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Abstract. This paper shows the process of changing Simultaneous Spatial panel data dynamic
Equations (SSPDD) into a high order model, which is then, parameterized in the high order
model using the General method of Moment (GMM). The estimation steps start by forming
the reduced form equation, and then form the instrumental Variable (IV) vector which is used
to form the moment matrix g,,(6). This moment matrix is used to calculate the estimated
value of the model parameters. In this paper, the results of parameter estimation have not been
tested with data or simulations so that it is recommended to do further testing using simulation
data.

1. Introduction

Econometric spatial modeling at this time has arrived at the simultaneous modeling stage, with panel
data as the data used, however panel data dynamic spatial modeling is nevertheless rarely carried

out.

Recent research on the model was carried out through [6] who used the Quasi Maximum
Likelihood (QMLE) method to estimate the parameters with n and T scenarios that tend to be infinite.
In the simultaneous equation system, one of the things that is usually done is to form a "reduced form"
equation to get the parameters of the structural equation. The results of this method can produce
interesting results if there are only 2 equations, but if the equation is more than two (m> 2) it will be
difficult to do the "reduced form" formation. Therefore [6] form a multivariate model for the
simultaneous model to be "quasi reduced form". The identification of the parameters of the quasi
reduced form for the structural model parameters equals to the traditional linear simultaneous
equation model. GMM estimation used by [5] for the spatial autoregressive model in the interrelated
networks system. The model used by [5] is an equation with several models whose parameter
estimation is performed simultaneously. In the equation, each spatial lag has a different coefficient
that is difficult to estimate by using Maximum Likelihood method (MLE) because when the
distribution form of disturbance is normal, the Jacobian transformation will be complicated. In
addition, the form of disturbances is assumed to correlate between equations so that the estimates
made by [3] cannot be applied directly to this model. The equation model used by [5] is a static model
that is a model with no time lag on its endogenous variables.

Based on the above description, this paper describes the steps taken by [5] on the spatial
simultaneous dynamic equations model because according to [5] when the number of rows and
columns of spatial weight matrix (W) are equal (symmetrical), the system equation of interrelated
networks can be simultaneous equations model. The spatial simultaneous dynamic equation model
will be brought into the High Order model form nearing the form of the Spatial Dynamic Data Panel
Equation model that is developed by [4]. Furthermore, the GMM estimates developed follow the way
of [4].
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2. Simultaneous Spatial Panels Data Dynamic (SSPDD) Models

Spatial data modeling in its development no longer involves a single equation but has developed
towards simultaneous modeling, one of them was done by [2] and [1]. [2] used the simultaneous
spatial data panel model with SEM model approach for regional growth model, and the estimation
method used is Generalized Spatial Three-Stage Least Squares (GS3SLS). While [1] use simultaneous
spatial autoregressive model with random effect and parameter estimation method used is Error
Component 3 Stage Least Squares (EC3SLS) method. Simultaneous spatial panel data dynamic
models have been developed by [6], namely Multivariate and Simultaneous Equation Dynamic Panel
Spatial Autoregressive Models, with QMLE parameter estimation approach.

The parameter estimation method is also developed from MLE, QMLE, to IV (Instrumental
Variable) GMM method. Each estimation method has its advantages and disadvantages. The OLS
method obviously cannot be used in the dynamic model because the variable y,_; is treated as a fixed
variable while y;_; is a random variable. Using the MLE method to estimate parameters of the spatial
panel data dynamic model has difficulties (not feasible) in the calculation when N and Tare large [4].
This difficulty is caused by a spatial weight matrix that cannot be normalized when the time effect (T)
is removed which will make it difficult to estimate the parameters, when there are many matrixes of
spatial weights in the model.

