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Abstract. The effects of the earthquakes on buildings and the concept of seismic base isolation are
investigated by using the model of the vibrating bar embedded at one end. The normal modes and
the eigenfrequencies of the bar are highlighted and the amplification of the response due to the
excitation of the normal modes (eigenmodes) is computed. The effect is much enhanced at resonance,
for oscillating shocks which contain eigenfrequencies of the bar. Also, the response of two linearly
joined bars with one end embedded is calculated. It is shown that for very different elastic properties
the eigenfrequencies are due mainly to the "softer" bar. The effect of the base isolation in seismic
structural engineering is assessed by formulating the model of coupled harmonic oscillators, as a
simplified model for the structure building-foundation viewed as two coupled vibrating bars. The
coupling decreases the lower eigenfrequencies of the structure and increases the higher ones. Similar
amplification factors are derived for coupled oscillators at resonance with an oscillating shock.

1. Introduction

The concept of seismic base isolation aims at formulating solutions for protecting buildings
against earthquakes, by designing special couplings between buildings and their foundations. As
a key element in earthquake engineering it aims at designing means of achieving to some extent a
building-foundation decoupling, such that the response of the building to vibrations be not (too)
damaging. Usually, the dynamics of the structure building-foundation is approached by means of
the model of two coupled oscillators. It is examines here the formulation of this model starting
with coupled elastic bars, [1-7]. To this end, it is useful to assess first the response to the ground
excitation of a vibrating bar with one end embedded in the ground. At resonance, the response of
the bar exhibits amplification factors which may attain large values. These amplification factors
arise as a consequence of the excitation of the normal modes in the bar. Two coupled bars are also
studied, excited at their lower end; for bars with very different elastic properties it is shown that
the eigenfrequencies of this system are given mainly by the "softer" bar. Such an information may
throw light upon the elasticity of composite structures, like, for instance, those including voids.
Making use of the information gained from the study of the vibrating bars, is formulated the model
of coupled harmonic oscillators and investigate its response to an oscillating shock. It is shown
that the lower frequency of the system is lowered by the coupling, while the higher frequency is
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raised. At resonance the coupled oscillators exhibit amplification factors, similar with the
vibrating bar.

2. Embedded bar

The most convenient model for investigating the response of a building to ground vibrations
is the bar embedded at one end. Let us assume that a vertical elastic bar with uniform cross-
section is fixed in the ground at one end, having a length / above the ground surface; the bar
end above the ground is free. Under the action of the seismic waves the buried end of the bar
is set in motion. It is assumed the cross-sectional dimensions of the bar being much smaller
than the bar length, so it can be considered only to the z-dependence of the displacement, where
z is the vertical coordinate (along the bar). At the same time, it is considered the length of the
bar and the excitation sufficiently small, such that the bar does not enter the regime of flexural

.. . . 10u 10u
elasticity (bending). The strain tensor reduces to Uy, = U,, = Ea_zx s Uyy = Uyy = 2 azy R
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Oyz = Ozy = /1 P 2 where A and u are the Lame coefficients. It follows an elastic force density
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where p is the density of the bar. It may be limited to only one equation of motion, which writes in
the generic form

ii—c2Z2 =0 )

where u and ¢ stand for ux,y,z and, respectively, ¢; = \/ 1+2w)/p, Ct\/ u/p ;c;, are the velocities
of the longitudinal and, respectively, transverse waves in the bar.

3. Shock-type excitation
The equation (2) is solved for a free upper end of the bar, while the lower end has the prescribed
motion uy(#) of the ground; therefore, are imposed the boundary conditions

d

o == 0, ulmo =u(®; 3)
the motion is limited to # > 0 and 0 < z < /. Using time Fourier transform, equation (2) and the
boundary conditions (3) read

