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Abstract: Based on the great arc assumption and the conformal mapping method, the ground 

surface displacement of shallow buried ellipse hole in a soft layered half-space impacted by SH 

wave is researched. The great arc assumption is used to simulate the straight boundary and the 

conformal mapping method is used to deal with the elliptical boundary problems. According to 

the numerical example, the ground movement amplification coefficient W* is smaller when the 

layer is harder than the half space and the incident wave number is larger. When the thickness 

of the layer is fixed, if the layer is softer, the W* is falling off with the down of the ellipse; if 

the half space if softer, the W* is smallest when the ellipse is in the middle of the layer. 

1. Introduction 

When the earthquake occurs, the seismic wave propagates to the ground and cause the ground to 

vibrate, and then cause the building to vibrate and the destruction of the buildings. With the 

urban development, there are more and more underground projects. It is definitely going to have an 

impact on the surface movement at the time of the earthquake. The analytic method could give a 

precise answer to such problems. In 1973, Mow and Pao provided detailed information on the 

commonly used method for the scattering of elastic waves and dynamic stress concentration [1]. Yuan 

et al. [2; 3] studied the SH wave scattering problem of a semi‐cylindrical hill and the cylindrical hill of 

circular—arc cross-section. Zhang et al [4] gave the analytical solution to the scattering of cylindrical 

SH waves by a partially filled semi-circular alluvial valley. In 1982, Liu et al [5] introduced the 

complex function method which was used for the static problems to solve the scattering dynamic 

problems of elastic wave and extended the application scope and technique of wave function 

expansion method. Based on the great arc method, Qi et al [6; 7] researched the Dynamic analysis for 

the layer half-space with circular cavity and inclusion impacted by SH wave. Zhao [8] and Ding [9] 

presented the ground surface movement with holes and inclusion impacted by SH wave. 

2. Numerical Investigation 

2.1. Problem Model and control equantions 

The Figure 1 shows the schematic diagram model of the problem researched. As shown in the figure 1, 

the problem can be described that a single ellipse hole is incased by the upper elastic surface 

overburden layer of the elastic half-space. Area Ⅰ is the half-space, area Ⅱ is the overburden layer. Gi, 

ki, and ρi respectively express the shear modulus, the wave number and the density of medium. The 

subscript represents the region. When i=1, it means the region Ⅰ; when i=2, it means the region Ⅱ.  

TU and TD signify upper and lower boundary of the surface layer, respectively. TE stands for the 
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boundary of the ellipse hole, whose long axis is a and the short axis is b. Respectively, h1 and h2 

denote the distance from the center of the ellipse to the upper and lower boundary. The great arc 

assumption method is used to approximate the upper and lower boundary with infinite radius of arc so 

that TU becomes UT and TD becomes DT . The ellipse center is defined as the origin of coordinates O2, 

and the line parallels to TU as X2 axis to establish coordinate system X2O2Y2. Meanwhile, Rectangular 

coordinate system X1O1Y1 is established as origin O2 encased in a layer of elastic half space 

1 2

U D

2 1 D 2

h=h +h

R =h+R

z =z -i(R +h )







     (1) 

This SH-Wave studied in this paper is the out-of-plane shear movement problem of scattering. The 

SH-Wave displacement field in the rectangular coordinate system X-Y plane could be indicated as W 

(X, Y, t),  

RegionⅠ

RegionⅡ

 
Figure 1 Schematic diagram of the model 

 

which is perpendicular to the X-Y plane. For the steady-state problem, the fields of displacement W(X, 

Y, t) need to satisfy the following Helmholtz equation： 

   2 2 2 2 2W X + W Y +k W=0          (2) 

Where k=ω/c, c2=G/ρ, ω is the circular frequency of displacement field W (X, Y, t), G shows the 

shear modulus of medium, ρ expresses the density of medium. exp(-iωt) means the dependencies of 

displacement field W (X, Y, t) and time t, and in the following paper, exp(-iωt) is left out because of 

the problem studied is steady state. 

