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Abstract. This work proposes a new method of diagnosing the variable torque pumping 
unit well, by analysing the eigenvalue of power-displacement diagram. Considering the 
actual angular velocity, the unbalanced weight of structure and the efficiency of motor 
and gearbox, the relationship between the polished rod load and the input power of 
motor are derived by analysing the internal relation between the polished rod load, the 
output shaft torque of the gearbox, the output shaft power of motor and the input power 
of motor. Then, the conversion model of the power-displacement diagram based on the 
dynamometer card is derived. By transforming the dynamometer card in typical 
working condition into the corresponding power-displacement diagram, 11 power-
displacement diagrams in typical working conditions are established. By extracting the 
grayscale statistical eigenvalues from typical power-displacement diagrams, a working 
condition diagnosis model of oil well is established based on the grey correlation 
analysis. The test of 5 wells in the oilfield shows the average relative error of average 
normalized power of up and down stroke between the measured power-displacement 
diagram and the calculated power-displacement diagram are 6.31% and 5.83%, and the 
average fitting coefficient is 0.91. This shows that this model has a good accuracy, and 
it also proves the reliability of the typical power-displacement diagram. According to 
the test of 80 wells in the oilfield, the accuracy of diagnosis results based on the 
measured power-displacement diagram is 93.3%. This shows that the model has high 
accuracy and practicability, and can provide technical support for intelligent diagnosis 
and production optimization decision in production system of variable torque pumping 
unit well. 

1.  Introduction 
The variable torque pumping unit has been widely used in oilfield [1]. The failure analysis of variable 
torque pumping unit well based on the dynamometer card is the main method of current production fault 
analysis. The diagnosis process can be divided into feature extraction from dynamometer card and 
diagnosing based on model [2]. In the field of feature extraction, Wang [3] and Zhong [4] analyzed 
dynamometer card by mapping the curve into a gray matrix for gray scale analysis. Han [5] and Li [6] 
represent the dynamometer card with Freeman chain code, and extracted feature to construct a 



REES2019

IOP Conf. Series: Earth and Environmental Science 300 (2019) 022030

IOP Publishing

doi:10.1088/1755-1315/300/2/022030

2

 

designated mode set. Liu et al. [7] extracted feature from dynamometer card by autoencoder, and used 
features as inputs to the classification algorithms. Reges Jr et al. [8] proposes a new method of diagnosis 
by analyzing segments between the points of opening and closing valves identified in the dynamometer 
cards. As for diagnosis model, some research efforts have been reported through stochastic models, e.g., 
support vector machine (SVM) [9, 10, 11] and artificial neural network (ANN) [12, 13, 14], etc. 

The power-displacement diagram is used to diagnose the working conditions of pumping unit by 
using the closed curve of the motor input power and displacement of the suspension center. Compared 
with the dynamometer card, the power-displacement diagram can not only reflect the condition of 
downhole equipment, but also diagnose the condition of surface equipment [15, 16]. However, due to 
the lack of typical power-displacement diagrams of variable torque pumping unit, it’s difficult to realize 
the failure analysis of oil well based on the power-displacement diagram, so the data cannot be used 
effectively. Therefore, we deduced a power-displacement diagram conversion model based on the 
dynamometer card, established 11 typical power-displacement diagrams of variable torque pumping 
unit well, built fault diagnosis model based on typical power-displacement diagrams. This provides 
theoretical basis and technical support for the real-time intelligent diagnosis and production optimization 
decision of the variable torque pumping unit well. 

2.  The conversion model of dynamometer card and power-displacement diagram 

2.1.  Output shaft torque calculation model of gearbox 
 

 

Figure 1. The geometric schematic diagram of the variable torque pumping unit. 
 