"+1k2u=0, uy=0, uy = uy(w) (4)

where k2 =02/ and the prime denotes the derivation with respect to z. The solution for the
limited interval 0 < z < / can also be obtained by extending the equation to the whole space
and limiting ourselves to the restriction of the solution to the interval 0 < z < /; as it is well
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known, this is achieved by multiplying the equation by 6(z)0(/-z) and absorbing the step
functions @ in the derivatives (the method of generalized functions). Unfortunately, it should be
use in this case the Green function which implies wave propagation in both directions, in order to
satisfy the boundary conditions at infinity; this complicates the technical procedure (in contrast
with the half-line, where one-direction Green function is needed). The natural "initial" condition
which requires the vanishing of the solution for past times (¢ < 0) is treated most conveniently by
integrating over frequency w in the lower half-plane (the causality condition). The solution of the
equation (4) has the form

u = Acoskz + Bsinkz (5)

where the constants 4 and B are determined by the boundary conditions; it is obtained

A=uy, B=ugtanxl (6)
and
u(z, w) = ug(w)(coskz + tankl - sinkz) @)

The reverse Fourier transform gives
u(z,t) = if dwuy(w) e “tcoskz + %f douy(w) e *ttankz - sinkz, (®)
or
u(z,t) = %[uo (t—2z/c) +ug(t+2z/c)] + %f douy(w) e “@ttankz - sinkz )

where is taken the real part. It can be seen that half of the displacement u,(?) applied to the
grounded end propagates along the bar with velocity ¢, while the other half propagates in the
opposite direction (it "comes from the future"). Itis considered seismic excitations which have a
general aspect of shocks, i.e. they are concentrated in at the initial moment of time. This is valid
for both the primary P and S waves, as well as for the main shock produced by the so-called
surface waves. Consequently, it is assumed first a shock-like ground motion u(¢) =u,T0(¢), uy(w) =
u,T, where T is a measure for the duration of the shock. The second integral in equation (9) implies
the contribution of the poles arising from the zeroes 0f the denominator of tanx/: cosx/ = cosw,]/c
=0, o, = (2n+ rc/2l, where n is any integer. Results

u(z,t) = %uOT[(Y(t —z/c)+85(t+z/c)] +uy %Zn sinwy t - sinw,z/c (10)

It can be see that half of the J-pulse applied at the fixed end at the initial moment propagates
along the bar up to z =/, while the other half, "coming from the future", brings no contribution
to the motion of the bar (0 <z < /), except for z=0; in addition, vibrations given by the normal
modes with the eigenfrequencies wy are excited in the bar. The summation over z in equation
(10) gives apulse going forth and back along the bar. Any approximation to the series in equation
(10) (e.g. a truncated series) gives normal modes extending over the length of the bar.

The amplitude of the pulse is of the order u,, while the amplitude of the normal modes is of
the order u,cT//; is introduced the parameter

_ T

9=7 (11)
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and denote by u,(7,z) the contribution to the displacement of the #-th normal mode, i.e.

U, = gugSinw,t - sinw,z/c (12)
the corresponding velocity and acceleration are given by
U, = gUgw,CoSw,t - Sinwyz/c = g % (w,T)cosw,t - sinw,z/c (13)
and, respectively,

sinwnz

i, = —guowisinwyt - = —g%(wnT)zsinwnt - sinwpz/c (14)

A o-shock of the form u(?) =u,T4(¢) includes an overlapping of oscillations with equal weights
for all frequencies. It can be seen from the above equations that the response of the bar is affected
by the factor g and powers of w, T; beside the ground displacement u,, the quantities u,/7 and u/T*
may be viewed as ground velocity and, respectively, acceleration. Typical values of the velocity of
the elastic waves in the bar are ¢ =~ 3 x 10 m/s; for a short duration 7 =0. 1s is obtained g =10 for a
length / = 30m. It can be observed that the displacement, velocity and acceleration amplitudes in the
bar could be enhanced in comparison with their ground counterparts. This is why it can de called
the parameter g the amplification factor.

However, a pulse with a finite duration T excites mainly frequencies o, up to = 7T ; in the above
formulae, a weight factor f{w,) should be inserted, which decreases appreciably for frequencies o,
> /T ; therefore, the amplification parameter is subject to the condition

wpT =g < (15)
which implies values for g of the order as high as unity, corresponding to the fundamental frequency
wo=mc/2l (n = 0). In addition, it is well known that the seismic spectrum includes a range of
frequencies extending up to = 10s, which is far below a fundamental frequency of the order ¢/l =~
100s for ¢ = 3 x 10 m/ and /=30m. Therefore, it is unlikely that a short pulse can excite normal
modes which might lead to appreciable amplification factors in reasonable conditions. However,
the situation is different if the pulse includes resonance frequencies.

