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Abstract. Based on quantum Lie algebras associated to affine Lie algebras we construct
special soliton-like solutions for higher grading affine Toda models.

1. Introduction

The group-theoretical (Lie-algebraic) method [6, 7] of construction and integration of two-
dimensional exactly solvable models is one of the most powerful. Using the representation
theory for conformal and affine Toda models [9, 7] one is able to reconstruct the general solutions
to systems as well as to derive special, in particular, solitonic solutions both in classical and
quantum regions. The zero curvature condition applied to elements of connections constructed
as sums of products of arbitrary functions with generators of (higher) grading subspaces [5] of
a Lie algebra results in systems of equations [3].

Previously, general solution to the higher grading affine Toda equation were obtained in
[3]. In [9] group-theoretical specialization for the lower grading subspace were formulated, and
classical soliton solutions obtained in frames of algebraic approach to integrable models. In
[10] we proposed quantum Lie algebra solutions generating solitons based on further algebraic
properties of quantum groups.

In this paper we consider the case of affine Toda models constructed using algebraic elements
that belong to grading subspaces up to some number [. The group-theoretical approach
allows to extract special solitonic solutions from general ones. The lower grading case for the
quantized version of the affine Toda models (the sine-Gordon equation) involving the quantum
Lie algebra [1] (slz), was considered in [10]. Here we extended that construction for a higher
grading subspace case. Exactly solvable dynamical systems appearing in this the higher grading
formulation are generalizations of lower (I = 1) cases, and possess more complicated and deep
properties describing more complicated physical situations. It is important to take into account
next terms in more general equations in order to understand interrelations of ordinary solutions
(to equations associated to lower grading algebraic generators) with solutions corresponding to
higher graiding.

2. Higher grading affine Toda system

In this and the next sections we recall [3] the affine Toda system consrtuction. Consider
a two dimensional manifold M with local coordinates z+. Up to a gauge transformation,
(1,0)-component lying in (see subsection 7.1 of Appendix) @;:0 §+n and (0, 1)-component in
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@;7 _n of a flat connection A in the trivial holomorphic principal fibre bundle M x G— M
( s fixed integer) satisfy the zero curvature condition

0+A_ —0_AL+ Ay, A ]=0. (1)
The components Ay are the following (we keep notations of [3])
A, =—-BF*B!, A =-9_ BB '+ F. (2)

Here B is a mapplng M — Go (Go is a group with the Lie algebra Gg) and F* (1<m<Ii-1)
are mappings to @n 1 Gin

-1
i:E:tl+ZFn:|1:7 (3)
m=1

where E.; are some fixed elements of G+; and F= € Guyn, (1 < m < 1 —1). Substituting (2)
into (1) one arrives at the equations of motion

-1
0, (0-BB™") = [E,,BEB '+ ) [F,,BF B, (4)
n=1
l-m—1
a—Fn—‘; = [EZ7B_1Fl—mB+ Z n+m7B Fn_B] (5)
n=1
l—m—
04F, = —[E.,BF, B~ Z wem s BES B (6)
Since Qg, C' € QO then B can be parameterized as B = be" Qs ¢¥C where b is a mapping to Go,

the subgroup of Go generated by all elements of go other than Q)5 and C. Substituting B into
the equations of motion (4-6) one has

-1
04 (0-bb7) 4+ 0,0_vC=eE_, bED |+ e"[F, bEb], (7)
n=1
l—m—1
O_F = "B b FD N+ > eMELL,, b E, b, (8)
n=1
l—m—1
0.F, = —e""™M[E_ bR b= Y eMF,,, bE b, (9)
n=1
8,0-71Qs = 0. (10)

Now consider the case [ = 1. Let us parameterlze the element B in pI‘lIlClpal grading of G and
take b = e(¢(@+.2-).H") Vi (zs) = (¢ @£).H%) where (¢, HY) =31, ¢ HY. From the equations
(7-10) for an infinite dimensional Lie algebra G in the principal grading we obtain the affine
Toda field theory systems of equations

0,06+ % 3= (mi% exp(B0; - ¢) — § exp(~5-9)) =0 (1)