The geometric schematic diagram of the variable torque pumping unit is shown in Figure 1. The torque 
balance equation of crank output shaft is 
 

 sin sint pTr W r F r    (1)

  

Then 
 

sin sinp tT F W  
 (2)
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Considering the unbalanced weight of structure of the pumping unit and the influence of the 
counterweight, the moment balance analysis of the saddle bearing is 
 

   ' sinA p Wd Wd a d WdP B a F b m a l W l      (3)

  
Then 

 

 
 '

sin
A Wd Wd a d Wd

p

P B a m a l W l
F

b 
  

   (4)

  
The sign of the first term on the right side of the equation is plus in the upstroke, and minus in the 

downstroke, the same below. 

pF  And '
pF  are equal and in the opposite direction. So the output shaft torque of gearbox is 

 

 
 

sin sin sin sin
sin

A Wd Wd a d Wd
p t t

P B a m a l W l
M Tr F r W r r W r

b
   


  

       (5)

  

2.2.  The relationship between polished rod load and motor power. 
The relationship between the motor input power and the output shaft torque of gearbox is [17] 
 

 
9549 d tN

M
n


  (6)

  
Combine formula (5) and formula (6), the calculation model for the motor input power according to 

the polished rod load is 
 

 
 

[ sin sin ]
9549 sin

A Wd Wd a d Wd
d t

t

P B a m a l W ln
N r W r

b
 

 
  

     (7)

  

2.3.  Steps for calculating the power-displacement diagram based on the dynamometer card 
(1) The displacement and load of the suspension point in one stroke can obtained by dynamometer 
installed on the pumping unit. 

(2) According to the displacement of the suspension point, the   can be calculated as 
 

 max

180 iS

a
 


   (8)

  
(3)   And   can be calculated from   as 
 

 
2 2 2

arccos
2

p r E

pr


  
  

 
 (9)

  

 2 2 2 co sE b k b k     (10)
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When it's in upstroke,   can be calculated as 
 

 

2 2 2 2 2 2

=arccos arccos
2 2

b E k p E r

bE pE


      
   

   
(11)

 

When it's in downstroke,   can be calculated as 
 

 
2 2 2 2 2 2

=arccos arccos
2 2

b E k p E r

bE pE


      
   

   
(12)

 
(4) According to the  ,   and  , Wba  can be calculated as 
 

 a
Wd A

l
a a

a
   (13)
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  2 2 2 cos 180al b l bl      (15)

  
 0k     (16)
  

(5) From the above calculated parameters and known parameters, the motor input power can be 
calculated through equation 7, where 

 

 c c
t

W R
W

r
  (17)

  

 
2 2 2

0= arccos
2 2

k b E

Kb

 
  

   
 

 (18)

  
 cos( ) cosWdl l b      (19)
  

(6) Draw the relation curve between motor input power and displacement of suspension point, and 
get the power-displacement diagram. 

3.  Analysis of the power-displacement diagram in typical working conditions 

3.1.  Normalization processing of the power-displacement diagram 
 

 ( ) ( ) min max min( ) / ( )gy i iN N N N N    
(20)

  
 ( ) ( ) min max min( ) / ( )gy i ix x x x x    (21)
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3.2.  Power-displacement diagrams in typical working conditions 
 

 
(a)                         (b)                         (c) 

 
(d)                         (e)                         (f) 

 
(g)                         (h)                         (i) 

 
(j)                        (k) 

Figure 2. Normalized power-displacement diagram in typical working conditions 
 
11 theoretical dynamometer cards in typical working conditions are selected and converted into power-
displacement diagrams. The normalized power-displacement diagram of well in normal is shown in 
Figure 2(a). The power peak of the up and down stroke are basically the same with the pumping unit in 
equilibrium, and the variation trend of curve is basically the same. At the end of the upstroke loading 
curve and downstroke unloading curve, the curve has obvious inflection points. The slope of curve is 
larger in the loading segment and the unloading segment, and is smaller in the load stable segment. The 
displacement of the intersection point of curve is near 0.5.  

The normalized power-displacement diagram of well with insufficient fluid supply is shown in 
Figure 2(b). The variation trend of the upstroke curve is basically the same as the curve of normal 
working condition. Due to the untimely unloading of the polished rod load, the power value of the 
starting segment of curve is low and the change is small, and it only rises rapidly after the unloading 
begins. There are two inflection points on the downstroke curve at the starting point and ending point of 
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unloading. Compared with the normal working condition, the displacement of the inflection point is 
move to the left. 