As a technical point, it should be noted that if the pulse is applied at some point on the bar,
different from the bar ends, then it can be considered in fact two bars; the solution has four
constants of the type 4 and B in equation (5) and the boundary conditions are the continuity of
the displacement at the point of application of the excitation, the equality of the displacement
with the excitation at that point and the conditions at the two ends; the resulting four equations
determine the four constants of the solution.

4. Coupled oscillators

Here are examined the necessary conditions for two coupled vibrating bodies be approximated by
two coupled dimensionless (point) harmonic oscillators. [9] The motion of the n-th normal
mode is described by the equation

pily + iUy = pily, + pwiu, =0 (16)



World Multidisciplinary Earth Sciences Symposium (WMESS 2017) IOP Publishing
IOP Conf. Series: Earth and Environmental Science 95 (2017) 032017 doi:10.1088/1755-1315/95/3/032017

and it can be seen that the z-dependence becomes irrelevant, and it could be view u, as a global

representation of the displacement of a point oscillator; this equation is written for the shear
modes, but it has the same form, with u replaced by 4 + 2u, for the longitudinal modes. This is the
equation of the harmonic oscillators with a set of eigenfrequencies. For frequencies near a certain
eigenfrequency w, (e.g., the fundamental frequency) there is the possibility of limitation to only one

harmonic-oscillator equation, written as

where is introduced the label 1 because a similar equation is written for another oscillator, denoted
by 2, coupled to the former.

At the joining point z =0 bar 1 acts with a force density (per unit area) p;u; | z=0 on bar 2, while
bar 2 acts with a force u,u} | z=0 on the former (for shear displacement). The forces which act upon
the bars viewed as oscillators are i ,uj , | 2=0 3, where § is the area of the joining surface. The

derivatives of the displacement can be represented as uj , | z=0 = Uy ,/dy ,, where d;, are some
fictitious distances, introduced for controlling the dimensionality of the equations. It follows that
theinteraction forces are of the order p; ;u; ,S/d; . In ordertoconserveenergy one must have
u1S/dq; = u,S/d,; indeed, pu,Sd, = u,Sdqis the interaction energy transferred between the
two oscillators. This is a necessary condition for the two bars be approximated by oscillators.
Therefore, is introduced the elastic interaction constant

K =puS/dy = p,S/d; (18)

and write the equations of motion for the two oscillators

my 2ty 5 + My 03Uy 5 + Kuyy =0 (19)

with the masses m, , for each oscillator. Itis worth comparing the interaction constants K with
the oscillator constants

2
2 o~ ‘12 2 _ 2
My Wy =My l%j Ai2n = (M1,25/l1,2)a1,2n (20)

where a2, are numerical factor from the eigenfrequencies w, ,, = (61,2 / ll,Z)al,Zn ; these factors increase
with increasing n. For lower frequencies and /i» of the same order of magnitude as d\ >, all the oscillation
constants m; ;w3 , and K are of the same order of magnitude. This implies a severe restriction upon
the coupled-oscillators approximation, since, rigorously speaking, these energies are not equal; it
originates in the circumstance that the model of coupled oscillators requires the eigenfrequencies
and the coupling constant derive from different forces, while for elastic bars these quantities have
the same common origin - the elastic force. However, if is gave up the assumption of a sharp
joining surface and consider that the two bars are welded, then there exists a smooth joining and
the difference between the two interaction forces and the transferred interaction energies is taken
over by the welding; during motion there is a mechanical work dissipated in the welding. In these
conditions it can be assumed m;w? # myw3 # K.

