between FRFT and PFRFT is 
 

                                                        lim
ఛ→଴,்→ஶ ఈܲ,ఛ,்ሾݔሺݐሻሿ ൌ  ሻሿ                                             (19)ݐሺݔఈሾܨ
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The PFRFT of ݔሺݐሻ can be realized by calculating FRFT of sub-pulse and compensating phase, see 
detailed in ref [8], which can be expressed as 

 

ఈܲ,ఛ,்ሾݔሺݐሻሿ ൌ ఈܨ ൥෍݁ି௝గ௨ሺ௡்ିఛሻ ୡୱୡఈ்݃ሺݐ െ ߬ ൅ ݊ܶሻݔሺݐሻ
௡

൩ 

																																																												ൌ ∑ ݁ି௝గ௨ሺ௡்ିఛሻ ୡୱୡఈܨఈሾ்݃ሺݐ െ ߬ ൅ ݊ܶሻݔሺݐሻሿ௡                        (20) 
 

PFRFT can accumulate the energy optimally for LFMCW, which can be used for filtering some clutter 
out. 

3.  Proposed processing framework for detecting buried target and simulation results analysis 
This section proposes the processing framework for detecting buried target based on LFMCW signal, 
and then the properties of time-frequency distribution, spectrum, PFRFT and WAF for LFMCW are 
analyzed by simulation. In addition, the ROC for LFMCW signal in clutter is given. 

3.1.  Proposed processing framework for detecting buried target 
To realize the goal of detecting buried target and verify the effect of processing method, the PFRFT and 
WAF algorithm is combined to obtain a processing method. The detailed process is shown in Fig.2. 

 

PFRFT＆

CAMF 
Processing

Waveform 
Design＆
Analysis 

Testing
Set

Data
Preprocessing

Buried  Target 
Detection

 Establishing 
Clutter 
Model

Generating 
Clutter 
Signal

Generating 
Target Echo 

Signal

 

Fig. 2. Proposed framework for detecting buried target based on LFMCW waveform 
 
Step 1: Waveform design, analysis and target echo signal generation 

Linear-frequency-modulated continuous wave (LFMCW) signal is selected to detect buried target, 
and LFMCW signal can be written as 

 
ሻݐሺݏ                                                 ൌ  ሻ݁௝ሺఝାଶగ௙బ௧ାగ௞௠௢ௗሺ௧ାఛ,்ሻమሻ                                      (21)ݐሺܣ

 
where ܣሺݐሻ is the amplitude, ଴݂ (Hz) is the initial frequency,	݇ ൌ ܤ ܶ⁄ ሺݖܪ ⁄ܿ݁ݏ ሻ is the chirp-rate, 

 ሻ is the modulation period. Theܿ݁ݏܶሺ	ሻ is an initial time-offset, andܿ݁ݏ߬ሺ	ሻ is the bandwidth,ݖܪሺܤ	
symbol	߮ represents the initial phase. We make	߮ ൌ 0 in this study to simplify some procedures but not 
affect validation effect. 

 
Table 1. Waveform designing parameters of LFMCW  

Label Frequency(kHz) Duration(Ms) No. of sub-pulses Amplitude type 

parameters 10-20 50 5 
rec 

sin 

 
The waveform designing parameters of LFMCW is shown in Table I. The waveform’s frequency is 

designed range from 10 kHz to 20 kHz to obtain high range resolution and some ability to penetrate 
seabed. The waveform’s duration and number of sub-pulses are designed 50ms and 5 respectively to 
accumulate sufficiently high echo energies. Generally, the amplitude type of LFMCW is rectangular 
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window function. The sine-square window function [9] is proposed in weighting LFMCW’s sub-pulse to 
achieve better effect of detection. 

The properties of time-frequency distribution, spectrum, PFRFT and WAF for LFMCW are analyzed. 
The time-frequency distribution of LFMCW is realized by spectrogram with hamming window, which 
is the squared magnitude of the short-time transform. 

As shown in (20), LFMCW signal is formed by periodic extension of LFM signal, which can cause 
comb-like spectrum. This phenomenon can also cause side-lobes emerging in both FRFT and AMF 
domain, which is of disadvantage for detecting buried target. Nevertheless, it is great beneficial for 
detecting buried target if accumulating the signal’s energy by its time diversity. PFRFT (see details in 
section 2) can solve this problem well and filter some clutter out. It remains sub-pulse (LFM signal) to 
be processed after PFRFT processing, and CAMF is used for processing sub-pulse. Thus, the LFM 
signal’s ambiguity function (especially for time delay ambiguity function) should be analyzed. 
Compared with rectangular window function, the sine-square window function has better energy 
focusing property.  