The normalized power-displacement diagram of well with gasinfluence is shown in Figure 2(c). Due 
to the slow opening of the standing valve in the upstroke, the load line of the dynamometer card is 
change gently, and the corresponding power curve has no obvious inflection point at the end of loading. 
Because the traveling valve open slowly, the unloading becomes slower in the downstoke, and the 
displacement of the inflection point is move to the left compared with the normal working condition. 

The normalized power-displacement diagram of well with pump plunger out of the pump barrel is 
shown in Figure 2(d). Because the pump plunger is out of the pump barrel in the upstroke, the polished 
rod is suddenly unloaded, and curve drops rapidly and then slowly increases until the upstroke ends. 
There are two obvious inflection points on the upstroke curve. The downstroke curve has no inflection 
point because the downstroke has no unloading process. The power peak of upstroke is obviously lower 
than the power peak of downstroke. 

The normalized power-displacement diagram of well with pump plunger hits the top of pump barrel 
is shown in Figure 2(e). The pump plunger hits the pump barrel at the top dead center, resulting in a 
sudden increase in load, and the upstroke curve has a prominent bulge near the top dead center. 

The normalized power-displacement diagram of well with pump plunger hits the bottom of pump 
barrel is shown in Figure 2(f). The pump plunger hits the pump barrel at the bottom dead center, resulting 
in a sudden decrease in load, and the downstroke curve has a prominent bulge near the bottom dead 
center. 

The normalized power-displacement diagram of well with traveling valve leaking off is shown in 
Figure 2(g). At the beginning of the upstroke, the load changes gently because the polished rod load 
cannot be loaded in time, and there is no inflection point on the upstroke curve. Due to the early 
unloading of the polished rod load in the upstroke, the unloading line of the dynamometer card becomes 
shorter, so the displacement of the inflection point is move to the right compared with the normal 
working condition. 

The normalized power-displacement diagram of well with standing valve leaking off is shown in 
Figure 2(h). At the beginning of the upstroke, due to the preloading of the polished rod load at the end 
of the last stroke, the load line of the dynamometer card is shortened, so the displacement of the 
inflection point is move to the left compared with the normal working condition. At the beginning of 
the downstroke, the curve has no obvious inflection point because the slowly unloading of the polished 
rod. 

The normalized power-displacement diagram of well with stuck pump is shown in Figure 2(i). The 
curve is in the form of "∞", and approximately vertical symmetry about the straight with a normalized 
power value of 0.5. The stuck point of the pump plunger is corresponding to the intersection point of 
curve. The counterbalancing of the pumping unit is determined by the position of the stuck point. If the 
stuck point is close to the top dead point, the pumping unit is in overbalance. If the stuck point is close 
to the bottom dead point, the pumping unit is in unbalanced.  

The normalized power-displacement diagram of sand well is shown in Figure 2(j). There are many 
prominent bulges on the curve.  

The normalized power-displacement diagram of well with rod parting is shown in Figure 2(k). The 
curve is approximately vertical symmetry about the straight with a normalized power value of 0.5. The 
normalized power value of upstroke is constant less than 0.5, and the normalized power value of 
downstroke is constant greater than 0.5. 

3.3.  Fault diagnosis model 
The normalized power-displacement diagram is placed in a 100×100 grid, and the grid values are 
initialized to 0. The gray value of the grids passing by the curve are assigned as 1, and then the gray 
level matrix can be calculated [4]. According to the principle of mathematical statistics, six grayscale 
statistical eigenvalues can be calculated by gray level matrix, which are used as the eigenvalue in fault 
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diagnosis. The grayscale statistical eigenvalue include gray mean, gray variance, gray skewness, gray 
kurtosis, gray energy and gray entropy [18]. 
 

Table 1. Grayscale statistical eigenvalues of typical power-displacement diagrams. 

