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Abstract. The matrix equation A" X + XA+ XRX +Q = O is called algebraic Riccati equation,

which is very important in the fields of automatic control and other engineering applications.
Many researchers have studied the solutions to various algebraic Riccati equations and most of
them mainly applied the matrix methods, while few used the functional analysis theories. This
paper mainly studies the existence of the solution to the following kind of algebraic Riccati
equation from the functional view point:

ATX + XA+ XRX —AX +Q =0

Here, X, A, R, Q el ™" Q is a symmetric matrix, and R is a positive or negative semi-definite

matrix, A is arbitrary constants. This paper uses functional approach such as fixed point theo-
rem and contraction mapping thinking so as to provide two sufficient conditions for the solva-
bility about this kind of Riccati equation and to arrive at some relevant conclusions.

1. Introduction
The matrix equation A"X + XA+ XRX +Q =0 is called algebraic Riccati equation, which is very

important in the fields of automatic control and other engineering applications.

In the field of numerical algebra and modern control theories, research on the solution to algebraic
Riccati equation has made remarkable progress. In the field of algorithms, Professor Liu Xinguo
explicated some representative numerical methods of the solution to algebraic Riccati equation[1],
such as iterative method, invariant subspace method, symbolic method and the like. Professor Lu
Linzhang summarized two categories of algebraic Riccati equation solutions based on the research
development from the 1980s[2]. Meanwhile, theoretically, some scholars have constituted a special
kind of algebraic Riccati fomular and have given its explicit solution[3]. In studying algebraic Riccati,
many authors have mainly focused on matrix method while few of them paid attention to functional
analysis.

Apparently, research on the solution to algebraic Riccati equation is practically meaningful. And
the method of functional analysis will provide more widespread prospect for theoretical study on
solutions to Riccati equation.

2. Existence of Riccati Type Equation Solutions Under the First Condition

2.1 Proof of Existence of Solution
Lemma 1 SupposeE is a Banach space, Qis a bounded convex set in E ,then F:Q — Eis a com-
pletely continuous operator. If F(6Q) < Q, then F must have a fixed point in Q [4-5].
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Theorem 1  Suppose |A| <% with [R|=0 , matrix equation A"X +XA+XRX -X+Q=0 is in

{x D.|X]| 2 2 "} where D is a set composed of all symmetric matrices on R™", where- upon

2[R]

_ 2
asolution X e R™" must exist. Here, Q|| < (@-2]A)

4Rl
Proof Suppose f(X)=A"X + XA+ XRX +Q , we prove that f:D — Dis continuous mapping. Ob-

viously, with D < R™", D is a Banach space. And also with
[F(X +ax)-f(X)|

=[ ATAX + AXA+ (X + AX)R(X +AX) - XRX |
= ||ATAx +AXA+ XRX + AXRX + AXRAX ||

< (AT [+ 1A+ IXR]+[RX |+ [Rax x|
where lim [ f (X +AX)—f(X)| =0, so f is continuous mapping.

And again, withD < R™, so D is finite dimensional space. Besides, as f :D — D is continuous
mapping, f is compacting mapping, f :D — D is then completely continuous operator.

Because of Q={X eD,|X|<r}and r= " Al >0init, it’s easy to prove that Q is convex setinD.

Therefore, Q is D ’s bounded convex set.
And then, in the case of |X,|=r
[ (Xo)[ =] AT X, + XoA+ X,RX, +Q|

<[[ATXo[ +1Xo AL+ [XaRXo [+ R

< (A7 |+ 1ADlXe+IRIIXo]" [l
=2|Ajr+[R]r* + Q]

12 o 1-2lAL, | a-2lA)
2|R " "( 2|R 4|R
IRl RI” IRl

<2|A|

124
2[F|

this evidences f (6Q) Q. Based on Lemma 1, it can be inferred that f must have a fix point onQ,
which means that there must exist a solution to matrix equation A"X + XA+ XRX - X +Q =0 in
Q={XeD,|X|<r}.
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2.2 Conclusion Promotion
4

Inference 1  Suppose ||A||<? and |R|=0 , matrix equation A"X +XA+XRX -AX+Q=0 s in
1-2||A
Q= {X e D||IX] < 2||F|l|| "} where D is a set composed of all symmetric matrices on R™", whe-

_ 2
reupon a solution X e R™" must exist. Here, Q] < %W and 2#0.

Proof Because of 4 =0, both sides of equation A" X + XA+ XRX —AX +Q =0 are divided by 1, and
(ATA)TX + X(ATA) + X (AR)X = X +(17'Q) =O'is got. And then, based on theorem 1, we arrive at the

proof.
Here, we make it clear that Riccati type equation in the paper is A"X + XA+ XRX -AX +Q=0. In

the case of =0, it is transformed into Riccati equation.

