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Abstract. The article is devoted to the application of the theory of fuzzy sets to the problem of
determining certain characteristics of economic subjects of the economy. On the basis of fuzzy
estimates of the function of excess demand, a modification of the Walrasian dynamic model of
the single commodity market is presented. Estimates of the interval type of the equilibrium po-
sition of the model are obtained. The conditions for its stability are found, which represent a
system of inequalities for the parameters of the model. The boundary value problem, equiva-
lent in some sense to Walras's usual dynamic model of the single commodity market with con-
stant coefficients for adjusting the supply price, as well as the demand price, is studied. An ap-
proximate solution of this boundary-value problem is constructed with a guaranteed degree of
accuracy. These results are carried over to the case of the considered modification of the inter-
val type Valras model. The problem was set and solved to change the price of the commodity
to the final moment of time.

1. Introduction

Thanks to its application orientedness, the theory of differential equations with deviating arguments
stands out among other mathematical theories. It describes a large number of application-related situa-
tions [1]. In economics, we see examples of such equations when modeling the economy of produc-
tion, pricing, interaction among planned market mechanisms, etc. Especially interesting is the study of
linear differential equations with lagging arguments using methods of functional analysis [1,2]. This
approach allowed us to explore the stability of various economic model modifications and establish
some of those models’ parameters.

At the same time, any economic process is subject to uncertainty due to the large number of factors
involved. [3], for example, states that uncertainty and incompleteness are fundamental properties of
economic processes. It is therefore important to extend the above-mentioned methods to the case of
economic models with various kinds of uncertainties.

This article discusses the Walrasian model of stabilization of single-product market prices, which,
if formulated deterministically, can be considered a classical problem [4-6]. Beyond the traditional
theory, we see new aspects in interpreting it and defining an equilibrium associated with the fuzzy,
interval-type uncertainty of the coefficients and functions involved in the model. The intervality here
arises from our incomplete knowledge about the object, modeling errors, model parameter calculation
errors, and/or the consequences of supply and demand linearization.
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The multitude of possible implementations of model parameters within the problem’s intervals is
what distinguishes interval problems from deterministic ones. At the same time, the little amount of
information we have about the actual values of the coefficients does not allow us to consider it a sto-
chastic problem and use conventional filtering methods [7].

At the moment there is a methodology for solving similar tasks that involves methods of the fuzzy
set theory. The mathematical foundations of fuzzy research methods were mainly laid in the second
half of the 20th century [8-10].

Interval analysis is one of the more effective research tools in the study of various mathematical
models characterized by high uncertainty. Originally created for the needs of computational mathe-
matics, it has been increasingly used in control theory [11-14], operations research [15, 16], and game
theory [17,18].

In economics, methods of the fuzzy set theory have been used since the late 1970s. For example,
[19] considers a system of differential equations with fuzzy parameters and introduces Leontief’s in-
put—output matrix, whose elements are triangular fuzzy numbers. Also notable here is the monograph
[20], which considers a wide range of possible applications of the fuzzy set theory, from evaluating
investment efficiency to managing personnel and equipment replacements.

We want to specifically highlight the use of triangular fuzzy numbers and refer to the previous re-
search in the field of investments [19-24]. The theory of triangular numbers allows us to reduce qualit-
ative, expert-based assessments to ones that are quantitative and numerical, even if fuzzy. On the other
hand, fuzzy sets provide an expert with greater flexibility. For example, when assessing a given eco-
nomic indicator, the expert can consider a pessimistic , optimistic and most likely scenarios and
combine the resulting information in a triangular fuzzy number . This is precisely the approach we
follow herein.

This article focuses on applying triangular fuzzy numbers to the problem of determining some cha-
racteristics of economic objects. Based on fuzzy estimates of the excess demand function, we come up
with a modification of the dynamic Walrasian model for a single-product market. We also give inter-
val-type estimates of the model’s equilibrium position and its stability conditions. We study a boun-
dary value problem that is in a sense equivalent to the conventional dynamic Walrasian model for a
single-product market with constant coefficients for adjusting the offer price and the demand price.
We give, with a guaranteed degree of accuracy, an approximate solution of said boundary value prob-
lem. We then apply these results to the case of the interval-type Walrasian model in question. Finally,
we formulate and solve the problem of an -fold increase in the price of good by a certain point in
time.

2. Fuzzy Walrasian model
Consider a modified linear Walrasian model [25] of a single-product market with a piecewise constant
lag of the supply price.

E'(t) :E(P(t),P([t/T]),T) +77(t). (1)
Here, E(t)=D(t)-S(t) is the excess demand function, D(t)=a-aP(t), S(t) =—B+bP([t/T]T) are the
demand and supply functions, P(t) is the price of a unit of goods at time t,T is the price lag, 4 is a
response time coefficient, « pare positive parameters, [t/T] is the integer part of t/T, ab are the
coefficients for adjusting the supply price, 7 (t) is an uncontrollable perturbation and n is a natural
number.
Express E(t) via P(t) and define p=4b,q=41a, A(a+pB)+7(t)=f(t). Then (1) can be expressed as
P'(t)+ pP([t/T]T)+aP(t)=f(t). (2
(1) assumes that all parameters and the excess demand function itself have exact values. In prac-
tice, however, exact values cannot be usually obtained.
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Consider the parameters of (1) as triangular numbers ¢ =(c,,c,.c;). ¢ is the least possible value of
¢, ¢ Is the greatest possible value of ¢, and ¢, is the most likely value of ¢ . Functions of (1) are also
considered as triangular [7], i.e. f(t)=(f.(t), f,(t), f,(t)), where f(t) has the same meaning as c,
i=1,2,3. Note that arithmetic operations and differentiation over fuzzy triangular functions are per-

formed according to rules that can be found in e.g. in [7].
Now let the fuzzy parameters in (1) be such that we can obtain an equation similar to (2) for each

component of the function P(t):

PI(t)+ pR([TIT) + R (t)= () .i=123 3)
For each of these equations there is a point of equilibrium where the rate of change of the corres-
ponding price is zero. These equilibrium positions at 7(t)=0 are defined by equality relations [25]:

P = (a+8)/(a+h),i=123. Itis known [25] that the obtained positions are exponentially stable. This
allows us to assert price stabilization. The equilibrium price can be expressed as a triangular fuzzy
number P*=(R’,R,,P;). This triangular number can be considered a fuzzy equilibrium for the problem
@ - .