 Mean Variance Skewness Kurtosis Energy Entropy 
Normal 1.831 5.456 6.112 5.536 3.905 0.0102 

Insufficient fluid supply 1.691 5.511 6.759 6.169 3.937 0.0099 
Gasinfluence 1.860 5.552 7.041 6.545 3.922 0.0100 

Standing valve leaking off 2.064 5.672 6.852 6.293 3.996 0.0093 
Traveling valve leaking off 1.972 5.541 5.328 4.760 3.931 0.0099 

Pump plunger hits the top of pump barrel 1.883 5.426 6.724 6.122 3.898 0.0103 
Pump plunger hits the bottom of pump barrel 1.977 5.455 5.709 5.133 3.918 0.0101 

Pump plunger out of the pump barrel 1.527 5.248 5.839 5.076 3.845 0.0108 
Stuck pump 1.640 5.155 6.308 5.337 3.836 0.0109 
Rod parting 2.068 5.749 5.756 4.966 4.146 0.0080 
Sand well 1.116 5.187 4.552 3.848 3.736 0.0121 

 
The grayscale statistical eigenvalues of the power-displacement diagram in 11 typical working 

conditions were calculated, as shown in Table 1. After calculating the eigenvalue of the diagnosed 
power-displacement diagram, the calculated eigenvalue and the eigenvalue in table 1 should be analyzed 
by grey correlation analysis, and the working condition of oil well can be inferred according to the 
maximum grey correlation degree. 

4.  Application analysis 

4.1.  The calculation and analysis of the power-displacement diagram conversion model 
Based on Visual Basic language, we established calculation and analysis models of power-displacement 
diagram, and compiled software for analysis. Input the structural parameters and other known data of 
the pumping unit into the software, and import the measured dynamometer card and the measured 
power-displacement diagram data. These data are usually the displacement of 200 test points within one 
stroke, as well as the corresponding load and power values, which can obtained by dynamometer 
installed on the pumping unit. The calculated power-displacement diagram and analysis results can be 
obtained by software calculation. 

Taking X01 well as example for calculation and analysis. The measured diagram are shown in the 
Table 2. 

 
Table 2. The measured diagram of X1 well 

Measured dynamometer card Measured power-displacement diagram 

  
 

The calculated power-displacement diagram (dashed line) is compared with the measured power-
displacement diagram (solid line) after normalization, which is shown in Figure 3. 
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Figure 3. Comparison of power-displacement diagram 
 

Comparing the calculated power-displacement diagram with the measured power-displacement 
diagram, the variation trend and characteristics of curve are consistent, and the fitting degree of curve is 
high. 

The relative error of the average normalized power of upstroke is 
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The relative error of the average normalized power of downstroke is 
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The fitting coefficient of the curve is 
 

2
2

2 2

10.75
= = =0.92

+ 10.75+0.95
h

h c

S
R

S S
 

 
The closer 2R  is to 1, the better the curve fitting effect is. 
The result of conversion calculation of power-displacement diagram of 5 wells are shown in Table 

3. The average relative error of average normalized power of up and down strokes of the measured 
power-displacement diagram and the calculated power-displacement diagram of 5 wells are 6.31% and 
3.83% respectively, and the average fitting coefficient is 0.91. This shows that the conversion model 
has good accuracy, which proves the reliability of typical power-displacement diagram and its 
eigenvalues. 

 
Table 3. The comparison between measured and calculated power-displacement diagram 

Well 
No. 

Relative error of the average 
normalized power of upstroke 

Relative error of the average normalized 
power of downstroke 

Fitting 
coefficient 

X2 6.67% 8.82% 0.92 
X8 8.67% 2.66% 0.91 

X10 1.24% 1.75% 0.97 
X25 7.57% 3.69% 0.89 
X33 7.39% 2.22% 0.84 
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4.2.  Diagnosis and analysis of oil well based on power-displacement diagram 
Taking X1 well as example, the actual working condition of this well is insufficient fluid supply. The 
grayscale statistical eigenvalue of the measured power-displacement diagram were calculated and used 
as the reference sequence for gray correlation analysis with compare sequences composed of the 
eigenvalues in Table 1. Grey correlation degrees are (0.83, 0.90, 0.88, 0.78, 0.71, 0.87, 0.72, 0.88, 0.70, 
0.66, 0.68). According to the maximum grey correlation degree of 0.90, the working condition diagnosis 
result of X1 well is insufficient fluid supply. 

