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Abstract. Focused on the unsteady behavior of intensively cavitating water jets numerical 
analysis is carried out by applying the compressible mixture flow method under assumptions of 
bubble cavitation and homogenous mixture. Submerged water jets issuing from a sheathed 
nozzle is treated when the cavitation number 𝜎 ≅ 0.1. The periodically shedding of cavitation 
clouds in submerged water jet is captured acceptably and the core velocity distribution evaluated 
by numerical simulation agrees with experiment data of PIV approximately. Concerning the 
effect of flow compressibility estimation, comparison of computation results reveals that it is 
capable to capture the unsteady behavior of cavitating flow by both the simplified bubble 
cavitation model and the homogeneous mixture model. However, the homogenous model shows 
a tendency to estimate gas volume fraction of cavitation clouds excessively. It becomes 
necessary to evaluate the mixture compressibility by considering the effect of bubble dynamics 
in modeling intensively cavitating flow. The simplified isothermal bubble cavitation model is 
demonstrated to be a practical method for treating bubble-liquid flow with intensive cavitation.  

1. Introduction 
High-speed water jet injected into still water, which is called submerged water jet, has received much 
attention for its capacity of generating very high cavitation impact pressure in the collapse of cavitation 
bubbles, and widely applied to such as peening of metal materials, decomposition of toxic substances 
and purification of sewages, etc. [1]. Until now, many experimental studies have been made concerning 
jet driven pressure, shape and size of a nozzle, cavitation number etc. However, the flow structure of 
cavitating jet and the behavior of unsteady cavitation clouds are still unclear for the difficulty to observe 
the interior of cavitating flow [2]. For the purpose of performance prediction and optimum design of 
water jet devices numerical simulation of high-speed water jets with intensive cavitation becomes a task 
full of challenges [3]. 

Cavitation usually takes place in low-pressure regions of relative high velocity and cavitating flows 
in most industrial applications are turbulent. The flow dynamics at the interface formed between liquid 
and gas phases involves complex bubble-bubble and bubble-liquid interactions. These interactions are 
still not well understood in the closure region of cavities. Also, the near field of cavities reveals to be 
highly compressible due to the growth and collapse of bubbles while the far-field away from cavities is 
essentially incompressible. For the difficulty to consider all these different characteristics numerical 
simulations of cavitating flow have been conventionally performed by introducing certain 
simplifications on a special flow field concerned. Most of numerical simulations of turbulent cavitating 
flow are based on Unsteady Reynolds Averaged Navier-Stokes (URANS) equations and cavitation 
models applied may be mainly classified into two-fluid and two-phase mixture flow method. Differing 
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to the two-fluid method the pseudo one-fluid mixture flow method treats the cavitating fluid media as a 
locally homogeneous fluid mixture by neglecting the velocity slip between the liquid and gas phases [4, 
5]. The physical property of two-phase mixture is dependent on the volume fraction of gas phase, which 
varies greatly with oscillation of cavitation cloud. For evaluating the variation of gas volume fraction a 
supplementary equation estimating such as mass transfer between the two phases is usually introduced 
by employing a certain cavitation model. Thus, the computation of two-phase mixture models is much 
cheap since there is no need to treat the motion of a mass of bubbles separately. These methods are 
becoming more popular because they can be applied to turbulent flows encountered in most industrial 
applications [6]. 

Focused on the unsteady behavior of high-speed water jets numerical simulations are performed by 
applying the compressible mixture flow method under assumptions of bubble cavitation and 
homogenous mixture. The mean flow of two-phase mixture is calculated by the set of URANS equations 
for compressible flow and the intensity of cavitation is evaluated by the volume fraction of gas bubbles 
whose radius is estimated with a simplified Rayleigh-Plesset equation. High-speed submerged water jets 
issuing from a sheathed nozzle are treated and the temporal variation of cavitating flow is investigated. 
The periodically shedding of cavitation clouds in submerged water jet is captured acceptably and the 
core velocity distribution evaluated by numerical simulation agrees with experiment data of PIV 
approximately. Concerning the effect of flow compressibility estimation, comparison of computation 
results reveals that it is capable to capture the unsteady behavior of cavitating flow in some extent by 
both the simplified bubble cavitation model and the homogeneous mixture model. However, it becomes 
necessary to evaluate the fluid compressibility by considering the effect of bubble dynamics for 
evaluating the local gas volume fraction of cavitation clouds. The simplified isothermal bubble 
cavitation model is demonstrated to be a practical way for treating bubble-liquid flow accompanying 
intensive cavitation. 

