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Abstract. The integer solution of diophantine equations x? — D;y? =m, (D, € Z*,m € Z)
and y?-—D,z?=n,(D, € Z*,n € Z) is a matter of great concern. Researchers study for
different m,n and D;, D, , and obtain some correlation results as follows.

When m = 1,n = 1, the diophantine equations turns into x? — D;y? = land y? — D,z?2
1.At present, there are only a few conclusions on it, see Ref [1] and [2].

When m = 1,n = 4, the diophantine equations turns into x? — D;y? = land y? — D,z% = 4.
For even numbers D, D,, the integer solution see Ref [3] - [9].

When m = 1,n = 16, the diophantine equations turns into x? — D;y? = land y? — D,z% =
16 .The previous conclusions see Ref [10].

When m = 1,n = 9, the diophantine equations turns into x? — D;y? = land y? — D,z% =09.
Up to now, there is no relevant result on the integer solution of (5), this paper mainly discusses
the integer solution of (5) when D; = 7,D, is an even number.

1. Introduction
The integer solution of diophantine equations
x2—D;y’=m,(D,€Z*,m€e€Z) and y?—D,z>=n,(D,€Z*,n€Z) (1)
is a matter of great concern. Researchers study for different m,n and D;,D, , and obtain some
correlation results as follows.
When m = 1,n = 1, diophantine equations (1) turns into:
x?2—D;y?=1and y?-—D,z2=1 2)
At present, there are only a few conclusions on (2), see Ref [1] and [2].
When m = 1,n = 4, diophantine equations (1) turns into:
x?—=Dyy?=1and y?-D,z2=4 )
For even numbers D, D, the integer solution of (3), see Ref [3] - [9].
When m = 1,n = 16, diophantine equations (1) turns into:
x?—D;y?=1and y%—D,z*>=16 4)
The previous conclusions on (4), see Ref [10].
When m = 1,n = 9, diophantine equations (1) turns into:
x?2—D;y?=1and y?—D,z2=9 ®)
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Up to now, there is no relevant result on the integer solution of (5), this paper mainly discusses the
integer solution of (5) when D; = 7,D, is an even number.

2. Keylemma
Lemma 1"} Let p be an odd prime number, there is no integer solution of the diophantine equation
x*—py?=1 except p=5x=3,y=4 and p = 29,x =99,y = 1820.

Lemma 2" There is 1 sets of solutions of the diophantine equation ax* — by? = 1 at most
when a is a square number which is greater than 1.

Lemma 331 Let D be a square-free positive integer, then the equation x?> — Dy* =1 has two
sets of positive integer solutions (x,y) at most. Furthermore, the necessary and sufficient condition of
itis D =1785 or D = 28560, or 2x, and y, are square numbers where (x,,y,) 1is the basic
solution of x2 — Dy* =1.

Lemma 4!'¥  Suppose that all the integer solution on Pell equation x2 —7y2 =1 could be
e Y),m € Zt let mk € Zt and gcd(m, k) = d, then the following conclusions are established:

(D gedm, Yi) = Ya-

(D) ged(xp, x) =1 if 2|Tg—f, orelse gcd(xy,, xx) = x4 when 2 J(r;—f .

() ged(x, ym) =1 if 2 l’%,

Lemma 5 Suppose that all the integer solution on Pell equation x? —7y? =1 could be

(Xn, Yn), n € Z, for the arbitrary n € Z, it has the following properties on (x,, yy,):
(D x, is a square number if and only if n = 0.

(H)%" is a square number ifand onlyif n =1 or n = —1.

(11D) yg—" is a square number if and only if n =0 or n = 1.

Proof: (I) Let x, = a?, wewill get a* — 7y? = 1, from Lemma 1 we can get there are only 2 integer
solution (a,y) = (£1,0) on a*—7y? =1 ,s0 x, = 1,n = 0. On the contrary, it also holds.

(IT) Let %" = a?, we will get 64a* — 7y? = 1, from Lemma 2 we can get there are only 4 integer
solution (a,y) = (£1,+3) on 64a* —7y?>=1 ,s0 x, =8,n=1 or n = —1. On the contrary, it
also holds.

(IIT) Let yg—" = b2, we will get x2 — 63b* = 1, from Lemma 3 we can get there are only 6 integer
solution (x,b) = (+1,0),(+8,+1) on x2—63b*=1 ,s50 y, =0 or y,=3. n=0 or n=1.
On the contrary, it also holds.