The potential energy associated with these two oscillators reads
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1% =%m1w%uf +%m2w§u§ + Kuqu, (21)
It must have a minimum for u; ,=0; this condition implies
K <mim,w?w3 (22)
With the notations introduced above this inequality reads
L, <d,dya?,a3, (23)
which can be satisfied, especially for higher eigenfrequencies.
It is convenient to introduce a parameter 0<y<1 through
K? = mymywiwi(1—y) (24)
for y=1 there is no coupling, for y=0 the coupling is maximal. The parameter y is a dimensionless coupling
constant; the values of y close to zero are of interest (maximal coupling). Also, it is introduced the notations
ki, = K/m, 5, such that the system of equations (19) can be written as
il + wigp + kioUp g =0 (25)

The eigenfrequencies of this system of equations are the roots Qi » of the equation

A=0%—(w?+ wd)0?+ w?wiy=0; (26)
and are obtained
1
0} =0} + 0} + V(I + D)7 — 40lady| = 0} + w3 27
and
23 = ot + 03— J(@? + D) — dwlaly| = (28
2 = 5|91 2 1 2 1 2y_w§+w§y )

One can see that 27 increases from w? to w? + w3, while N3decreases from w3 (w3 < w?) down to
zero for K% /m;m, going from zero to its maximum value w?w3 (for y going from 1 to 0); the coupling
lowers the low eigenfrequency and raises the high eigenfrequency.

For a realistic use of the coupled-oscillator model are considered the two oscillators as corresponding to
a building (oscillator 2) and its foundation (oscillator 1). For a stiff foundation, such that w; > w, the
eigenfrequencies of the building are reduced to an appreciable extent (down to zero), while the
eigenfrequencies of the foundation are increased by the coupling. For a soft foundation (w; < w,) the
situation is reversed, the eigenfrequencies of the building are raised by the coupling and those of the
foundation are reduced.

The solutions of the homogenous system of equations (25) are the real part of

up, = Ay et + By et 2t (29)

with complex constants 41, , Bio. These constants satisfy the system of equations (25) for Q=0Q,,
respectively:

(wf —09)A; + k1A, =0, (w5 —03)B; + kB, =0 (30)

therefore
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0f-wi , _ 3 03-wl 5 _ w0}
A2 = k A1 = k_Al ) Bl = Bz = —k_Bz N (31)
1 1 2
the solution is the real part of
0 it _ @3 i0,t .0 ~ ©F i05t L0t
uy = Ajett == Byel™2t, up == A,ett + Bye't (32)
2 1

Let us assume now that the foundation (oscillator 1) is subjected to a force (t) fye "%t coswyt, a K wy,
arising from the ground motion; the equations of motion of the two oscillators

iy + wiug + kyuy, = fO(t)e ¥ coswot , iy + wiuy + kyu; =0 (33)
where f=fo/m, ; a particular solution is the real part of
Uy = agpel@ot~ (34)

The constants a; are given by

2 k
@ =f2 4= —f 2, (35)

where 4 = (@3 — 22)(@3 — 023) and @) = w, + ia; adding the solution uf, of the homogenous system
of equations (equations (36)) the full solution is written

w = Agelft —c;_fBzemzt +fw%;7’(z)ei&30t’
(36)
2
uy = &Alemlt + Byeifat _ fk_feiaot
kq A

The (complex) constants Aj, By are determined from the initial conditions u;,(t=0) =0,
ul,z(t = 0) = 0.

By focusing on the resonance of the building, where wy = 2, (a@ < 2,) and 4 = a?(a — 2i0,), the
initial conditions give 4= 0 and

~ _fka 22
B, = 40202 (1 ti a) ’ (37)
the displacements are obtained
_ fw} 0 . _ _—at
U = 2020 (cos!)zt - sm.ta) 1-e" "4+ 0(a),
(38)

U, = WI;;% (cosﬂzt - %sin[)ﬂ) 1-e"+0(a)

The original damped excitation is lost in time and for long time both the building and the foundation
oscillate with the resonance frequency £ of the building; the amplitudes of the oscillations are enhanced
by the attenuation factor 1/a, as expected; the oscillation amplitude of the foundation is controlled by the
exciting force, while the amplitude of the building is controlled by the coupling constant. It must be noted
that was considered above oscillations without a damping factor; a damping factor affects the contribution
of the normal modes and adds to the attenuation factor of the excitation.
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Inserting K and Q,, from equations (24), (27) and (28) the leading contributions to the oscillation
amplitude of the building are obtained

o = Tk _ fo /1—y 1 )
20 — 202 H
0 AN T gy (03 +03)

comparing it with the amplitude ut§ = f,/m,w3 of an isolated building (without foundation) subject to the
same force and oscillating with the same frequency 2, < w, , is obtained

(39)

is W2

Uy = U ’
204 /w +w?
1T W2

(40)

it can be seen the enhancement factors w, /a arising from resonance and f yy arising from the coupling.