In complex plane, the formula (2) is shown as: 

 2 24 W z z +k W=0             (3) 

The relationship of stress and strain in the complex plane polar coordinates are: 

Zρ

zW z W
τ =G +

z z z z

  
    

, Zφ

zW z W
τ =iG -

z z z z

  
    

           (4) 

Because of the hole studied in this paper is ellipse, it is very difficult to solve the stress of ellipse 

hole, the conformal mapping method is need to be used to change the ellipse cavity to circular cavity. 

The new complex plane is defined as η, and the mapping function is expressed as : 

   z=f η =p η+q η              (5) 
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In which,  p= a+b /2 ,    q= a-b / a+b ,  η=rexp iθ . a and b respectively represent the long axis and 

short axis of the ellipse hole. 

In the plane η after mapping, the equations (3) and (4) are shown as: 

     2 24 W η η f η f η +k W=0           (6) 

 
Zr

G W W
τ = η +η

η ηr f η

  
 

   
, 

 
Zθ

iG W W
τ = η -η

η ηr f η

  
 

   
                                   (7) 

2.2. Wave field and radial stress 

The displacement field and radial stress generated by the incident wave in the complex plane z1 is: 

 
   0

1 1

I -iα

0 1 1z ,z
W =W exp ik Re z e 

 
                 (8) 

 
       0 0

1 1

I -iα -iα

1 1 0 1 1 1 1zρ z ,z
τ = ik G W exp ik Re z e Re z e z 

 ，
          (9) 

The displacement field and radial stress generated by the scattering wave W(S1) occurred by DT in 

areaⅠin the complex plane z1 is: 

 
      

1 1

n=+
nS1 2

n n 1

n=-

1 1 1z ,z
zW = A H z zk





             (10) 

 
           

1 1

n=+

1 1 1 1 1zρ z

nS1 2 2

1 n n-1 1 n+1 1

n
,z

=-

0.5k A H k -H kτ = G z z z z




 
 ，  (11) 

The displacement field and radial stress generated by the scattering wave W(S2) occurred by DT in 

areaⅡin the complex plane z1 is: 

 
      

1 1

n=+
nS2 1

n n 2 1 1 1z ,
n

z
=-

W = B H k z z z




  (12) 

 
           

1 1

n=+

2 1 1zρ z

nS2 1 1

2 n n-1 2 1 n+1 2 1,z
n=-

0.5k B Hτ k z -H k= zzG z




 
 ，  (13) 

In the complex plane z1, the formulas (12) ~ (13) could be shown as: 

 
      

2 2
2

n=+
nS2 1

n n 2 D 2 2 D 2 2 D 2z ,z
n=-

z +i(R +h ) z +i(R +h ) z +i(R +W = B H k h )




    (14) 

 
 

      
      

2 2

2 D 2 2 D 2 2 D 2 2 2

2zρ, z ,z

2 D 2 2 D

n-11
n=+

n-1 2S2

2 n n+11
n=-

n 2 2 D 2 2+1 22

z +i(R +h ) z +i(R +h ) z +i(R +h ) z z
τ = G

z +i(R +h ) z +i(R +

H k
0.5k B

h ) z +i(R +h )-H z zk





     
 

    

  (15) 

After conformal mapping, the formulas (14) ~ (15) are changed to: 

 
          

n=+ n
S2 1

n n 2η η
n

D 2 D 2 D 2,
=-

+i(R +h ) +i(R +h ) +i(R +hW = B H k f η f η )f η




       (16) 

 
 

   
 

 

 

 

   
 

 

 

 

2 2

n-1

1

n-1 2
n=+

D 2

D 2

D 2

2zρ, z ,

S2

2 n n+1
n=-

1

n+1

z

D 2

D 22

D 2

f η
H k f η

f η

+i(R +h ) ηf η
+i(R +h )

+i(R +h ) ηf η
τ = G

+i(R +h ) ηf η
+i(R +h )

+i(

0.5k B

f η
-H k f

R + ηf ηη f
η

h )





      
     
 

  

     
 



     
 

   
    

     











 (17) 

In the complex plane z2, the displacement field and radial stress generated by the scattering wave 