Considering broadband model of static point target echo as formula (1), the target echo signal can be 
expressed as 

 
                                                                  ݃ሺݐሻ ൌ ݐሺݏ െ ߬଴ሻ                                                     (22) 

 
The target echo is obtained by setting߬଴. 
Step 2: Establishing clutter model and generating clutter signal 
The clutter model is described in the second section of methodology, and the clutter signal is 

generated by setting clutter model’s parameters. 
Step 3: Testing set 
The clutter and echo signal are described in previous section, then the target echo under clutter 

background is obtained by mixing clutter signal and echo signal, and the clutter interference intensity is 
adjusted by signal to clutter ratio (SCR). White Gaussian noise is added to obtain data according with 
the actual situation, whose interference intensity is adjusted by clutter to noise ratio (CNR). 

Step 4: Data preprocessing 
Data preprocessing include two aspects: filtering and smoothing. A band-pass fir filter is used to filter 

out noise outside the system band for obtaining high processing gain. Time-varying gain control (TVGC) 
is used to smooth the data for obtaining stationary processing results. 

Step 5: PFRFT and CAMF processing 
PFRFT is used for transforming time domain of LFMCW into u domain, some clutter is filtered out 

in u domain and then inverse transform into time domain, finally the data is processed by CAMF. 
The PFRFT property of rectangular weighted LFMCW in ݑ domain is calculated as follows: 
Letܿߙݐ݋ ൌ െ݇, the FRFT of sub-pulse signal is 
 

ݐ௣ሾ்݃ሺܨ െ ߬ ൅ ݊ܶሻݔሺݐሻሿ ൌ ఈܣ expሺെ݆ݑߨଶ݇ሻන expሾ݆2ݐߨሺ ଴݂ െ ሻሿߙܿݏܿݑ ݐ݀
்

଴
 

                                                         ൌ ሼ
௝஺ഀ ୣ୶୮൫ି௝గ௨మ௞൯

ଶగሺ௨௖௦௖ఈି௙బሻ
expሾ݆2ܶߨሺ ଴݂ െ ሻሿߙܿݏܿݑ െ 1ሽ            (23) 

 
When	ݑ ൌ ଴ݑ ൌ ଴݂ߙ݊݅ݏ, according to l hospital law the above formula becomes 
 

ݐ௣ሾ்݃ሺܨ                                െ ߬ ൅ ݊ܶሻݔሺݐሻሿ௨ୀ௨బୀ௙బ௦௜௡ఈ ൌ ଴ݑߨሺെ݆݌ݔఈܶ݁ܣ
ଶ݇ሻ                      (24) 

 

In general, ݐ௣ሾ்݃ሺܨ െ ߬ ൅ ݊ܶሻݔሺݐሻሿ ൌ
஺ഀ|ୣ୶୮ሾ௝ଶగ்ሺ௙బି௨௖௦௖ఈሻሿିଵ|

ଶగሺ௨௖௦௖ఈି௙బሻ
. It’s symmetric around the peak 

point	ݑ ൌ ଴ݑ ൌ ଴݂ߙ݊݅ݏ, the first zero point is	ݑ ൌ ଴ݑ േ ߙ݊݅ݏ ܶ⁄ , and the main-lobe width is2ߙ݊݅ݏ ܶ⁄ .  
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The expression of sine-square weighted LFMCW’s PFRFT in ݑ  domain is not calculated but 
qualitatively analyzed here. The main-lobe width of sine-square weighted LFMCW is narrower than 
ߙ݊݅ݏ2 ܶ⁄  on account of the sine-square window function has better energy focusing property than 
rectangular window function.  

Then the spectrum and time delay AMF properties of LFM signal are analyzed as follows.  
If the duration of LFM signal is infinite, its spectral shape is rectangular when ܶܤ ൐ 20 (time-

bandwidth product is more than 20). Actually, the spectrum broading and energy leakage are affected 
by truncation effect according to the weighted function, which is more serious for rectangular than sine-
square weighted. 

Let	ߟ ൌ 1, (6) becomes 
 

                                                         χሺ1, τሻ ⟺ ܷሺ݂ሻܷ∗ሺ݂ሻ                                                      (25) 
 

The time delay AMF can be obtained by FFT algorithm. Since the spectrum broading and energy 
leakage for rectangular weighted signal are serious than sine-square weighted signal, the distance 
resolution τ௘  for former are better than latter whereas the side-lobe for former are lower than later 
according to the uncertainty principle, which is beneficial for detecting buried target. 