It is worth connecting the force fy to the amplitude uo of the ground displacement, in order to compare
the displacement of the building with the ground displacement. According to the discussion above, assuming
a good coupling between ground and foundation and a relatively homogeneous structure ground +
foundation + building it can be used fo=Kuy (since, for a shear coupling, fo is of the order ugu,, where z, is
the rigidity modulus of the soil); the oscillation amplitude of the building:

wW1W2 1-y

Uyo & —F7—— = Yo - (41)
4a /w§+w§

where appears again the occurrence of an amplification factor = w./a , where
We = wiw,(1 ) w/ a)l + wz is a characteristic frequency of the structure.

Finally is obtained the solution of a coupled oscillators subjected to a damped force (shock) without
oscillations, i.e. for wy = 0:

u, = L% (e‘“t — cosyt — —=sinf t) + 0(a?)
17 40202 2" g, 2 ’

(42)

Ska

u =
27 T 22

(e'“t — cosf,t — ﬂisin.(lzt) +0(a?);

2
it should be noticed that the shock excites the oscillations with the lowest frequency (£2,), similar with an
oscillating shock), and there is no enhancement of the oscillations, as expected.

5. Results and Discussion

The vibrations of an elastic bar extending above the ground surface with one end embedded in the
ground are described and the response of the bar to various ground excitations applied to its lower
end is calculated. Two bars coupled along their length are also considered; it is shown that for bars
with very different elastic properties the eigenfrequencies of the system are given mainly by the
"softer" bar. Such an information may be useful for composite structures, including, for instance,
voids. Making use of the information gained from the vibrating bars are examined theformulation
of the model of two coupled harmonic oscillators, and its application to the structure building-
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foundation. The coupling lowers the low frequency of the system and raise the upper frequency.
The response of two coupled oscillators to an oscillating shock is calculated, and amplification
factors similar with the vibrating bars are highlighted.

6. Conclusions

Conclusion derived from the present study is that the model of embedded elastic bar can be used for
investigating the earthquakes effects upon constructions. At the same time, the model provides a useful tool
for studying the vibrations of two coupled oscillators, with relevance for building base isolation concept. It
is shown in this paper that this model, although promising, does not lead to a simple, unique, practical design
conclusion.

Acknowledgments

The authors are indebted to their colleagues from the Research Department, Institute of Earth's
Physics, Magurele-Bucharest, for many enlightening discussions. This work was partially
supported by the Romanian Government Research Grants #PN16-35- 01-07/11.03.2016, #PN16-
35- 01-04/11.03.2016, and through the Project “National Level of Risks Assessment” (RO-RISK).

References

[1] S.P.Timoshenko, "On the transverse vibrations of bars of uniform cross-section",
Phil. Mag., vol. 43 pp. 125-131, 1922.

[2] M. Sh.Flekser, "Ontransverse vibrations ofbars",J. Appl. Math. Mech., 980-983,
1958.

[3] D. Das, P.Sahoo and K. Saha, "An experimental study on transverse vibrations
of tapered bars in elasto-plastic regime", J. Sound Vibr., vol. 324, pp. 74-90,
2009.

[4] D. Das, P.Sahoo and K. Saha, "Out-of-plane free vibration analysis of rotating
tapered beams in post-elastic regime", Mat. Design, vol. 30, pp. 2875- 2894
2009.

[5] D. Das, P. Sahoo and K. Saha, "Dynamic analysis of non-uniform taper bars in post-
elastic regime under uniform axial loading", Mat. Design, vol. 30, pp. 2113-
2127, 2009.

[6] S.S.Rao, Vibration of continuous systems, Wiley, 2007.

[7] M. Mukhopadhyay, Vibrations, Dynamics and Structural Systems, Balkemma, 2000.

[8] L. Landau and E. Lifshitz, Theory of Elasticity, Course of Theoretical Physics, vol. 7,
Elsevier, Oxford, 1986.

[9] K. S.Jagadish and R. N. Iyengar, eds., Recent Advances in Structural Engineering,
Univ. Press., 2005.



