2013 International Conferences on Geological, Geographical, Aerospace and Earth Sciences IOP Publishing
IOP Conf. Series: Earth and Environmental Science 19 (2014) 012012 doi:10.1088/1755-1315/19/1/012012

Generation of orthogonal curvilinear grids on the sphere
surface based on Laplace-Beltrami equations

Fugiang Lu, Zhiyao Song"? and Xin Fang"

! Key Laboratory of Virtual Geographic Environment (Ministry of Education),
Nanjing Normal University, Nanjing, Jiangsu Province, 210046, P. R. China
2 AA(Jiangsu Provincial Key Laboratory for Numerical Simulation of Large
Scale Complex Systems, School of Mathematical Sciences, Nanjing Normal
University, Nanjing 210046, China)

E-mail: ‘zhiyaosong@sohu.com

Abstract. In this paper, Laplace-Beltrami equations are used to generate orthogonal
curvilinear grids on the sphere for ocean models. In addition to overcoming the
pole-problem, the grid configuration has quasi-uniform cell-size on the whole sphere.
Some quantities such as the grid length along two directions, the angle deviation from
orthogonality, the area of the cell to evaluate the quality of the grid, which
demonstrate the grid produced is fit to be a model grid on which the finite difference
method or finite volume method can be implemented for numerical simulating of
global atmosphere and ocean dynamics on large scale.

1. Introduction

The global climate is getting warmer, causing an increasing threat from extreme weather. It's
necessary to forecast the severe change of global climate in order to make possible
preparations to reduce the destruction. All this depends on the well development of the global
climate model, in which the most important two components are the global atmosphere and
ocean model. So far, the spherical grids used can be classified into two typest™): one type is
the structured grid, which is characterized by a regular layout, and the number of first-order
neighbors of each element is constant, such as the latitude-longitude spherical grid,
cubed-sphere grid, the Yin-Yang overset grid. The other is unstructured grid, which is
composed by triangles or irregular polygons, the neighbors of each element are not so clear,
such as the sphere icosahedral grid or geodesic grid.

The orthogonal curvilinear grid belongs to a structured grid, it has two major merits: at
first, the code of mesh and neighbor-searching is obvious, and the dynamic model equations
have less terms related to mesh metrics under the orthogonal curvilinear coordinate. Secondly,
the finite difference method or the finite volume method can be implemented with much easy.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.

Published under licence by IOP Publishing Ltd 1



2013 International Conferences on Geological, Geographical, Aerospace and Earth Sciences IOP Publishing
IOP Conf. Series: Earth and Environmental Science 19 (2014) 012012 doi:10.1088/1755-1315/19/1/012012

At present, many operational weather and climate models are based on a latitude-longitude
spherical grid, however the convergence of the meridians leads to resolution clustering at the
poles, which causes the well-known pole-problem!?. Meanwhile, some methods such as zonal
filtering or space-smoothing, semi-implicit or Semi-Lagrangian method have been developed
to overcome this problem in the numerical simulation of global atmosphere dynamics,
however it is difficult to use these methods in the ocean models®®), therefore it's necessary to
consider a new kind of orthogonal curvilinear spherical grid, which is fit for numerical
modelling of large-scale atmosphere and ocean dynamics and expression of geographical
space information.

2. Generation of quadrilateral grids on the sphere surface

2.1. Ghomonic projection
Consider the cube with sides of length 2a inscribed into a sphere of radius R such that the

eight vertices of the cube exactly touch the sphere and R = \/§a. The cube is oriented in

such a way that the 3D absolute Cartesian coordinate axes (X,Y,Z) are normal to the faces,

and the centroid of the cube is at the origin, as it can be seen in Figure 2.1, the left sub-figure
gives the layout of each face of an open cube, the right one shows the cube and its

circum-sphere under 3D absolute Cartesian coordinates. Let (X,y) be the local Cartesian

coordinates centered on the surface of the cube face such that —a<x,y<a and (4,¢)

denotes spherical longitude-latitude coordinates, it follows that:
X =Rcos(4)cos(gp)
Y =Rsin(4)cos(¢p)
Z =Rsin(p)