QMLE and MLE methods have the same weaknesses when large T but smaller than N with fixed
effects are simultaneously estimated with other parameters in the model, because the asymptotic
distribution and consistency of the estimator will be biased and will not centre on zero The
convergence rate of QMLE will probably not be worth as much as vnT [6]. The GMM equation is
expected to solve all the above difficulties as a consistent GMM estimate of v/nT , asymptotically
normal and relatively efficient. The Simultaneous Spatial Panel Data Dynamic Model (SSPDD)
used is the SAR model adapted from [4] and [1] models with the number of equations m = 2 as
follows:

Ynit = 611Wnlnie + MaWondnit-1 + T11Vn1e-1 + K11Vn2e + B11Xn1e + Cn1 + 011 (1)

Y2t = 012WnYno e + M2WnVnoe-1 + T12Vn2t-1 + k12Vnae + BraXnae + Cnz + V12 (2)
Izl + 161+ Inl < 1
with y,,me is an N x 1 vector of the response variable, where y,1 = V11t oor Ynit) » Ynzt =
(V12¢r » Yn2e)s and yp -1 is an N x 1 vector of variable predetermined lag 1, and y,q1,1 =
V116-1r 0 Yn1e-1)s Ynz,e-1 = V12e-10 -+ Ynat-1)- Var = (W1e -, Vne) IS @0 N X | coulumn vector of
error with v,;~N(0,162). W,, = an N x N spatial weights matrix X,; = an N x K explanatory
variable matrix, c,,,, = NxI column vector of individual effects, m = 1,2.

3. Methods
The methodology of the research in this paper follows the following steps:
1) Change the dynamic panel data spatial simultaneous equation (SSPDD) into the form of High
Order Model in the following manner:
a. Form a matrix Z,1; and Z,,,;
b. Form the equation (1) and (2) into a matrix Yy ,
c. Forming a matrix in the previous step becomes a matrix of the High Order Spatial
Autoregressive model
2) Transform the High Order Spatial Autoregressive model to eliminate the fixed effect with an
orthonormal matrix Frp_q,Fp,_4 to eliminate individual effects variables 7,, and time
effect ay in ways:

a. Form matrix J; = (I — %lTl'T)

b. Look for the eigenvector matrix Frr_; form J

c. Form an orthonormal matrix [F TT—1) \/LT I T]

d. Forming an endogenous variable transformation matrix

Yir = [Vn1, Yn2s o Ynr—11 = [Yn1, Yn2s or Yur1Frr—1
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and endogen lag matrix

YrS"_—11) = [y‘r(lg_l)'yrs,?_l)' ---:)’r(l;:;)] = [Yno» Yn1 '--rynT—l]FT,T—l

e. Form a transformation matrix for predetermined variables Zy ;, V,r, ¢, by multiplying each
with Frr_4
3) Form the reduced form equation from the variables that have been transformed in the
previous step by:
Calculate matrix S,7(6) with & = (611,812)"; 1 = N11,112)’
Calculate matrix 4,
Making reduced form matrix from the equation High Order Spatial Autoregressive.
) Estimate reduced form model parameters that have been obtained in the previous step with
the following steps:
Form the following Instrumental Variable Q,,r .
Calculate matrix J,7_1 = I7_1Q®J,
¢. Form a linear moment component
QnT—l]nT—lVrTT—l(e)

d. Form a quadratic moment component

VTtT—l (e)lnT—lpnl,T—ljnT—l VriT— 1 (9)

oo

®

=3

forl=1,2,.. m.
e. Based on the components of the linear moment and the quadratic moment then form the
moment condition matrix g, (6)
Calculate matrix Ay, 7
Calculate matrix Wy,
Determine the moment matrix X,,r based on the matrix A, r and Wy

Form matrix g, (8) Lt gnr(6)
Getan 8 = (8,1,7, 8, k)" value estimator by decreasing mingee gnr (8) Xnt gnr(6).

e

4. Result and Disscussion

According to [5], The Simultaneous Equation Model is one form of an Interrelated Network model if
the spatial weight matrix W of the first equation and the second equation have the same dimensions.
So, in this paper The SSPDD equation is then brought into matrix form as the step by [5] as follows:
where and. By changing notation, the equation 3 above will be: Furthermore, equation (4) is formed
into the High Order Spatial Autoregressive model as established [4] as follows:

Ynit\ _ W, 0\ (Ynit W, 0\ (Ynit-1 (0 0 ) Ynit
(J’nZt) =% ( 0 0) (ynZt) T ( 0 0) (ynZt—l) 012 0 W, (J/nZt)
0 0 Ynit-1 Zn1t 0 31 0 0 Ynit-1
RRCE (0 Wn) (ynZt—l) + ( 0 th) (ﬁz) T2 (0 Wn> (ynZt—l)
Znie 0 \(B1 711 0 (Ynie-1 Cn1 Vi1t
+ ( 0 Zn1t> (ﬁz) + ( 0 T12) (ynzt—l) + (an) + (V12t) ®3)
where Z,1: = (X1t Yn1e) and Zyor = (Xn2t Yn2t)- By changing notation, the equation 3 above will

be:
Yne = 611 W1 Yne + 111 WhiYne—1 + 812 Wi Ve + 112Who¥ue-1 + ZneB + To¥ner + Cn + Ve (4)