3.2.  LFMCW signal analysis 
In the above section, the properties of time-frequency distribution, spectrum, PFRFT and WAF for 
LFMCW are analyzed from the theory point of view. The properties are analyzed by simulation in this 
section.  

 

 
(a) Rectangular weighted LFMCW   (b) Sine-square weighted LFMCW 

Fig. 3. LFMCW waveform in time domain 
 

The LFMCW waveform in time domain shows in Fig.3. The parameters of LFMCW are described in 
Table I. 
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Fig. 4. LFMCW waveform in frequency domain 
 

The LFMCW waveform in frequency domain shows in Fig.4. The envelope of rectangular and sine 
weighted LFMCW’s comb spectrum are rectangular and sine weighted LFM’s spectrum respectively. 
The sine-square weighted LFM have a narrower band and lower side-lobe than rectangular weighted 
LFM, showing that sine-square weighted LFM has better energy focusing property than rectangular 
weighted LFM, which in accordance with the theoretical analysis above. 

 

 
(a) Rectangular weighted LFMCW  (b) Sine-square weighted LFMCW 

Fig. 5. Short-time Fourier transform of signal 
 

The Short-time Fourier transform time-frequency diagrams of signal shows in Fig.5.The intersecting 
of time-frequency energy distribution is obvious for rectangular weighted LFMCW, while sine-square 
weighted LFMCW signal has no this phenomenon, which verified the theoretical analysis above. 
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(a) Rectangular weighted LFMCW   (b) Sine-square weighted LFMCW 

Fig. 6. AMF of signal 
 

The AMF of signal shows in Fig.6. Both rectangular weighted and sine-square weighted LFMCW 
have many side-lobes. 

 

 
(a) Rectangular weighted LFMCW   (b) Sine-square weighted LFMCW 

Fig. 7. FRFT of signal 
 

The FRFT of signal shows in Fig.7. Both rectangular weighted and sine-square weighted LFMCW 
have many side-lobes. 
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(a) Rectangular weighted LFMCW   (b) Sine-square weighted LFMCW 

Fig. 8. PFRFT of signal 
 

The PFRFT of signal shows in Fig.8. Both rectangular weighted and sine-square weighted LFMCW 
have only one main-lobe. 

 

  

Fig. 9. PFRFT of signal in u domain             Fig. 10. The time delay AMF of LFM signal 
 
The PFRFT of signal in ݑ domain shows in Fig.9. The sine-square weighted LFMCW have a shaper 

peak and lower side-lobe than rectangular weighted LFMCW, indicating that sine-square weighted 
LFMCW have better energy focusing and anti-clutter properties than rectangular weighted LFMCW, 
which in accordance with the theoretical analysis above. 

The time delay AMF of LFM signal shows in Fig.10. The sine-square weighted LFM have a weaker 
distance resolution but lower side-lobe than rectangular weighted LFM, showing that sine-square 
weighted LFM has better ability of reducing the multipath propagation effect caused by propagation 
medium’s fluctuation and uniformity than rectangular weighted LFM, which in accordance with the 
theoretical analysis above. 

3.3.  Experiential results and analysis 
Furthermore, the proposed processing method is validated and the result is analyzed. 
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Fig. 11. ROC for LFMCW signal in clutter  
 

The ROC for LFMCW signal in clutter shows in Fig.11. To validate the proposed method, we 
compare the frequency match search (FMS) method in the ref [10] with the proposed method. Monte-
Carlo method is used to complete the test validation. Some test parameters settings as follows: The 
Monte-Carlo test times is 1000, probability of false alarm is 0.001, gaussian white noise is added and 
CNR is 5dB, and SCR ranges from -15 dB to 5 dB with interval of 1 db. For the proposed method, the 
probability of detection for rectangular weighted LFMCW is more than 90% when SCR is equal to 0dB, 
whereas the probability of detection for sine-square weighted LFMCW is more than 90% when SCR is 
equal to -5dB. For the FMS method, the probability of detection for rectangular and sine square weighted 
LFMCW is more than 90% when SCR is equal to 2dB. 

4.  Conclusion 
The test results are analyzed in section 3.3. By analyzing the results in above section, we can see that: 

The LFMCW signal and its processing method can be used for detecting buried target underwater. 
The sine-square weighted LFMCW has better anti-clutter property than the rectangular weighted 

LFMCW. 
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