Figure 2.1. The left sub-figure gives the layout of an open cube, the right one shows the
position of the cube and its circum-sphere under 3D absolute Cartesian
coordinates.
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There are two kinds of methods to generate spherical quadrilateral gridst

® Equidistant gnomonic mapping:

The relation between the 3D Cartesian coordinates on the sphere and the local 2D Cartesian
coordinate on cube surface X = a, see figure 2.2, which shows the relation between a point

(x,y)in local 2D Cartesian coordinates and a point (X,Y, Z) on the sphere with radius R:
R
(X,Y,Z)=—(a,x,y)
r
where r is the Euclidean distance between (a,x, y) and the origin.
r=ya’+x*+y?
® Equiangular gnomonic mapping:

{x =a=*tan(u)

y =ax*tan(v)

it is obvious that u,v e [—1,1] .
4 4

i)
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Figure 2.2.  Gnomonic projection of the cube surface X =a on the sphere

Rancic'et al® showed that the equiangular projection produces a more uniformly
spaced grid compared to the equidistant projection and is more suitable for finite difference
method. D.Nair” indicated that on the sphere, with the same number of grid points, an
equiangular projection is more accurate than an equidistant projection. But these two grids are
not orthogonal and dynamic equations would become more complex under these
non-orthogonal curvilinear coordinates.

2.2. Elliptic grid generation on surface

Elliptic grid generation is the iterative relaxation of a first-guess grid (via successive over
relaxation) to satisfy a quasi-linear elliptic system of partial differential equations (PDES)
while imposing smoothness and orthogonality constraintst®. In the case of the grid on sphere
surface, each face of the physical grid in spherical coordinates is mapped to a 2-dimensional
rectangular u-v parametric space. The elliptic systems are solved in parametric space while
imposing the desired physical constraints; orthogonality and uniform grid spacing are the
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most important constraints in most of practical application. There are two options for
imposing orthogonality constraints: the Neumann constraint that allows the grid points to
slide along the boundary of each face, and the Dirichlet constraint that holds the edge points
fixed while adjusting the interior points and maintaining a quasi-uniform grid cell spacing.
The Neumann approach computes a shift for each grid point along the boundary of the grid by
forcing the dot product of the physical variables on two orthogonal coordinates (&, n) partial
derivatives to be equal to zero; this approach will produce a convergence of grid cells near the
corners. Orthogonality may also be imposed through the use of orthogonal control functions,
i.e. the Dirichlet approach. These control functions are evaluated at the boundary to impose
orthogonality, while maintaining the original grid spacing along the boundaries. The
computation of two-order normal derivatives in control functions depends on a layer of ghost
boundary points, getting the positions of these ghost points is the key. Then transfinite
interpolation can be applied to interpolate the control functions from the boundary to the
interior of the grid. In addition, a blending function can also be applied to force the interior
points to remain close to the original grid spacing.

In classical differential geometry, a surface S is viewed as a mapping from R? to
R®.Consequently, parametric surfaces or physical variables are defined in terms of parametric
variables. In grid generation, parametric variables are defined in terms of computational
variables, that is:

X = (% ¥,2) = (x(u,v), y(u,v), 2(u, v)) (1)

(u,v) = (u(s,m),v(5,m)

In many cases, the conformal mapping can be used to generate the Body-Fitted mesh on a
simple-connected domain under 2D cartesian coordinates. Similarly, a conforming mapping
of a smooth bounded surface onto a rectangular region can be constructed by establishing a
mapping from a square region of the computational plane into the surface which is orthogonal

and has a constant aspect ratio®. The conditions can be expressed by the system of
equations:
Yf.yn = 0
— — (2)
M [Xo| =X

where M is the grid aspect ratio. These two equations can be rewritten as:

XX, +YY, +2,Z, =0 3)

2 2 2 2 2 2 2
M (x"; +Y§ +Z§):Xr7 +Y7] +Zry (4)

Using the chain rule for differentiation, the above equations can be expressed in the form:

Mu, =av, —bu, 5
Mv§ = bv,7 -cu,
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Where

a=z ,b=—@,c=i
J J J
611=(Xu)2+(yu)2+(2u)2 (6)

