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Abstract.  This work studies the response variability in the eigenvalue of free vibration of 
functionally graded material (FGM) plates with uncertain mass density. The mass density of 
plates is assumed to be a Gaussian random field on the plane of the plate. The formulation of 
free vibration of FGM plates is derived using isogeometric analysis based on higher-order shear 
deformation theory. The stochastic isogeometric analysis is established based on standard 
isogeometric analysis and a perturbation approach. Also, the formulation for variation of the 
eigenvalue of free vibration of the plate is issued. The present approach is validated with Monte 
Carlo simulation (MCS) based on a spectral representation method. The numerical examples 
investigated show good agreement between the present approach and Monte Carlo simulation. 
Based on the numerical results, the effect of a parameter of uncertain mass density on variability 
in the natural frequencies is drawn with respect to FGM plates. 

1. Introduction 
The stochastic problem based on an analytical and numerical approach with uncertain system parameters 
(e.g. material property, model geometry and loads) has been studied for many years. For dealing with 
uncertain parameters, most stochastic problems fall into two main categories; non-statistical approach 
and Monte Carlo simulation. Normally, Monte Carlo simulation repeats the deterministic problem by 
generating random parameters and it can be used for complex problems such as those which are 
nonlinear; however, it is time consuming. The non-statistical approach can produce statistics of 
responses, such as the mean and standard deviation of output parameters. The serval numerical approach 
for solving stochastic problems has been used for many years; for example, the stochastic finite element 
method [1-4], the spectral stochastic finite element method [5, 6], and the spectral stochastic element-
free Galerkin method [7]. A number of researchers have worked on the stochastic dynamic problem. 
Zhu el al. [8] used the local averages of a random vector field for developing the stochastic finite element 
method for the eigenvalues problem. Achchhe, Lal and Singh [9] investigated the free vibration analysis 
of laminated composite plates resting on elastic foundations with the random variable of system method. 
Thuan and Noh [10] used Monte Carlo simulation to investigate the variability of the natural frequency 
of functionally graded beams with random fields of material properties. Kang et al. [11] studied the 
random vibration of laminated FRP plates with material nonlinearity. Chang [12] analysed the stochastic 
dynamics of bridge–vehicle systems subjected to random material properties and loadings using the 
finite element method. 
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This paper presents a stochastic isogeometric analysis (SIGA) for free vibration of functionally 
graded plates that involves uncertain mass density. The random field was discretized into a set of random 
variables with statistical properties obtained from the statistical properties of the random field. In 
conjunction with the standard isogeometric analysis, the first-order perturbation approach was 
performed to predict the variability eigenvalue of free vibration of FGM plates. Numerical examples are 
presented to validate the accuracy of the proposed method with those using Monte Carlo simulation. 

2. Formulation of free vibration of FGM plate using non-uniform rational basis spline (NURBS)  

2.1. FGM plate model   
We consider an FGM plate, for which the geometry of FGM plate and the coordinate system is shown 
in Fig.1: 
 

Figure 1. The Geometry of an FGM plate. 
 

Using the higher-order shear deformation plate theory proposed by Hien et al. Noh [13], the 
displacement components at an arbitrary point (x,y,z) in the plate are rearranged as follows: 
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where  � �, , ,b su v w w are the displacement components on the mid-plane, respectively. 
The linear strains can be obtained by differentiating Eq. (1) as:  

 0 ˆ ˆ,  b s sz q p	 � � 	� � � � ��   (2) 
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The mechanical properties of FGM such as Young’s modulus E and mass density � are assumed as 
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where the subscripts m and c represent the metallic and ceramic constituents, respectively; and n is 
the power index of the volume fraction. 

3. Stochastic isogeometric analysis for free vibration of FGM plates 

3.1. A brief of isogeometric analysis  
The isogeometric analysis was introduced in 2005 by Thomas Huge el al. [14, 15]. In this analysis, the 
non-uniform rational B-spline (NURBS) functions are used to construct a finite approximation.    
The B-spline basis functions are defined recursively as follows [14-17]: 
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The Non-Uniform Rational B-Splines (NURBS) basis functions in two dimension, and can be 
constructed by taking the tensor product of two one-dimensional B-spline basis functions represented 
as [14, 16]:  
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where � � � �, ,,i p j qN N %  are the B-spline basis functions of order p in the  , and order q in the 
%&direction, respectively. 