The formal general solution to the above equation was introduced in [9]:

e—Brid — o—Bido Dl ~ lﬂll( =))W e—BAi-¢o (D B=HAH D
- (l><>\0|(’y )1t () (2-) (g )Moy D)™ T (WA B=1A0) D)™, (12)
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The fact that (12) is indeed a solution to (11) may be checked by using the representation theory
of G. A map g : M — G appearing in the gradient form of the flat connection A4 = g~'d.1g,
may be factorized (according to the Lie algebra decomposition G = G_ @ Gy @ G4) by the
modified Gauss decomposition g = p_vyy— or g = ppv_yo+ with maps v9+ : M — Gy,
pt, vy : M — G4. The grading condition provides the holomorphic property of i, i.e., they
satisfy the initial value problem

O+ (24) = pa(24)Ex(21), (13)
M
Ex(zs) =D En(@F),  En(@F) = D BF™(21)Xxq, (14)
m=1 aeAt

with arbitrary functions ®2™(z.) determining the general solution to the system. Note that
the summations in (14) are performed over the set of positive roots At of G =37 % G, in

the subspace Gy,. Using notations of [3], Go = Yo+, and ’yac(mi) : M — Gy are arbitrary
mappings. The element B is parameterized as B~ = (v¢ (z4)) g0, (2-).

3. Generalization of the affine Toda equations
Consider for example the case of sly in principal grading (see subsection 7.1 of Appendix). The
mapping B is parameterised as

B = epH o7C onQ — oo H® v C onQ (15)

)

where HY = HO — %C’ is Cartan element, and 7 = v — %go. The case I = 3 delivers a
generalization of (11). In this case B3 = arE! +a_E?, E_3 = ayE;* + a_E~", [3] and
therefore [Es3, E_3] = 3aya_C = SC. Introduce the notations

Ei=a+BEY +a_E', E.y=a;E' +a_E°, fi=a B —a_E', f1=a B —a_E°,

fo=—\ara_H', f.o=—ara_H '

The fields of the model are in (15) as well as matter fields w}é L 1 =1, 2, x+ defined as
F" =¢pfi+ x4+ B, Fy =4Ynfa,  Fyr =9pf+x-E_1, Fy =47 [,
1/13% L i = 1,2, are components of two the Dirac fields 1?. It follows then that

[E37 [E*37Ei1]] =0, [E?)’ [E73a FIOH = 4(I+a,ﬁ0, [E3a [E*37 fl]] = 4a’+a*fi7 1 ==x1,£2.
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Using (7-10), the equations of motion are

0,0-¢ = —aya_ ((e*°—e ) (" —e" (V1R — X1 X))

e (€2 + e %) (Vixs — Vhx-)) (16)

0,0_v = —aia_ <(6290 +e72%) <ge3’7 — %e" (ViyF — X+X—)>
- 5O =) (b - ) + 2ok, ()
O-vp = vaya—e" (vp (¥ + e‘”) —x- (e* =), (18)
Oy p = 2/aya- <—6 Mg + ey (¢R ( 2@) + X+ (62§0 + 62@))) ;o (19)
0V = 2y/aza- (e%% + 5e% (Vr (% — ™) —x- (¥ + e‘zﬂo))) . (20)
O+ = \Jaya_e' (—ﬁ% (62“0 + 6_%) X+ ( )) ) (21)
O-x+ = Vaya—e"p (x- (e* - —2*0) S ACRE: “’)) (22)
Oy x— = Vara_e"pi (x+ (79 —e72) + o (¥ +e727)), (23)
0,0-n = 0. (24)

The general solutions to the matter fields FijE may be written in the following form. For m =1
n (7-10) one has [3]

S k(6™ —d);

. . A (0] 0y ™
(i| F{|isi) = f;7 = el=0 e i, <<Z’M+1M_’Z;Z>W) : (25)

Here |i; i) denotes an element of the Verma module which is result of the action of the lowering
generator on the highest state vector.