612 =XX Yy t4,Z,
92 :(Xv)2 "‘(yv)2 "_(ZV)2

j = 611522 - (512 )2

Assuming the relation between the computational variables &,7 and the parametric

variables u,vis:

n=n(uv)

{§=§(u,v)

let £ and n are twice continuously differentiable and the Jacobian of the inverse

transformation J =u,v, —u,Vv, is non-vanishing in the region under consideration. Then the

S

metrics Uz, u,, Ve, V, and &,,&,,m,,m, areuniquely related by

\"
=1 =__1
W=gb
\'
__ Ve . _
nu J ’77V

c

J @)
ug
]

Using these quantities in equation (5) so that the parametric variables become the independent
variables, the system can be expressed in the form

M7, =ag, +bs,

(8)
-M n, = bé:u +C§v

solving the above systems for £, ¢,

&, =M (cn, +br,)

(9)
—&, =M (bn, +an,)

note that b® =ac —1is used. This first-order system is analogous to Beltrami’s system of
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equations for the quasi-conformal mapping on planar regions. It follows that the
computational variables & and n are solutions of the following second-order linear elliptic
systemwith® =¥ =0

522§uu - Zalzguv +§11§W +(A2u)§u +(A2V)§v = ‘JCD (10)

622’7uu - 261277uv + 51177w + (AZU)UU + (AZV)UV = ELP (11)

The Beltramians A,uand A,v are given by:

Au=T(a,+b) :3{%{%}%{%}}
448

The above system is the basis for elliptic methods generating surface grids. The source
terms (or control functions) ® and ¥ are added to allow control over the distribution of the
grid points on the surface. Typically, the points in the computational space are given and the
points in the parametric space must be computed. Therefore, it is convenient to interchange
variables so that the computational variables & and n are the independent variables. The
transformation given by equations (10) and (11) is reduced to the following system of
equations for which the parametric variables u and v are the solutions of the following
quasi-linear elliptic system®!:

(12)

Oz, (Us: +PU. )= 20,,U,, + 0y (U, +Qu, ) = I*A,u (13)

gy (v& +Pv, ) —20,,V,, + 9y (sz + qu) =J%AV (14)
the above system is the so-called Lapalce-Beltrami equations, where
— 2 — — 2
01 =0n (Ug) +29,,U.V; + 0 (Vg)
U1 = OyUU, + G, (ULV, +U,V, )+ 0V,

9% = 611 (uq )2 + ZalenVn +§22 (Vn )2

qq2 ER Y
P:‘]‘] (D’Q:JJ ¥
922 gll

Jzuévﬂ—uqvé

In addition, the following equations could be computed beforehand to get the Beltramians

Auand A,V
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(3) - % [511(522 ), +92(92) —29: (92 )UJ

O ERCRRCH AR ACRY

(92) =2X0-Xu

(_ll)v =2Xu - Xu (15)
(92 ) =2Xy - Xw

(92), =2Xv- X

(922) =Xu-Xuw+ Xy X

we take the finite difference method to solve the equations (13) and (14), and the terms
611,612,622 can be computed according to the expression of the parametric surface

beforehand™. In terms of the grid points in the interior of the region, the central difference is
used to approximate the first-order and second-order derivatives:

u, ~ Uisarj —Uisg
22&
Ug =20 + Uiy,
Ug, = 2
(28)
U g — Uiy
u, g iy (16)
2an
T ui,j+l _2ui,j +ui’j—1
m = 2
(am)
U. ~ ui+1,j+1 — Ui j-1 _ui—l,j+l + Uiy, j-1
én "~ 4
(a8)(an)

the partial derivatives of v can be approximated in the same way. Choose the discrete
space-step A = An =1, then
1

U, = W{gzz [2(ui—1,j + Uiy )+ P(ui+1,j —Uiy; )
2 T 09

+05,[2(0; 55 +U; ,,) QU .y — U 4)]

(17)
2
=0 (ui—l,j—l - ui—l,j+1 - ui+1,j—1 + ui+l,j+1) -2] Azu}
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Vij= W{gzz[z(vi_“ +Vi+1,j)+ P(Vi+1,j _Vi—l,j)]
2T 9