. _ (Ynit _ (0 0 )
With YNL' = (ynzt)’SJWN] - ( 0 512WN2 »

_ 611 0
W = 612WN2>

_ yn]_t _ ant 0 _ vnlt _ ﬁl — Tll O
YNt—l - (ynZt)’ZNt - ( 0 ZnZt)’VNt - (ant)"BO - (ﬁ)'To - ( 0 le)

Furthermore, equation (4) is formed into the High Order Spatial Autoregressive model as established
[4] as follows:
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P 14

Yne = Z SjoWnjYne + Z NjoWnj¥ni—1 + ZneBo + To¥ne—1 + cno + Une, t = 1,2,..., T (5)
j=1 j=1

— 1 - _ I
Yne = V116 Y2160 -+ Ynie Y126 Y22t - Ynzte) O can be formed into Yy, = (Y114, Y2140 - Yae)' 1 an
Nx1 vector endosenous variable and Zy; is a N x K exogenous variable matrix.

Vne = (V116 V21ts =» Vnier Vizer Vazer - Unze) I8 an N x 1 disturbance term vector where
v;.~N(0,6¢). While W, jYne and Wy, ;Y4 are dependent spatial lag variable, where W, ; is an N x N
spatial weights matrix non stochastic and form based on yit between spatial units with j=1,2,...,p. The
matrix W,; can be a rownormalized matrix or not. &5 = (819,020, 0p0) and
Njo = (M10,M20, > Mpo)’ is a spatial autoregressive parameter and Cyo = (C10,C20,+)Cno)’ 18 a
column vector of individual effects.

Model (5) will be a high order SAR model if p > 2 and then to avoid unnecessary variables, the
individual effect variables Cpyo must be eliminated by transforming them with the matrix Frp_q

. . 1 o . .
obtained from the matrix [FTT_l,\/—TlT]Whlch is the othonormal matrix of the eigenvector J; =

(IT - %lTl’T). Frr_q is a T x (T-1) eigenvectors matrix that is connected with eigenvalues of one and

lr is an vector one with T dimension.
The dependent variable matrix [Yy,1, Y52, .., Yne Jcan be transformed to be an N x (T-1) matrix so,

[ rf1v r:zv ---er:t—1] = [YnlenZv ---'Ynt]FTT—l

and
*,—1 *,—1 *,—1
[erl )' Yrgz )’ e Y‘rgt—z )] = [YRO' Ynlr i Ynt—l]FTT—l
* *,—1
Ve # Y57

Multiplication by Frr_, above applies also to variables V,; and Z,;. Since lpFprp_; =0 then
[€nos -+» CnolFrr—1 = 0 so that individual effects can be eliminated by orthonormal matrix
transformations. After transformation process then the equation or model (5) will be,

P p
Ve = D 0 Wag¥iie + ) 10 Wayi¥iie- + ZiveBo + Toliiecs + Vit =12,.,T =1 (6)
j=1 j=1
With
1
el e =M
And

(+-1) T—t 1/2 1 T-1
n“1=<T—t+J |ﬁ”ﬂ_T—1§;#m4

Elimination of time effect is not done on this model because the model used is a fixed effect model.
Estimation parameter for model (6) cannot be done by MLE method according to [4] with the
following consideration:

a) If Wy, ; can not be roughly normalized the SAR structure can not be defined.

b) The existence of a variable with time lag as an explanatory variable then the variable will be
correlated with the disturbance term after being transformed by Frr_q
For this reason, the GMM method is used to estimate model (6) because the method does not require a
SAR form for J,Y,; and is free of asymptotic bias. To estimate the model parameter (6), it is
necessary to reduce the form from the following equation (5).