2. Compressible mixture flow bubble cavitation model  
Experimental observations show that cavitation caused in high speed submerged water jet appears in the 
form of bubble cloud. Corresponding to the variation of surrounding liquid pressure bubble clouds 
expand and break up unsteadily. Thus, the density of two-phase mixture varies sharply with bubble 
oscillation and it becomes essential to consider the effect of fluid compressibility in the numerical 
simulation of intensive cavitating flows.  

2.1 Compressibility of bubble-liquid mixture  
The fluid media of cavitating flow are taken as a two-phase mixture of working liquid and cavitation 
bubbles in this work. The gas bubbles are supposed to uniformly disperse in the liquid phase and its 
volume faction is denoted as G. The liquid volume fraction is written to be L. Then, the density of 
two-phase mixture can be defined as follows by volume averaging. 

𝜌ெ ൌ 𝜌ீ𝛼ீ ൅ 𝜌௅𝛼௅          (1) 

where ρ denotes fluid density, the subscripts L and G do the liquid phase and the gas phase respectively, 
M represents does the two-phase mixture. Then variation of mixture density can be obtained by taking 
the differential of above equation and it is then arranged to the following form.  
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According to the definition of compressibility the above equation is written as follows. 
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in which c denote the sonic speed in fluid referred. According to above equation we understand that the 
compressibility of bubbly mixture depends upon the volume fraction of gas phase as well as the variation 
of gas pressure, which is determined by bubble size.  

Concerning the compressibility all fluids concerned are supposed to work exponentially and the 
equation of state for the pure liquid phase is expressed by adopting the Tait’s equation. 

B

B




 
     , ,

Ln

L L

L sat L sat

p
p

         (5) 

where 𝑝௅,௦௔௧ ൌ 2.34 kPa and 𝜌௅,௦௔௧ ൌ 998.2 kg/m3, represent the saturation pressure and density of 
liquid phase (water) at the reference state when temperature T= 293.15 K. Two fitted constants as given 
to be B = 3.049×108 Pa and N = 7.1. Then, the sonic speed in liquid phase is written as follows.  

𝜌௅𝑐௅
ଶ ൌ 𝑛௅ሺ𝑝௅ ൅ Bሻ          (6) 

As for the gas phase it is assumed that the gas included in a bubble consists of vapor and non-
condensation gas. That is, 𝜌ீ ൌ 𝜌௚ ൅ 𝜌௩, where subscripts g and v denote the non-condensation gas 
and the vapor respectively. The non-condensation gas is perfect one and its state equation is given in the 
following form.  

gn
g g

g g

p

p





 
 
 
 0 0

         (7) 

where 𝑝௚଴ ൌ 101.3 kpa and 𝜌௚଴ ൌ 1.2 kg/m3 denote pressure and density of idea gas at the reference 
state when temperature T= 293.15 K. Then, the sonic speed in gas media may be given as follows.  

G G g gc n p 2            (8) 

The pressure of non-condensation gas in a bubble is dependent upon bubble radius, Rb.  