+0,[2(v; 1+ Vi 1) Q. — Vi )]
=05, (Vi—l,j—l _Vi—l,j+1 _Vi+1,j—1 + Vi+l,j+l) -2 Zsz}

the above systems can be solved by the iterative method known as successive
over-relaxation(SOR).

where the acceleration parameter w; ; should satisfy:

O<Wi,j<2

2.3. Neumann orthogonal boundary condition
We require the condition of orthogonality in physical space:

X:-X, =0 on £=01--,m; and 7=0,1,---,n (18)

Where X is a composite function in equation (1), which takes on values in R*. Expanding
equation (2) using the chain rule yields the equation

gy,UU, + 95, (v, +U,V,.)+g,,V.v, =0 (19)

This orthogonality condition is used to formulate derivative boundary conditions for the
elliptic system. If the ”left” and right” boundary curves u = —1 and u = 1 are considered, we

have u, = 0 and the orthogonality condition reduces to

Elzu : +§22v§ =0 (20)
Similarly, along the "bottom” and "top” curves v=—-l andv=1, v, = 0 and orthogonality
is imposed by

Ele,, +§nu,7 =0 (21)

When solving the elliptic system, equation (20) determines the values of v on the boundary
segments u = —1 and u = 1, and equation (21) determines the values of u on the boundary
segmentsv=—1andv=1.

To implement this numerically, we use forward difference on the boundaries u = —1 and v
= —1 and backward difference on the boundaries u = 1 and v = 1 to compute the new values

for u;;and v, ;:
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12
Vo,j = __(ul,j _uO,j)+V1,j
2
0y,
Vm,j == (um,j _um—l,j)+vm—1,j
22 (22)

O
Uo===(Vi; Vi) + Ui,
11

J1,
ui,n == (Vi,n _Vi,n—l) + ui,n—l

11

2.4. The metrics of grid quality
We choose four major quantities used to analyze the grid quality: the grid length along &

direction and n direction respectively (h, and h, ), the cell-area of grid(area) and the angle
deviation from orthogonality (DO), the ratio of hé to h,7 (aspect ratio ).

h, = X[ = Vo

hl] = ||X}] = 1’g22

Z_06
2

(23)
DO =

area=q,+a,+a,+a,—2r

where @ =arccos [L] and «,,i=1,2,3,4is the spherical angle of each grid cell.

Y 911922

2.5. Numerical results
On the cube surface, the top panel Z =a was chosen as a basis, on which a local 2D

Cartesian coordinates (X, y) can be built, then stretch each points on the panel to its
circum-sphere, i.e.
(X,Y,Z):E(x,y,a)
r

1
where R is the radius of the sphere, r=(x*+y*+a’)?, —a<x,y<a.

Here we take a =1, initial grid points distribution was chosen as equi-distance gnomonic
cubed sphere grid, solving the elliptic equations (13) and (14) with Neumann orthogonal
boundary condition equation (18), the convergence could be achieved after about 500 times
iterations, the grid in parametric space with cell-number 44*44 was given in Figure 2.3,

where the left sub-figure shows the initial grid points distribution in parametric space (u,v),
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the right one shows the final grid points distribution in parametric space after numerical

iteration.
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Figure 2.3. Initial parameter space in left sub-figure and final parameter space in right
sub-figure with cell-number 44*44

At present, the cubed sphere grids could be also generated by other two methods,
including equi-angular or equi-distance gnomonic projection and conforming mapping®®,
moreover sphere grids produced by equi-angular or equi-distance gnomonic projection are not
orthogonal, conforming mapping and elliptic cubed sphere grids are orthogonal. Comparison
results about the grid metrics on cubed sphere grids between the three methods were given
below.

We get the results under the condition that the grid cell-number is 22x22,44x 44,

90x90, 180x180 corresponding to approximate space resolution 4°, 2°, 1°, 30

respectively. Table 2.1 gives the maximum and minimum grid length, the maximum and
average grid cell angle deviation from orthogonality excluding the four corners of the panel,
the grid aspect ratio with different space resolutions on equi-angular gnomonic grids; Table
2.2, 2.3 give the same information but on grids produced by conformal mapping and
elliptic-smoothing methods respectively.