3.2. Stochastic isogeometric analysis for free vibration of FGM plates 
Using the NURBS basis functions above, the displacement field of the plate is approximated as: 
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Substituting Eq. (7) into Eq.(2) the in-plane and shear strains can be rewritten as: 
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where dA  is displacement parameter at the control point A: 
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Using the virtual work principle, the weak form of free vibration of FGM plate can be obtained as 
follows: 

 ˆT
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The formulation of free vibration of the FGM plate is expressed as follows: 
 � 	 0��Kd Md   (10) 

where M, K represent mass matrix and stiffness matrix, respectively. 
The random field in mass density is assumed as homogeneous Gaussian in the plane of the plate:
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The random fields are discretized into a set of Nr random variables with pre-assigned statistical 
properties as follows: 
 " #1 2, ,... Nrr r r	r   (12) 

Substituting random variables in Eq.(12) into the governing equation of free vibration, we obtain the 
discretization of the stochastic isogeometric analysis:  
 
 � � � � " #2-� �+ 	� �K M r X r 0   (13) 

where + and X are natural frequencies and displacement vector (eigenvectors). 
The Taylor series expansion at r=0 gives: 
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where 2, 	+  is an eigenvalue. 
Substituting series in Eq.(14) into Eq.(13), solving Eq.(13) using the perturbation technique, we 

obtain the eigenvalues and their derivatives. The mean and variance of the eigenvalues are given as: 
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The response variability COV of eigenvalue ,  is computed as follows:  
  

 
Var

COV 	 ,
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  (16) 

For validating the present approach, the Monte Carlo simulation is performed using the spectral 
representation method as proposed by Shinozuka et al. [18, 19]. 
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4. Examples 
A simply supported FGM rectangular plate with side-to-thickness ratio a/h=40, dimension of rectangular 
a=0.4m, b=0.3m, and a power index p=2 is considered. The elastic moduli and mean of mass density 
are chosen to be the same as [20] 0mE   7  GPa	 , 307 /m=27 kg m� , 0cE 38 GPa	 , 00 3

c=38 kg/m� , with a 
Poisson’s ratio of 0.3. The auto-correlation function for the stochastic fields function r(x,y) of mass 
density is assumed as form: 

 � �
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where ,x y   are components of the separate vector   in the plane Cartesian coordinate and 1 2,d d  
are correlation distances along the corresponding directions.  

The coefficient of variance of random field is assumed 0.15. 	 . We consider the correlation distance

1 2d d d	 	 . 
Fig.2. shows the first mode shape and second mode shape of a simply supported rectangular FGM 

based on deterministic analysis.  
Fig.3 illustrates the response COV of eigenvalue at the first mode and the second mode using both 

approaches: the stochastic isogeometric analysis method and Monte Carlo simulation. It is clear that the 
response COV increases when correlation distanced d increases. When correlation distanced d is quite 
large, the response COV of an eigenvalue is nearly equal to the coefficient of variance of the random 
field. .  Also, Fig.3 illustrates that there is good agreement between the results of the present approach 
and the Monte Carlo simulation.   

 

 

a) The first mode b)The second shape 
Figure 2. The mode shape of a simply supported FGM plate. 

 
 

 
 

a) The first mode b)The second shape 
Figure 3. Response COV of the eigenvalue ,  & correlation distance d. 
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5. Conclusions 
The statistics of the eigenvalue of free vibration of FGM plates such as the mean, standard deviation, 
and response variability of eigenvalue have been obtained by using the perturbation technique in 
conjugation with standard isogeometric analysis. The response COV of the eigenvalue obtained by the 
present approach are in good agreement with the Monte Carlo simulation approach. Form the results of 
numerical examples, we observed that the response COV is in the range of 0.9%–15% relative to the 
coefficient of variation of the random field, which is assumed to be 0.15. Also, the numerical examples 
clearly show that the effect of uncertain mass density on standard deviation and response COV are 
significant.   
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