4. Solitonic solutions from general solutions

In [9] it was shown how to extract solitonic solutions from the formal general solutions of the
affine Toda field equations. Let’s take *yac = 11in (12) to be a constant function. Then the
mappings p+ are pi = uoiezigi with p. being some fixed mappings independent of zy. Next
take &y in (14) as £ = F + Zlﬁil cﬁEi ~ where E_ are elements of a Heisenberg subalgebra

of G , namely [E1,E_] = QC. One can consider principal of homogenious Heisenberg subalgebras
for that purpose. In this paper we only deel with the principal case while the homogeneous case
will be discussed elsewhere. Thus, we arrive at a special solution to (11)

6_/8)\2_,(;5 _ e_ﬁ)\i_d)o (1)<)\i|ezi£iuoezi5i‘)\i>(1)
((1)<)\0|erigiﬂoewi5i |,\0><1))mﬂ

(26)

In order to compute these solutions explicitly we have to remove £i-dependence from (26)
moving £ to the right and £_ to the left . Then we should find such a pg = Hf\i 1€ so that

V; would be eigenvectors with respect to the adjoint action of &, i.e., [Ex,V;] = w(iZ)V,-. Then
it turns out [9] that resulting expressions provide us with solitonic solutions to the equations
under considerations while parameters wi) characterize solitons.

In the next sections we will explain the affinization (sl2)} of the quantum Lie algebra (sl2), [1]
and then apply those formulations to the construction of g-deformed solutions to the quantised

[8] affine Toda equations in the specific example of the higher grading the sine-Gordon equation.
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5. Quantum Lie algebra
5.1. Universal enveloping algebra Uy(sl2)
The complex Lie algebra sly is generated by three elements X, X_ and H satisfying

HX* - X*H = +2X*, XtX-—-X"Xt=H.

The Lie bracket is skew-symmetric and satisfies Jacobi identity. The quantized enveloping
algebra U,(slz) [2], [4] is an associative algebra generated by X*, X~, h with g-deformed
commutator relations

H H

XtX- - XXt = ‘1q_‘q‘1j1 : HX* - X*H = 42X+,

It possesses a Hopf algebra structure with deformed adjoint action
(adx=)qa = X*agf/? — ¢FrqH2a X+, (adg)qa = Ha — aH, (27)

(for all a € Uy(sly)).

5.2. Quantum algebra (slz)q
In [1] new generators in the quantized universal enveloping algebra Uy(sl2) were introduced as

Xy =)= a 1AXE, Hy = oy (qXTX™ — ¢ ' X7 XT). (28)

It forms a three-dimensional subspace (sl2)q = X', X, , Hy, in Uy(slz), closed under the quantum
Lie bracket
[CL, b]h = (ada)qba (29)

a, b € (slz)q. These generators possesses the following commutation relations

[Hp, Xiflp = £2¢71 X5, (XGE, Huln = F2¢7 X5, (X5, X, |n = Hp,

30

(X, X;F), = —Hy [Hy, Hplp = 2(q — ¢~ V) Hy, [Xi5, XiF]p = 0. (80
We should mention that (slz), is not a Lie algebra in the standard sense. The generators (28)
do not satisfy Jacobi identity and ¢-deformed Lie bracket is not skew-symmetric. Although
g-analog of Jacobi identity for (sly), is still absent, nevertheless (29) is ¢-skew-symmetric,
[1]. Under g-skew-symmetry we mean a symmetry under g-conjugation, (that we will denote
by tilde) an automophism of (sly), defined by ¢ — %. Then for any element of (sla)g

(aX;[ +0X, +cHy) = &X;{ + BX,: + ¢Hp, (a, b, ¢ € C) and ¢-deformed Lie bracket satisfies
[a, 0], = [, ]