3. Proof of main theorem
By using elementary method such as congruence, the integer solution of the diophantine equations on

x2—7y?>=1 and y?—Dz% =9 can be obtained.

3.1 Theorem
Let ps(1 <s<4) are diverse odd primes, D = kafl wpS(a;=00r1,1<i<4,kezt),
then the diophantine equations
x2—7y?=1and y?-Dz?2=9 (6)
(i) has common solution (x,y,z) = (£8,4+3,0) and nontrivial solution (x,y,z) =
(+2024,+765,+48) when D = 2 x 127.
(ii) has common solution (x,y,z) = (£8,4+3,0) and nontrivial solution (x,y,z) =
(£2024,+765,424) when D = 23 x 127.
(iii) has common solution (x,y,z) = (£8,+3,0) and nontrivial solution (x,y,z) =
(+2024, +765,+12) when D = 25 x 127.
(iv) has common solution (x,y,z) = (£8,+3,0) and nontrivial solution (x,y,z) =
(+£2024,+765,+6) when D = 27 x 127.
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(v) has common solution (x,y,z) = (£8,13,0) and nontrivial solution (x,y,z) =
(£2024, +765,+3) when D = 2° x 127.

(vi) has only nontrivial solution (x,y,z) = (£2024,1765,+48) when D # 2% x127(a
1,3,5,7,9).

3.2 Proof of main theorem

3.2.1 Primary analysis
It is easily shown that (x;,y;) = (2,1) is the minimal solution of the Pell equation x? — 7y? =1,

therefor all integer solution of it will be x,, + V7y,, = (8 + 3v7)™,n € Z. and the following recursive
sequence will be established:

Yn+2 = 16Yn41 =¥, Yo =0,y1 =3 (7
Xn+z = 16Xp41 — Xp, X9 = 1,1 = 8 @)
Using modulo 2 on (7), we will get residue class sequence:0,1,0,1...... ,and y, = 1(mod2) only

when n = 1(mod2), y,, = 1(mod2) only when n = 0(mod2). as a result y,, = 0(mod2)
and  Yyn4q = 1(mod?2).

Using modulo 2 on (8), we will get residue class sequence:1,0,1,0...... ,and x, = 0(mod2) only
when n = 1(mod2), y,, = 1(mod2) only when n = 0(mod2). as a result x,, = 1(mod2)
and x,,41 = 0(mod2).

Suppose (x,¥,2) = (Xp+1, Yns1,Z), 1 € Z is the integer solution of (6), then y2,;, —9 = y2,, —

Y41 = TVie1) = 64Vi1 — 9% 11 = (8Vns1 + 3%n11)(BVne1 — 3Xp41) = YnVnsz » it s
equivalent to:

Dz* = ypVn+2 ©)

Obviously DZ? =0 when n = —2 or n = 0, here we will get the common solution (x,y,z) =

(£8,+3,0) on (6).

Because y,,, = 1(mod2), y, = Yn4+2 = 1(mod2) when n is an positive odd number. Therefor
2(VnVn+2) =0, and 2(D) = 1, we will get 2(DZ?) is an odd number, it is self-contradiction, this
shows that n is an nonnegative even number. Let n = 2m,m € Z*, (9) is equivalent to:

Dz? = 4XmXm41YmYm+1 (10)

As a result the equation (10) will be:

Case 1 m is an positive even number.

Case2  m is an positive odd number.

3.2.2 Discussion on Case 1
Let m = 2'p(t € Z*,p is an positive odd number), (10) is equivalent to:

Dz? = 4X,t, Xty 1YotV atpr1 Y
For yom = 2x,,Vm, (10) is equivalent to:
Dz? = 2% e, Xty Xogtm1y X Xp Yoty 11 Y (12)

From (I) of Lemma 4, we can get gcd(yztp+1,yp) =y, = 3. From (II) of Lemma 4, we can get
gcd(xztp+1,xp) =x, = 8,50 (12)is equivalent to:

Yot Vp Xp Xt
2 _ 98+t ., Q2. .Z2p+1 Jp 7P, _27pt1
Dz* =12 3% XgtpXot=1p + Xop T > e s (13)
Yt Y.
For gcd(yztp+1,yp) = 3, we can get (%,?p) =1, for ng(Xth+1,Xp) =8, we can get
X, t X . . .
(%,?p) = 1. From (II) of Lemma 4, we can get Xty Xpt=1p, "+, Xap, =+ Xp Pairwise coprime. From

() of Lemma 4, we can get X,ty, 1, Xpty, Xpt-1p, "+, Xap, =+ X 18 coprime with y,e, .4 and y,. So
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Xatp+1
8

Yot y.
% and ?p . It means that

X
b : .
) Xatp, Xogt=1p, =, Xop, - is  coprime  with
Yotps1 Yp Xp Xotps1
3 3’8’ 8
Because Xz, = 1(mod2),y,n1 = 1(mod2), we will get X,tp, Xpt-15,*, X2p, Vatpi1, Yp are odd

Xty Xpt=1p, ", Xap, pairwise coprime.