  / gn

g g b bp p R R
3

0 0         (9) 

As stated above, the compressibility of gas phase varies with bubble radius. Of course, the oscillation 
of bubble radius with surrounding liquid pressure may be solved by the Rayleigh-Plesset equation or 
similar ones. But the calculation of these equations is time consuming for the high frequency of bubble 
oscillation. Here the cavitation bubbles are treated as quasi-still one and an estimation of bubble radius 
is obtained by solving a simplified Rayleigh-Plesset equation approximately [7]. 
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where ∆𝑃 ൌ 𝑝௚ ൅ 𝑝௩ െ 𝑝௅, denotes the pressure difference acting on the bubble surface.  
With above equation the bubble radius may be estimated according the liquid pressure and then the 

sonic speed in the bubbly mixture may be evaluated by equation (4). If the effect of fluid interface is 
negligible then we reach to 𝑝ீ ൌ 𝑝௅ and 𝑑𝑝ீ 𝑑𝑡⁄ ൌ 𝑑𝑝௅ 𝑑𝑡⁄ . This is the case of homogeneous two-
phase mixture and calculation of equation (4) may be simplified to the same one given by Brenenn [8].  

Figure 1 shows, the average sonic speed in bubble-liquid mixture evaluated by equation (4) under 
different gas volume fraction. The solid line with circles demonstrates the case of bubble cavitation, 
where a bubble-water mixture including micro-bubbles of 𝛼ீ ൌ 0.001 is considered and the initial 
bubble radius is given to be R0 = 510-6 m under the atmospheric pressure when T = 293.15 K. The 
surrounding liquid pressure is decreased by imposing a negative pressure pulse and the variation of 
bubble radius is then estimated by equation (10). Under the assumption of no bubble coalescing and 
breaking the variation of gas volume fraction is evaluated and the mean sonic speed at different bubble 
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radius is calculated. For comparison the sonic speed in homogenous mixture is also denoted by the solid 
line, where the gas volume fraction increases with bubble number density. When 𝛼ீ ൌ 0.58 the sonic 
speed decreases to 𝑐ெ ൎ 25 m/s, which agrees to the experiment data for quasi-still bubble-liquid 
mixture [9]. The dashed line denotes the mixture density. The figure demonstrates that the sonic speed 
in cavitating bubble-liquid mixture deceases much intensively. So, it should be essential to estimate the 
mixture compressibility by considering the effect of bubble dynamics in the numerical simulation of 
intensively cavitating flow with the mixture flow method.  
 
2.2 Governing equations for turbulent cavitating mixture flow 
In consideration of the effect of fluid compressibility the URANS equations for compressible fluid are 
adopted as main flow governing equations. The variation of temperature caused by cavitation is thought 
to be very small in the whole flow field and the conservation equation of energy is omitted. Conservation 
equations of mass and momentum for the two-phase mixture are written as follows.  

 
  

     


u uM
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       (11) 
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u
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t
           (12) 

where u denotes the mean velocity of the mixture, which is treated by neglecting the difference of liquid 
and gas velocities. g denotes the gravity, and  does the stress tensor written as follows.  

   2

3
T

ij M ,eff         
u u u I          (13) 

where I is the unit tensor.    M ,eff M M ,turb  denotes effective viscosity that includes both the 

molecular viscosity M  and the turbulent viscosity M ,turb of the fluid mixture. The turbulence of the 

two-phase flow is evaluated by adopting k-epsilon model with a modification on cavitation effect [10].  
In order to close above equations, equation (3) relating the mixture density and liquid pressure is taken 

into equation (11) and the following equation governing the transportation of pressure is obtained.  

2
     


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L M

p
p c

t
         (14) 

Furthermore, the mass conversation of gas phase is employed to estimate the variation of gas volume 
fraction.  

Figure 1. Average sonic speed in cavitating fluids. 
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
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        (15) 

where )( GG denotes the mass fraction of gas including in the mixture. Here evaporation and 
condensation caused by cavitation are supposed to be negligible for the purpose of simplification.  

In high-speed water jets with intensive cavitation bubbles may expand greatly and the density of fluid 
mixture varies sharply in cavitation regions. Thus, strong compressible bubbly flow regions coexist with 
the weak compressible liquid flow region. For dealing with the great variation of compressibility the set 
of above flow governing equations are solved by using the CIP-CUP (Cubic-Interpolated 
Propagation/Combined and Unified Procedure) method based on the time splitting technique [11]. 