5.3. Affinization of the (sl2)q

In [10] an affinized version, the principal Heisenberg subalgebra, an eigenvalue vertex operator,
and representations of the quantum algebra (slz), were considered. In this section and
subsection 7.2 of Appendix we recall these constructions and then apply them in section 6
to the construction of solutions for the higher grading the sine-Gordon equation. Let G = (sl2)q4
and £ = C[t,t!] be the algebra of Lourant polynomials in ¢ and let £(G) = L ®¢ G. Introduce
a complex vector space (sla)}, : L(G) = L(G)®CK @ Cd. This is a loop algebra £(G) completed
with the derivation d (acting as t% in £ and trivially on K) extended by a one-dimensional
center K corresponding to C-valued g-deformed 2-cocycle on L(G) ¥4(a,b) = (z]y)n®(P,Q),
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O(P,Q) = Rest%Q. Here (z|y)p, is a quantum bilinear form on (slz)4 [1] and P, @ are polynoms
in t. We define g-deformed Lie bracket in this algebra as

("@rdwK dvd, t"QydwK ®ud),=

1
(" @ (2, y]p + vnt™ @ y — naymit™ @ x) B My 4n.0(x|y)n K (3D

where z, y € G, v, w, v1, w1 € C.
Now we introduce generators that constitute an affinization of quantum algebra (slz),
H, =1® Hy, H[)Zl@(K-Hh), 61:1®X+, 60:t®Xh_, f1:1®X}:, f():t_1®X;_.

Then one can calculate the adjoint action

HO, 60}}1 - 260(]_1) [Hﬂv fO]h - _2f0q_17 [HOa el]h - _261Q7 [HOa fl]h = 2f1q_17
Hlael}h = 261(]) [Hlvfl]h = _2f1q_17 [H1760]h = 260q_1) [Hl7f0]h = 2Qf05
HOa-Hl]h = _2(q - q_l)Hlu [H07H0]h = 2(q - q_l)HL [Hla-Hl]h = 2(q - q_l)Hly

Hla-HO]h - _2(q - q_l)Hlu [607f0]h - HO; [elvfl]h - Hlu [f07€0]h - _HO) [flael]h - _-H17
eo, Hol;, = —2qeo, [eo, H1];, = 2qeo, le1, Ho];, = 2e1q, [e1, Hi];, = —2e1q,

[
[
[
[
[ ]

[f07 HO]h = 2q_1f07 [f07 Hl h = _2q_1f07 [f17 Hl]h = 2Qf17 [f17 HO]h = _2Qfl

5.4. Heisenberg subalgebra and eigenvector of the q-deformed adjoint action

The key point in the construction of solitonic solution to the affine Toda equation is the existence
of eigenvectors with respect to elements of the Heisenberg subalgebra of the underlying affine

algebra. Let
Ea=10X+t0X,, JEi=10X, +t'eX;

so that the following series

Agn = (q+ ¢ )" @ (—Hp), Aomi1 = (q+¢ D)™™ @ ¢ ' X7 —t" T 0 ¢X, + (X, X)),

(32)
is an eigenvector of ;E4q with respect to the quantum affine Lie bracket (31). Using JF, we can
find g-deformation of the solitonic solution (26) corresponding to the affinization of the quantum
algebra (sl2)g.

6. Solution to the affine Toda equations corresponding to (Slg)é
In this section we will use results of the section 5. We propose g-deformed solitonic solutions
to the affine Toda equations associated with the affine Lie algebra sls, i.e., the sine-Gordon
equation. Those solutions will be constructed by means of the Heisenberg subalgebra operators
and the eigenvector F involved in the exponent in the mapping ug. Using properties of the
highest weight representation of the affinized quantum algebra (sly), one can check (similar to
[9], [8]) that (12) is a solution to the affine Toda equation (11) when we replace its ingredients
by their quantum group counterparts. A consideration in the case of the sine-Gordon equation
is given in [9].