We highlight separately the case when the fuzzy equilibrium becomes a non-fuzzy number. This
occurs if

(e +B)/(a+b)= (e + B,)/ (8, +b,) = (e + ;) /(s +by) -
Obviously, the exponential stability holds in this case.
Now we will express the above processes in terms of solving a boundary value problem, consi-
dering its deterministic case first.

3. Boundary value problem and its solution
Take n and consider (1) within the time interval [0,nT].

Formulate the problem on an »-fold increase in the price of good by the target point in
timenT :
P(nT)=wP(0) (4)

Express the boundary condition (3) as ePs\P-P(o)+njgo(s)P'(s)ds:,B wherew=1-w, ¢(s)=1,

B=0 ([1], page 32). Using the number ¥ and the function ¢ find a function u(t) such thatu(0)=1,
u=1: u(t)=(te+nT)/(nT)
Then the system of equations
P'(t)+B(t)P(0)=z(t), (P =0, B(t)=—u'(t)/u(0),
is uniquely solvable ([1], page 52) and has the solution that can be expressed as

P(1)= W(t.9)z(s)s, ©)
WhereW(t,s):{1—u(t)(p(s),03ssts nT;—u(t)p(s),0<t<s<nT } )

Apply a “W-bstitution” (4) to (2):

P'(t)+B(t)P(0)=—pP([t/T]T)+gP(t)+B(t)P(0)+ f(t)
We get the integral equation

nT

2(t)= [ K(ts)(s)ds+ £ (t), (6)

If K(t,s)=B(t)W(0,s) — pW ([t/T]T.s) - qW(t,s).
Replace the equation (5) with
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nT

2(t)= [R(ts)z(s)ds+ f (t). @)

0

with a degenerate kernel K(t,s):i;aj (t)b,(s), where the functions a(t), b, (t) are determined by a
=

piecewise constant approximation of the kernel K(t,s), where such approximation corresponds to a
uniform partition of the square[o,nT]x[0,nT] into smaller squares with side lengths meeting the preci-

sion requirement (see (11)).
Then (6) can be expressed as

J(Za (th;(s J s)ds +  (t). ®)

Multiply both parts of (7) by b,(t) and integrate it member-wise from 0 to nT forall i=0,m.
Then the system (8) can be expressed as

Za,JP]+c i=0,m ,

where P jb t)dt, __[b dtc_jb f(t)dt,i=0,m.

If the matrlx
A={ri}, 7, =8 —a;, where g ={1, i=j;0i=]jij =ﬁ}
has an inverse matrix A*={,}, then the system (8) and consequently the equation (6) have the on-

Iysolution'
Za )P+ f(t
or
2(t) - [R(t)(s)ds + 1 (1), ©)
where o
R(t,s) ZZa (t)ob(s)- (10)

i=0 j=0

We know from [2] that, given natural assumptions for the kernel K(t,s) we can define the kernel
K(t,s) for any given £>0 as follows:

nT nT

.”[ (t.s)- K(ts]dtdSSSZ. (11)
Let matrix A built according to the functions a;(t),b;(t), j=0,m, be invertible and A" ={g,} . If
e<r,

12
where r=1+{j I[R(t,s)]z} , and the function R(t,s) is defined according to the equality relation

(10), then the equation (5) with the kernel K(t,s), which meets the inequation (12), has a unique solu-

tion.
Thus, the boundary value problem (2), (3) is uniquely solvable, and its solution can be ex-
pressed as

P(t)= t!Z(s)ds—.:[B(s)P(O)ds

with a precision of
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I[z(t)— 2(t)Jdt < (;2:)2 .I[f (t) e,

and, in addition,

P(O)—IW(O,s)z(s)ds.

4. Solving the boundary value problem in the fuzzy case. Conclusions
We now consider the fuzzy variation of the problem. Just as in paragraph 2 above, we assume that the
fuzzy parameters are such that the counterpart of equation (2) takes the form of (2'). Again, we take

some natural number n and consider the equations (2') at t<[o,nT]. We now formulate the problem of
an -fold increase in the price of goods by the time nT in its fuzzy form, considering P(t) ande as
triangular numbers:  P(nT)=aP(0). This condition splits into three: P (nT)=wP/(0), i=123. Thus,
given (2') for each i=1,2,3, we come to the problems solved in paragraph 3 above. Thus, the formu-

lated problem is uniquely solvable, and its solution can be expressed through (16).

In conclusion, we note that the study of the fuzzy dynamic Walrasian model for a single-product
market with constant supply price adjustment coefficients has shown that, given the conditions for the
model parameters as per the equations (2'), we can assert the existence of an equilibrium position and

its exponential stability. As for the problem of an » -fold increase in the price of goods by the timenT ,
we have defined a boundary value problem that is in a sense equivalent to the one formulated. Hence,
we have given, with a guaranteed degree of accuracy, an approximate solution of said boundary value.
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