Based on the measured power-displacement diagram, the diagnosis result of 80 wells are shown in 
Table 4. 
 

Table 4. Coincidence rate of diagnosis results 

Actual working condition Well number Coincidence rate of diagnosis results 
Normal 18 94.4% 

Insufficient fluid supply 12 91.7% 
Gasinfluence 10 90% 

Standing valve leaking off 12 91.7% 
Traveling valve leaking off 10 90% 

Stuck pump 10 90% 
Pump plunger out of the pump 8 100% 

Total 80 93.3% 

5.  Conclusions 
The conversion model of the power-displacement diagram based on the dynamometer card is derived 
based on the analysis of the actual angular velocity, the unbalanced weight of the structure and the 
efficiency of motor and gearbox. According to the calculation test of 5 wells, the average relative error 
of average normalized power of up and down strokes of the measured power-displacement diagram and 
the calculated power-displacement diagram is 6.31% and 3.83% respectively, and the average fitting 
coefficient is 0.91. This shows that the model has high accuracy and proves the reliability of the typical 
power-displacement diagram based on this model. 

The power-displacement diagram of 11 typical working conditions is established and used as the 
basis for fault diagnosis model of variable torque pumping unit well based on measured power-
displacement diagram. According to the test of 80 wells, the coincidence rate between diagnosis result 
and actual working condition is 93.3%. This shows that the model has high accuracy and practicability. 

6.  Nomenclature 
T = the shear force of crank pin, kN 

r = the crank radius, m 
Wt = the weight of crank converted to the crank radius, kN 
 = the angle between the crank and vertical upward direction along clockwise, ° 
Fp = the force of the pitman on the crank, kN 
α = the angle between the crank and pitman, ° 
PA = the polished rod load, kN 
B = the unbalanced weight of structure, kN 
a = the distance between A and O2, m 
F'p = the force of crank on the pitman, kN 
b = the distance between B and O2, m 
β= the angle between b and pitman, ° 
mWd = the mass of the counterweight, kg 
aWd = the acceleration of the center of gravity of the counterweight, m/s2 
la = the distance between the fulcrum and the counterweight, m 
Wd = the weight of the counterweight, kN 
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lWd = the distance between the point of the gravity center of the counterweight projected on the 
horizontal line and the fulcrum, m 

M = the output shaft torque of gearbox, kN·m 
Nd = the motor input power, kW 
n = the pumping speed, r/min 
ηt = the total transmission efficiency from the motor to the gearbox output shaft (including motor 

efficiency, belt efficiency and gearbox efficiency), dimensionless 
ϕ = the angle between b and k, ° 
Si =the displacement of point i, m 
p= the length of pitman, m 
aA=the acceleration of the polished rod, m/s2 
 = the angular velocity of the crank, rad/s 
 = the angle between l and the extension line of b, m 
θ0 =the angle between E and k, ° 
Wc = the weight of the crank, kN 
Rc = the radius of the center of gravity of the crank, m 
 =the angle between b and the horizontal line, ° 
Ngy(i) = the normalized power of the point i, dimensionless 
xgy(i) = the normalized displacement of the point i, dimensionless 
Nmax = the maximum power of the power-displacement diagram, kW 
Nmin = the minimum power of the power-displacement diagram, kW 
N(i) = the measured power of the point i, kW 
xmax = the maximum displacement of the power-displacement diagram, m 
xmin = the minimum displacement of the power-displacement diagram, m 
x(i) = the measured displacement of the point i, m 
Sh2 = the regression sum of squares, dimensionless 
Sc2 = the residual sum of squares, dimensionless 
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