First consider the case of [ = 1. Starting from the general solution (12) to the affine Toda
equations for ;\ZQ we take ’ygt = 1 and substitute the vectors of the fundamental highest weight

representation of sAlg by the fundamental highest weight representation vectors of (Slz)g

N P Rl 2D T C | LY
€ =e ) Y M\ ™5
(87 ol )= (=) o))

(33)
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where \z’>£11) = \/\i>¢(11) = U(()i) denotes the highest vector in the i—th fundamental representation
of (sly). Taking £+ = (Fx; in the solitonic solution and inserting exponential of the eigen
operator F; as a group element, we obtain [10]
(1) i —Eqzy QFq . E_z_ (1)
—BAj-b _ —BAjpo__gq (Jle” “FTHeRTae 17)q
e PN e PN (L(Il)<0|e.€+z+€Q}'qe$_z_ |0>é1))mj . (34)

Then it follows that

. _ _ o1l -1 .
R e ) L e T

e 35
<¢(11)(0\exp(Qe_Q’“rC_Q%z*C_l]:q) exp(fz+z_)|0>¢(11)) J ( )
So for j =0

e BAMD _ e—ﬁh-tﬁo, (36)

and for 7 = 1 this gives

1 T
e = emPA90 exp (—6»26‘2“4_212‘C LY (g + q‘l)m> . (37)
m=—00

6.1. The casel =3

The affine Toda equation system (11) is a particular example of more general construction
described in the first section. Namely equations (11) correspond to [ = 1 grading subspace. The
case | = 3 leads us to a generalization of (11). Using the general form of solution to the affine
Toda equation for [ > 1 (12) we can form a class of g-deformed solutions constructed with by
means of the eigenvector F, (32). We take in (12)

E+ = ¢F11 + ¢Exs, (38)

where (E 3 =t®@ X,/ +t?® X, , ;E_3 =t"'® X, +t?® X;". Then we arrive at a solution
for Toda type field ¢

e P16 = =100 exp <Q€2Z+(1”)<21Z‘(Hm_l S cmen(g + q‘l)m> ‘ (39)

m=—0oQ

Now we want to find g-deformed solitonic solutions for matter fields Fif just in the same way
as we did it for Toda type fields. We substitute elements (38) to (25) and take the state vectors
from (42) from the basis of the fundamental highest weight representation of (slo);. Finally the
g-solitonic solutions are

1 _ +o0o
1= exp (£ k(o = o) 0, (y(1fexp Qe 2 et §Y gmen gy
=0

m=—00

+o0 _
> %(Q672z+(1+t)472%2_(1+%)c 1)n q—lq—)\(l)
n=0

+00 n n—1
( S emiare ) <<1—2qq<“”2>>"\1;1>q+z<1—2qq<“”2>>krl>q>)
k=0

m=—0oQ

1
ki (6~ — +
™M g, (‘*Xp (2626‘2”“*”4—213“*Dfl ) <2mtm<q+q1>m) g

m=—00

_(m_ exp((1-2qg~ A"V =2)) -1
’ (exp(1_2qq =21 1), + ( ) V) |

(1-2qg= D =2)—1

)
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m=—00

L, oo
I —exp<2 Fu(o™ — >>e”°8+ <exp (@62Z+<“t><21z—<1+1><1 > c?mtm<q+q—1>m>

(0)
exp ((1*2q‘1q(2M0 )) -1

—1.-2 _ (0)
xq~tq M [ exp(1 — 2¢71q@%0))[0;0), + o——10)q
(1-2¢=1q* 0 )1
Similar relations can be obtain all higher cases of [ elsewhere.
7. Appendix
7.1. Affine Kac—-Moody algebras
Here we recall facts about affine Kac-Moody algebras [5], [3]. Consider an untwisted affine Kac-

Moody algebra g endowed with an integral grading g @n Z gn, and denote gi = @n>0 gin
By an affine Lie algebra we mean a loop algebra corresponding to a finite dimensional simple Lie
algebra G of rank r, extended by the center C' and the derivation D. According to [5], integral
gradings of G are labelled by a set of co-prime integers s = (sg,s1,...S,), and the grading
operators are given by

QRs=Hs+ Ns D —

Hy)? C. 40
o T () (10)
Here Hy =Y/ 1 8,A2 - HO, Ny =1 Osm =" 1mfaa, mg)—l H° 1sanelement of
Cartan subalgebra of G; a4, a = 1,2,...r, are its simple roots; 1 is its maximal root; ma the
integers in expansion ¢ = Y . _, mfoza; and Ay are the fundamental co-weights satisfying the
relation o« A} = dgp-