W(S3) occurred by TE in the areaⅡcould be described as  

 
      

2 2

n=+
nS3 1

n n 2 2 2 2

n=
z ,z

-

W = C H k z z z




  (18) 

 
           

2 2

n=+
n

2zρ

S3 1 1

2 n n-1 2 2 n+1 2 2 2 2

n
, z ,

=
z

-

0.5k C H k z -H kτ z zG z=




 
   (19) 

In the complex plane z1, the formulas (18) ~ (19) could be shown as: 
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 
      

1 1

n=+
nS3 1

n n 2

n

1 D 2 1 D 2 1

=-

D 2z ,z
z -i(R +h ) z -i(R +h ) z -i(R +W = H h )C k





    (20) 

 
 

      
      

1 1

1 D 2 1 D 2 1 D 2 1 1

2zρ, z ,z

1 D 2 1 D

n-11
n=+

n-1 2S3

2 n n+11
n=-

n 2 1 D 2 1+1 12

z -i(R +h ) z -i(R +h ) z -i(R +h ) z z
τ = G

z -i(R +h ) z -i(R +

H k
0.5k C

h ) z -i(R +h )H k z- z





  

 

 
 
 
   

  (21) 

After conformal mapping, the formulas (13) ~ (15) are changed to: 

 
         

n=+ nS3 1

n n 2η η,
n=-

W = C H k f η f η f η




   
     (22) 

 
 

           

           

n-11
n=+

n-1 2S3

2 nη η n+11n=-
n+

2zr, ,

1 2

f η ηf η ηf η
τ = G

f η ηf η ηf η

H k f η f η
0.5k C

-H k f η f η





    
   
 



   
   

   
  

  
  

  (23) 

The displacement field and radial stress generated by the scattering wave W(S4) occurred by UT in 

areaⅡin the complex plane z1 is: 

 
      

1 1

n=+
nS4 2

n n 2 1 1 1z ,
n

z
=-

W = D H k z z z




  (24) 

 
           

1 1

n=+
n

2 1 1zρ

S4 2 2

2 n n, z ,z -1 2 1 n+1 2 1

n=-

0.τ = G z5k D H k z -H k zz




 
   (25) 

In the complex plane z2, the formulas (24) ~ (25) could be shown as: 

 
      

2 2
2

n=+
nS4 2

n n 2 D 2 2 D 2 2 D 2z ,z
n=-

z +i(R +h ) z +i(R +h ) z +i(R +W = D H k h )




    (26) 

 
 

      
      

2 2

2 D 2 2 D 2 2 D 2 2 2

2zρ, z ,z

2 D 2 2 D

n-12
n=+

n-1 2S4

2 n n+12
n=-

n 2 2 D 2 2+1 22

z +i(R +h ) z +i(R +h ) z +i(R +h ) z z
τ = G

z +i(R +h ) z +i(R +

H k
0.5k D

h ) z +i(R +h )H k z- z





  

 

 
 
 
   

  (27) 

After conformal mapping, the formulas (26) ~ (27) are changed to: 

 
          

n=+ n
S4 2

n n 2η η
n

D 2 D 2 D 2,
=-

+i(R +h ) +i(R +h ) +i(R +hW = D H k f η f η )f η




       (28) 

 
 

   
 

 

 

 

   
 

 

 

 

n-1

2

n-1 2
n=+

S4

2 nη η n+1
n=-

2

n+1 2

D 2

D 2

D 2

2zr, ,

D 2

D 2

D 2

+i(R +h ) ηf ηf η
H k f η

f η
0.5k D

f

+i(R +h )
+i(R +h ) ηf η

τ = G

+i(R +h ) ηf η
+i(R +h )

+i(R +h

η
-H k f η

f ) ηf ηη





 
 
  

 
 

 
  

  
 
 
 

       

  (29) 

2.3. Equations set 

Based on the boundary and junction condition, that the radial stress of UT
 and TE is free and the 

displacement and radial stress of DT
 are continuous, the set of equations could be expressed as: 

     
 

 
 

 
 