3. Existence of Riccati Type Equation Solutions Under the SecondCondition

3.1 Proof of Existence of Solution
Definition 1 As for any XeQYeQ |if f:Q->Q satisfies it and can realize

[f(X)—f(Y)|<c|X-Y| (0<c<1),thenwe demonstrate that f is contraction mapping[6-7].

Theorem 2 Suppose ||A||<% and |R|=0 , matrix equation A"X+XA+XRX -X+Q=0 is in

1-2|A
Q= {X e D,||IX] < M} where D is a set composed of all symmetric matrices on R™", whereupon a
4R
_ 2
solution X e R™ must exist. Here, ||Q||§%.
. 1-2|A| r
Proof We definer = 2RI >0 and suppose || X| < > and then we get

[ (X)) =A™ X + XA+ XRX +Q|
<[+ xa [ xRx [+ Q]
<(A"[+TADIX -+ IRHIX] + 1]

r r
=2| A5 +IRIG) +[<l

_ _ _ 2

oA ey o2IA , €21

2R/ R BR
1-20A]
< [
aR]] 2

In the following, suppose Y| < % , because of
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[£(X)= F(Y)]=[(A™X + XA+ XRX +Q) — (ATY + YA+ YRY +Q)|
<[AT(X =Y)|+[[(X =Y) A+ XRX —YRY |
<[AT[[X =Y+ X =Y [[|A]+[XRX = XRY |+ [ XRY ~YRY |
<X =YIqAT+ A + X =Y AXR]+[RY ) :
<[x=v]|Al+r[RD

1-2|A|

<[x-vl2|Al+
2[R]

IRID

<SIX=Y|

and because of |A| < % , there exists 5 . Here, 0< 6 <1.

1-2|[A]

2R >0, then f is a contraction mapping.

Therefore, suppose © ={x eD,|X| < %} with r =

Therefore, randomly get X, to satisfy X, e Q and X,” = X, with ||x0||s£ . Define X, = f(X,), then

X," = X, with ||x1||s% is got and X, € Q obtained. In the same way, with X, = f(X,,), we will get

X, eQwithvn>1neN.And then,
||Xk+1 - Xk" :" f (Xk)_ f(xk—l)"

< S[X, = X |

<& X=X o

SO

||Xk+m - Xk” < ;"xkn - Xk+i—l||

<X = X
|:él‘k
1-0
And again, because of 0<& <1, in the case of k >, we get |X

<

||X1—Xo||

k+m

-X,]|>0. That is, {X,}is a
Cauchy sequence. Thus, {X,}has a limit¢&, to wit, ELm X, =& . Because of X, e Qand Q as a closed set,
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£eQ. And because of continuous function f , take the limits of both sides of X, , = f(X,), we get
&= f (&), which means that ¢ is the solution sought.

3.2 Conclusion Promotion
Inference 2 There exists a single symmetric solution to equation in theorem 3.2.
Proof If both ¢ and &, are solutions to the equation, then¢, =&, . Otherwise, it will not satisfy

contraction mapping; and again, if & is the solution to the equation, then & is its solution, too.

Inference 3  Suppose ||A||<% with |R|=0, then Equation A"X + XA+ XRX —AX +Q=0is in
1-2||A
Q={X € D,||X||§M}, whereupon there must exist a single symmetric solution X e R™". Here,
4Rl
@-2||A)p? ,
IQ| < ———=-—|4|with 2=0.
8|R|

Proof Combine theorem 2 and inference 2, and we prove the above.

In the case of |Q[ =0, we find it easy to arrive at the following conclusions.

1-2|A
4[R|

Inference 4 Suppose ||A||<% with |R|#0, then in Q:{x e DX < } matrix equation

AT X + XA+ XRX —AX =0 has the sole solution zero.

4. Conclusion
The paper applies functional analysis, which means utilizing fixed point theorem and contraction
mapping thinking to furnish sufficient conditions for the solution to a kind of algebraic Riccati equa-
tion under two different conditions and to arrive at some conclusions.

(L-2|Ap?

We find that in the case of |Q| <
8|R|

, Riccati type equation has a single symmetric solution

(-2 Ap*

AR , Riccati type equation has solutions in

1-2
im 2= {x <ol =22 it caseof o<

1-2|A
2[R]
We can further discuss the more general Riccati type equation[8]:

Q= {x e DX < } , but we aren’t sure how many solutions there are.

ATX + XA+ XRX —G(X) =0

Here, with X, A,R,Q el ™", Q as a symmetric matrix and R a positive or negative semi-definite ma-
trix, G(X) is a continuous function related to X . In this situation, we can use functional analysis theo-
ry to study the existence of the solution to the equation.
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