The principal grading operator Qppal is given by (40) where Ny = h is Coxeter
number. Therefore Gy = {H} ,a 2,...15C; Qppal}, Gm = {Eg(m>,Eia(h7m)}, G =

{E° . JETL } where 0 < m < h, and al™) are positive roots of height m. The element
—a( ) a(h m)

B is parameterized as B = e HO ev C gnQppal = #H' 7 C e"@real where H was defined in [3] as
H) = HO——TI(HHO)C HO—Q—QWC’ andy—l/—fé go,vvlth(?—zzlgg,and

Aq being the fundamental weights of G. Let us denote by H™ Ei, D, C the Chevalley basis
generators of sl2. The commutation relations are

[H™, H" = 2mC 6myno, [H™, E}] =+2E7" (41)
[E™, E" = H"™" £ mCopino, [D,T™ =mT™, Tm=H™ ET

The grading operatgr for the princir/)\al grading (s = (1,1)) is Q\ = %HO + 2D. Then the
eigensubspaces are Gy = {HY, C, Q}, Gonr1 = {E%, E""'}, n € Z, Gon = {H"},m € {Z — 0}.

7.2. Highest weight representations of (sl2),
The highest weight vector vy of the fundamental representation of the quantum Lie algebra
(sla)q [10] satisfies the relations Hpvy = vo, X,Jl“uo = 0, X, vo = v1. Note that because of the
definition of generators (sla);, (28) we have

[H, X}fj]h =[H, X} =2X;", [H,X, | =[H, X, ]| =-2X,, [H Hy), = [H H] =0.

The element H lies in Cartan subalgebra of (sl2),. Therefore Hy(Hvg) = (Hvg), Hug = Avy.
Using the definitions (28) we find that Hj = _ +§_1 (¢XTX™ —q¢'XXT1) = (XX, -
X,:X;{), and the action of Hy, on vg in such a form gives qH(X}TXh_ —X,:X;[)vo = vy, and finally

q+?1*1 (qX+X_ — q_lX_X+) Vo = W[H]UO = Vg,

X}:—Lvl = ¢ Mg, where A can be found from
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A_,—A
with % = 1. This procedure can be recurrently continued for all v,, in the basis of

the representation. In section 7 we introduced a quantum affine algebra (slz)g as an affinization
of (slz)q- The highest weight vector of the i-th (i = 1,2) fundamental representation of (slz);,
possesses the properties similar to the properties of the highest weight vector of fundamental
representation of (slz),. The action of hi g, €12 and fi2 generators on highest weight vectors

U(()l) and v(()o) is given by

hlvél) = v(()l), hlv(()o) =0, hov((]l) =0, h[)’U((]O) = U(()O), elv(()o) = elv(()l) = eov((]o) = eov(()l) =0,
foud = fiof” =0, foul”) = o, frof? = o,
(42)
where superscripts correspond to representation and subscripts are vector basis numbers. In the
same way as for (sla)q

611)&1) = q*H”U(()l), elvﬁl) = q*’\(l)fuél), hv(()l) = /\(l)v(()l), elvgo) =0h=1®H, (43)
eov§0) _ q’Hvéo), 60050) _ q,)\(mv(()O)’ hvéo) _ )\(O)U[()O)’ eovgl) —0, (44)
Hﬂ’%l) =(1- 2qq_(’\(l)_2))v§1), ngo) = 2q_1q(2+)‘60))v§0). (45)

8. Conclusions

In this paper we discussed affine Toda models formulated with the inclusion of higher then one
grading subspaces for affine Lie algebras. The zero curevature condition applied to elements
of connection involving higher gradign Lie algebra generators lead us to more suffisticated and
interesting systems of equations describing dynamical systems that are closer (with respect to
ordinary affine Toda models) to phenomena in nature. In particular, these systems of equations
take into accound interractions of original Toda fields with matter fields. The group—theoretical
way to treat higher grading affine Toda models allows us to find special solitonic solutions. In the
quantum situation, corresponding methods using properties of quatnum groups and quantum
Lie algebras [1] make possible constructions of special quantum soliton solutions.
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