3. Computation results and discussions 
Figure 2 (a) shows the submerged water jet system to be concerned, where a sheathed orifice nozzle is 
set up at the bottom of a closed cylindrical chamber full of tap water (deposited one night). Pressured 
tap water supplied by a plunger pump is injected into the water chamber and a submerged water jet is 
generated at the given condition. The gauge pressure within the chamber can be adjusted to a given level 
up to 2.0MPa and the output pressure of the plunger pump can be adjusted within its maximum of 
21.0MPa in gauge pressure according to experiment requirements. The throat diameter of the nozzle d 
= 1.0 mm and the length of nozzle throat is 5.0d. A pipe-like sheath is mounted at the nozzle exit. The 
inner diameter of the pipe-like sheath is 3.0d and its length is 10.0d.  

Figure 2 (b) shows the computational domain and the structure mesh adopted for the numerical 
simulation. Focused on the upstream axisymmetric structure the assumption of axisymmetric flow is 
adopted. The computation domain is taken from 15.0d upstream of the nozzle inlet to 70.0d downstream 
of the nozzle exit. The width of computational domain is 25.0d in the radial direction. The computation 
domain is then discretized with quadrilateral structure grid. As for the boundary conditions, a pressure 
condition is imposed at the inlet according to the given total pressure and the intensity of turbulence was 
given to be 1.0% of the inflow velocity. At the outlet, a given static pressure is imposed and the Neumann 
condition was applied to other flow variables such as velocity etc. All the wall boundaries such as the 
nozzle and the sheath geometries are treated as no-slip walls by applying a universal wall function. As 
an index for the similarity of cavitation dynamics, the cavitation number  for the present water jet 
device is defined as follows.  

oi

vo

pP

Tpp




  )(
        (16) 

where Pi denotes the injection pressure, po the static surrounding pressure at the nozzle exit and pv the 
saturated vapor pressure under the reference temperature T.  

Figure 3 shows, as an example, instantaneous distributions of gas volume fraction obtained via 
numerical simulation when the injection pressure .iP 1 1 MPa and the discharge pressure po = 0.1 MPa. 

The cavitation number 𝜎 ≅ 0.1 and the Reynolds number 𝑅𝑒 ≅ 4.8 ൈ 10ସ for the concerned case. The 
red colour denotes gas phase and the blue one do the liquid phase. The area demonstrated by red and 
green colours present axial section of cavitation clouds, where the value of G is relative high. The dark 

Figure 2. Scheme of submerged water jet and computation domain of numerical simulation. 
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vectors denote the mean velocity in local flow field. The result shows that cavitation occurs at the 
entrance of nozzle throat and cavitation cloud expands and develops while flowing downstream along 
the boundary layer. Developed cavitation clouds split into small blocks and sheds downstream 
periodically near the sheath exit. As shown in figure 3(a), heavy cavitation cloud denoted by red colour 
starts to stretch from its minimum length and gradually expands to the out of the pipe-like sheath as 
shown in figure 3(b). Then, developed cavitation cloud splits into small blocks with collapsing of 
bubbles and finally shed downstream as shown in figure 3(c). In this way, cavitation clouds denoted by 
red-green colours stretch out of the sheath and shed downstream periodically. The capability of present 
model to capture the unsteady shedding of cavitation cloud is demonstrated [6]. 

(a)

  

(b)

 

(c)

 

(d)

 
Figure 3. Instantaneous flow distribution of cavitating jet in time sequence: 

              (a) 𝑡 ൌ 23.2 ms, (b) 𝑡 ൌ 23.6 ms, (c) 𝑡 ൌ 23.9 ms and (d) 𝑡 ൌ 24.1ms. 
 