Table 2.1. The grid quality on equi-angular cubed sphere grids

with different cell-numbers.

grid length angle DO(degree) aspect ratio

cell-number -
max min max aver max aver

22X 22 0.1238 0.0875 27.6229 8.0579 1.0000 1.0000
44X 44 0.0620 0.0437 28.8149 8.0635 1.0000 1.0000
90X 90 0.0304 0.0213 29.4215 8.0656 1.0000 1.0000
180X180  0.0153 0.0106 29.7109 8.0661 1.0000 1.0000

10
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Table 2.2. The grid quality on conformal cubed sphere grids

with different cell-numbers.

grid length angle DO(degree) aspect ratio

cell-number -
max min max aver max aver

22X22 0.1012 0.0436 12.8989 0.9250 1.0000 1.0000
44X 44 0.0522 0.0181 12.9255 0.4625 1.0000 1.0000
90X 90 0.0260 0.0071 12.9303 0.2261 1.0000 1.0000
180X180  0.0131 0.0029 129310 0.1131 1.0000 1.0000

Table 2.3. The grid quality on elliptic cubed sphere grids

with different cell-numbers.

grid length angle DO(degree) aspect ratio

cell-number
max min max aver max aver

22X22 0.1285 0.0299 12.9997 1.2770 1.0005 1.0000
44X 44 0.0644 0.0116 12.7061 0.6744 1.0012 1.0000
90X 90 0.0323 0.0043 12.5647 0.3500 1.0015 1.0000
180X180  0.0173 0.0018 12.5055 1.3875 1.0030 1.0000

Once the sphere grid on the top panel was produced, we get the whole sphere grids by
proper solid-body rotation. Figure 2.4 shows the grid cell-angle deviation from orthogonality
and the cell area variations on equi-angular sphere grids with cell number 44*44*6; while
Figure 2.5, Figure 2.6 demonstrate the same information on the sphere grids generated by
conformal mapping and elliptic equations iterations method respectively. From Figure 2.5,
Figure 2.6, conformal mapping and elliptic-smoothing method produce the much like results,

it can be seen that most of grid cell-angle deviation from orthogonality are not more than 10°

with the exception of these in the neighborhood of the eight vertices. Even the conformal
mapping method, the grids adjacent to the eight corners are also not exactly orthogonal.
Under the same condition, the equi-angular gnomonic projection produced grids of the most
uniform size, but are non-orthogonal, which was shown in Figure 2.4; while the conformal
and elliptic-smoothing method generate quasi-orthogonal curvilinear grids on the cubed
sphere at the cost of gridline weak-convergence on eight corner points.

11
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Figure 2.4. The left sub-figure shows the angle deviation orthogonality, the right one
shows the cell area on equi-angular sphere grids with cell number 44*44*6.
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Figure 2.5. The same as above but on conformal mapping sphere grids
with cell number 44*44*6.
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Figure 2.6. The same as above but on elliptic-smoothing sphere grids
with cell number 44*44*6.
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Basic properties of conformal mapping are utilized to improve methods of generating grids
rom the solution of elliptic partial differential systems. Using the elliptic systems, A new kind
of orthogonal curvilinear grid on the sphere was generated and the grid quality was evaluated
according to four major quantities, including the grid length, cell-area, angle deviation from
orthogonality and grid aspect ratio, moreover comparisons were made with the cubed sphere
grids generated by equi-angular gnomonic projection and conformal mapping, the
equi-angular gnomonic projection produced grids of the most uniform size, but are
non-orthogonal; while the conformal and elliptic-smoothing method generate quasi
-orthogonal curvilinear grids on the cubed sphere at the cost of gridline weak-convergence on
eight corner points. This small defect would be eliminated if implicit method on time
integration, which indicates that the orthogonal curvilinear spherical grid is satisfying wholly
except for the neighborhood of eight vertices, so it can be chosen as a model grid on which
the finite difference method or finite volume method can be implemented for numerical
simulating of global atmosphere and ocean dynamics on large scale.
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