Yot . X t
numbers, SO ﬂ,y—p are odd numbers. And Because x5, = 8(1nod16), we will get @,ﬂ are
3 73 8’ 8
. Yot
odd numbers. 2(D) =1, so 2(2D?) is odd number, but D (28” FXyty * X1yt Xop -%-y?p-
X,t .
%p - %) = 8+ t, t must be positive odd number.
From (ii) of Lemma 5, we can get %” is square number only when p =1 or p = —1. From (iii)
of Lemma 5, we can get y?p is square number only when p =1 or p = 0. From Lemma 5, we can get
Xatp+1 Vatp+1

) Xty Xot=1p,"*, Xop, Yoty 1) are non-square numbers for the arbitrary positive odd
Xy Xt
p 2"p+1
number p, therefor, X, Xyt-15,*, X2p, Yatp11, Yo 5 5

are non-square numbers.

. .. Vatp+1 Yp Xp ¥alp+1
When p > 1 is an positive odd number, x,t,, X,t-1,,*, X2p, 3’” ,?p,?p,T’” are t +4 odd
numbers which is not equal to 1, so they provide t + 4 odd prime divisors at least for D. Further more,
t is an positive odd number, t + 4 = 5, it means that the right half part of (13) provide 5 odd prime

divisors at least for D, it is self-contradiction.

V. X X X v .
When p = 1,t # 1, ?” and ’?p are square numbers, and ?p = El = ,?p = % =1, here (13)is
equivalent to:
Dz2 = 28+t .32. VYatper Falpaa 14
z? = XptpXpt-ip =+ Xgp "= o (14)

Y,t X,t . . ..
2:“,% provide t + 2 odd prime divisors at least for D.

At present, Xjt,, Xpt-15, ", Xap,

: - Yatp+1 *alpt1
And t # 1, t is an positive odd number, so t >3, t+2>5. Xty Xot=1p, ", Xop, =)=

3 ' 8
provide 5 odd prime divisors at least for D, it is self-contradiction.
When p = 1,t = 1, (14) is is equivalent to:
Dz? =29-32:x, - 22 =29% 32 x5 x 11 x 17 x 23 x 127 (15)

It shows that the right half part of (14) have 6 different odd prime, it is conflict with topic hypothesis,
then (11) is might be wrong, (6) has no integer solution.

3.2.3 Discussion on Case 2
Let m = 2p — 1(t € Z*, p is an positive odd number), (10) is equivalent to:
Dz? = 4X,t, Xyt 1YotV aty—1 (16)

It could be proved by imitate 3.2.2 that (16) have nontrivial solution only when p = 1,t = 1, here
(16) turns into Dz? = 4x,x,Y,y; = 8x2x?y? =29%x32x 127,50 D=2%X127,z=48, or D =
23%x127,z=24, or D=25%x127,z=12, or D=27x127,z=6, or D =2°%x127,z=3,
therefor equation (6) have nontrivial solution (x,y,z) = (£2024,+765,+48) when D =2 X 127 ,
(x,v,z) = (£2024,4765,+24) when D =23x127, (x,y,z)=(+2024,4£765,+12) when
D=25x127 (x,v,z) = (£2024,4765,+46) when D =27 x127 (x,y,2) =
(£2024,+765,43) when D = 29 x 127,

In conclusion, the diophantine equations (6) has common solution (x,y,z) = (£8,43,0) only
when D =2%x%x127(a =1,3,57,9) , and nontrivial solution (x,y,z) =
(£2024,+765,448).haswhen D = 2 X 127. (x,v,z) = (£2024,4765,+24) when D =23 x
127 . (x,y,z) = (£2024,+765,412) when D = 2°>x127.(x,y,z) = (£2024,+765,46) when
D =27 %x127.(x,y,z) = (£2024,+765,4+3) when D = 2° x 127.otherewise it has only nontrivial
solution (x,y,z) = (£2024,+765,+48)when D # 2% x 127(a = 1,3,5,7,9).
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