 
Figure 4. Decay of average velocity along central axis: comparison of 
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To clarify the effect of mixture compressibility estimation under different conditions as shown in 
figure 1 simulations are performed also by employing the homogenous model where the effect of bubble 
interface is neglected [12]. Figure 4 shows, the distribution of timely averaged velocity along the central 
axis, where the horizontal axis x/d denotes the no-dimensional distance from the nozzle exit. The thick 
line, Cav1, presents the result with the simplified bubble-cavitation model, and the thin line, Cav0, does 
the result by the homogeneous mixture model when the effect of bubble surface is neglected. For 
comparison, experiment data measured by PIV when 𝜎 ൌ 0.126, 0.134, 0.74 are denoted with symbols 
∆, □ and ○ respectively. It should be mentioned that cavitation clouds with heavy bubble concertation 
appear within the nozzle sheath and it near downstream when the cavitation number is decreased to 0.2 
and below. It is very difficult to observe the interior of bubble clouds and it is nearly impossible to 
evaluate its velocity field for scattering reflection of light on bubble surfaces even by using a strong 
sheet laser light. Therefor the shooting area of PIV was set apart from the exit of nozzle sheath and only 
velocity data in the downstream of x/d =15~35 have obtained. The figure shows that computation results 
agree with experiment data approximately and the reliability of present computations has been 
demonstrated. According to the results we understand that the core velocity of water jet keeps to a high 
level within the sheath and then decays quickly at the near downstream of sheath exit. It can be also 
noticed that the core velocity within the sheath predicted by the homogeneous mixture model is higher 
than that by the bubble cavitation model.  

Figure 5 show the temporal variations of GVF and pressure and at a given monitor position (𝑥/𝑑 ൌ
െ4.5, 𝑟/𝑑 ൌ 0.45ሻ located at the entrance of nozzle throat near the wall, where (a) presents computation 
results of the bubble cavitation model and (b) does results of the homogeneous model. The black solid 
line denotes the variation of GVF, G, and the blue dashed line does the variation of liquid pressure, p, 
in absolute value. The horizontal axis denotes time. Figure 5 (a) shows that the dimensionless pressure 
decreases to the level of 0.05 and GVF increase to 0.2 approximately. GVF and pressure fluctuate 
periodically almost at the same frequency. Also, it may be noticed that GVF deceases much fast 
compared to its increase process and an impulse pressure is released every time while GVF reaches to 
its minimum. That is to say, the effect of bubble collapsing is captured in some extent by the present 
method.  

Comparing figure 5 (a) and (b) we understand that pressures evaluated by both the methods are 
almost at the same level but the pressure pulsation shown in figure 5 (b) is higher. The average value of 
GVF estimated by the homogeneous model reaches to the level of 0.5 shown in figure 5 (b), which is 
much higher than that shown in figure 5 (a). As shown in Figure 4 the core velocity in the sheath ( x/d 
< 10 ) evaluated by the homogeneous model is relative higher and the cavity region seems to be 
overestimated. Thus, the homogenous model reached by neglecting the effect of interface shows a 
tendency to estimate GVF excessively and pressure fluctuation inadequately. The result reveals that it 

   
    (a) Results of bubble cavitation model        (b) Results of homogeneous mixture model 

Figure 5 Temporal variations of pressure and GVF at the reference position (𝑥/𝑑 ൌ െ4.5,  
𝑟/𝑑 ൌ 0.45 ) near the wall just behind the nozzle throat entrance. 
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becomes necessary to evaluate the fluid compressibility carefully by considering the effect of bubble 
dynamics in modeling bubble-liquid mixture with intensive cavitation.  

4. Conclusions 
Focused on the unsteady behavior of intensively cavitating jets numerical analyses were carried out by 
applying the simplified compressible mixture-flow bubble-cavitation model. The periodically shedding 
of cavitation clouds in submerged water jet is captured acceptably. The core velocity variation evaluated 
agrees with experiment data of measured by PIV approximately and the reliability of the present method 
is verified. Concerning the effect of flow compressibility estimation comparison of computational 
results reveals that both the simplified bubble cavitation model and the compressive homogeneous 
mixture model are capable to capture the unsteady behavior of cavitation clouds in some extent. 
However, the homogenous model shows a tendency to estimate gas volume fraction of cavitation clouds 
excessively. It becomes necessary to evaluate the fluid compressibility by considering the effect of 
bubble dynamics in modeling bubble-liquid mixture with intensive cavitation.  
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