 
 

 
 

     
 

 
 

 
 

 
 

 
 

     
 

 
 

 
 

     
 

 
 

 

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1

D 1 D z ,z z ,z z ,z z ,z z ,z

S1 S2 S3 S4

D 1 D z ,z z ,z z ,z z ,z z ,z

S2 S3 S4

E η,η η

I

,η η,η

S2 S3 S

U 1 U z ,z z ,

S1 S2 S3 S4

I

zρ, zρ, zρ, zρ,

z z ,z

zρ,

zr, zr, zr,

zρ, zρ, zρ,

a T z =R : + = + +

b

W W W W W

τ +τ =τ +τ +τ

τ +τ +τ =0

τ +τ +τ

T z =R :

c T η =1 :

d T z =R :
 4

=0










 (30) 

Bring formulas (8) ~ (29) to formula (30), and take the known quantity to the right hand side of the 

equals sign and the unknown quantity to the left hand side, the equation (30) is changed as: 
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       

       

       

       

11 12 13 14

n n n n 1n

21 22 23 24n=+
2n n n n n

31 32 33 34
n=- 3nn n n n

41 42 43 44
4n

n n n n

ζ ζ ζ ζ δA

δζ ζ ζ ζ B
=

δCζ ζ ζ ζ

δDζ ζ ζ ζ





    
    
    
    
    
      

   (31) 

Multiply both sides by exp(-imφ), and integrate them in (-π, π) respective, the coefficient An~Dn 

could be get, take them to the formulas and intercept limited items, all the unknown quantities will be 

found out. 

2.4. The ground movement amplification coefficient (W*) 

Define W* as the ground movement amplification coefficient: 

 
 

 
 

 
  

1 1
1

1 1
U

1 1

S2 S

0z ,z z ,z z ,

3 S4*

z
z

=R

+ + WW = W W W  (32) 

3. Numerical Example  

In this numerical example, the long axis of ellipse is assumed as 1, and the short axis is 0.9, that is to 

say a=1 and b=0.9. Define the parameters combination G*=G2/G1, k*=k2/k1. If k*<1 means the 

region Ⅰ is harder than region Ⅱ. 

Figure 2 shows the ground surface displacement amplification coefficient W* with x1/r when the 

incident angle is 90o, the circular hole is in the middle of the layer, the thickness of the layer is 3 times 

of the long axis of the ellipse hole, G* is 1, the incident wave is in different frequency. Figure 2(a) 

shows that when the incident wave is in very low frequency, the curve shapes are almost the same, and 

with the increase of k*, the W* gradually decrease. Figure 2(b) and figure 2(c) are similar to figure 

2(a), but the graphic shapes change to curve when the parameter k* increase. It is observed that the 

more difference of the wave numbers between the half space and the covering layer, the less of W* 

and the vibrations of W* are getting worse. It is also observed that with the incident wave number 

increase, the W* decrease gradually. 

Figure 3 shows the change of W* with the location of the circular cavity. If the layer is softer than 

the half space, the larger of h1, the larger of W*. If the half space is softer than the layer, the W* is 

very complex. Generally speaking, when the ellipse cavity is in the middle of the layer, the W* is 

minimum, if the layer is harder than the half space. 

 
(a) k1=0.1                                     (b)  k1=0.8 
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(c)  k1=1.6 

Figure 2 The ground movement amplification coefficient W* of k* with X1/a (G*=1, h1= h2=1.5a, 

α0=90o) 

 

 
(a) k*=0.8                                         (b)  k*=1.2 

Figure 3 The ground movement amplification coefficient W* of h1 with X1/a (k1=0.8, G*=1, h=6, 

α0=90o) 

4. Conclusion 

Based on the great arc hypothesis method and the conformal mapping transformation method, the 

ground movement of layer half space with a ellipse hole was studied. When the wave number of half 

space k1 is confirmed, the softer of the covering layer, the large of the ground movement. When the 

thickness of the covering layer is confirmed, the surface motion amplitude is decreased with the 

increasement of the distance between the ground surface and the center of the ellipse hole. 
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