Vi =AY 4 S7M(ZeBo + Vi) 7
With
p
Su®=h= ) §Waj  Su=Sa(6)
J:
And
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p
An:ST?1<TOIn+ E ] 17’]]Wn]>
]=

For each spatial lag Wy, jyp, for j = 1,2, ..., p by defining G,,; = W, ;S ! then it is obtained,

WhiYnt = Gpj(Rpedo) + GnjVnt )
With Ay = (74,710, B6) and R, = [Y,E:’__ll), WnYTE:'__ll),Z;‘lt] is a predetermined variable in equation (8)
with:

=1 =1 .
WnYrgt—l) = (Wnlyrgt—1 ) e Wannt—l)
For the linear moment, then the preparation of data and form the moment condition. A matrix of
Instrumental Variables (IV) is formed by J,,Q,¢ which J, = I, —%lnl;l cause J,l,, =0 and Q;

having a fixed dimension of column q greater than or equal to k, + 2, + 1 the example Qs is:

[Yote1, WaYnee1, Wit Yae—1, Zne, WoZne, Wi Zi ] 9)
To estimate the equation (6) it should be noted that between Yé:’__ll) and V,); are correlated, therefore it
is necessary for IV Y;;"_‘f), WnkYé:’__ll) and Wp,;Yy: on each t. So that required IV for eksplanatory
variable as follows:

Jn | Vi e 5 W (10)

Let Vir_1(0) = (V*31(0), ...,V nr_1(0)) which V;.(8) = S, (DY — Z:8 with 8 = (84,10’
and Ag = (7g, g, Bo)- Estimate IV that connected with moment linear is

Qnr-1nr-1Var-1(6)
The vector P,:Vp; can not be correlated with J,V,; in equation (6), for a NXN non stochastic matrix
P,,; according to the content of tr(P,;J,) = 0, here the value,

Ppi =Wy —tr(WyJn)/ WoJn)/(n—1)

Ppp = an - tr(anln)/ W)/ (n—1)
While the P,V may be correlated with G, jVy; in equation (7).

Defined Phir—1 =I7_1QPy, then the quadratic moment is

V11O nr—1Prur—1Jnr-1Var—1(6) for 1 =1,2,...,m and the moment of its condition with the
approximate number of finite moments is,

TtT—l (G)InT—lpan— 1]nT—1 VT?T—l (9)

Gne(0) = Var-1 (Q)JnT—lpnrr;T—lfnT—1V1:T—1(9) (1)

Qnr-1nr-1Var-1(0)
For the GMM estimate a covariance matrix is required from the function of moment
E(gn7(00)gnr(6,)) which can be approximated by,

and

1
. mAan Oqu
Znr = 0p 1
0gxm G_gm Qnr—1Jnr-1Qnr-1
+ 1 ((.“4 - 30—6})(‘0an(‘)an Oqu ) (12)
n(T —1) 0gxm 0gxq

With
Wnmr = [vecp Unr—1Pnir-tJnr-1)s -, V€Cp Unr—1Ppmr—1Jnr-1)1,
Apmr = [vecp Unr1 Prar-1Inr—1)s - v€Cp Unr—1Prmr—1Jnr-1)]
X [vecp Unr1Prir—1nr-1)) -+ ve€Cp Unr—1Pamr—1Jnr-1)]
The vecp (.) operator is a column vector formed from the diagonal element of the given square
matrix, and a 4;, = A, + A, matrix for all square matrices.
Optimal estimation of GMM is derived from,

~

-1
Oont = argmin@&@ gnT(Q)Z TgnT(e) (13)
n

5
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Has asymptotic distribution,
- d . 1 _ _
VA(@onr = 00)" = N (0,plimy oo =—= DprZtDur) ™) (14)

In [4] it is also mentioned that the resulting GMM estimator is consistent by vnT, asymptotically
normal, and efficient. Instrumental Variables (IV) used for obtaining the best linear and quadratic
moment conditions, in which the number of IV will increase as the time period increases. Some
studies also prove that the resulting GMM estimates are consistent, when T is relatively small
compared to N.

5. Conclusion

This paper introduces the Simultaneous Spatial Panel Data Dynamic (SSPDD), where the model can
be used to analyse the empirical problems widely involving the interaction between the individual and
the time in a different area. The SSPDD model is subsequently brought into the High Order model
where it cannot be estimated using the MLE method due to the complexity of the computation
process, so GMM estimation was developed to obtain the model parameter estimation.

The model and parameter estimation method produced in this paper still require further testing,
especially the asymptotic distribution of the estimated parameters that have been generated. So, data
simulation has not been done in this paper because it is still in the process of working for the next
research.
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