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Abstract. Cavitation surge is a typical unsteady phenomenon and can be a cause of severe noise 

and vibration problems in hydraulic systems. When the oscillation frequency of the piping 

systems surrounding the hydraulic devices under cavitation surge is high and/or the pipe length 

is long, the acoustic wave propagation within the piping systems must be considered. In this 

study cavitation is computed by two dimensional CFD with cavitation model and the pressure 

wave in the piping systems is computed by one dimensional distributed model of Method Of 

Characteristics (MOC). The cavitation CFD and MOC calculations are coupled through 

boundary conditions. The interactions of cavitation and pressure wave are observed in the 

computed results. 

1.  Introduction 

Cavitation surge is a typical unsteady cavitation phenomenon that is observed in many kinds of hydraulic 

devices such as contractions, hydrofoils, pumps and so on. The cavitation surge is characterized by the 

interaction of unsteady cavitation inside the flow passage and the piping system surrounding the passage. 

For computation of the cavitation surge, it is mandatory to consider the piping system dynamics. There 

are many attempts to compute the piping system dynamics with cavitating flow. Nohmi et al. computed 

the orifice flow with cavitation considering the piping system dynamics. Cavitating flow in the orifice 

tube is calculated by 2D-NS code and the flows inside the pipes are calculated by lumped parameter 

system analyses. The effects of pipe length on unsteady cavitation were also evaluated [1]. An et al. 

computed the incipient process of cavitation surge in the inducer blade cascade. The inlet boundary 

condition is coupled with unsteady Bernoulli equation considering the flow dynamics of the upstream 

pipe and tank [2]. Marie-Magdeleine et al. computed the cavitation in the Venturi pipe. 2D-NS code 

considering the compressibility of the liquid phase water is adopted. Flows inside the pipes are 

calculated by using Method Of Characteristics (MOC) [3]. Nanri et al. computed the acoustic cavitation 

surge of the turbopump with inlet pipe. The cavitation in the turbopump is computed by the lumped 

parameter system calculation utilizing cavitation compliance and mass flow gain factor. The flow in the 

inlet pipe is computed by MOC [4]. Present authors compared the computations of cavitation surge by 

using 3D-NS code and lumped parameter analyses concerning the piping system flow dynamics [5]. In 
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the recent study by the present authors, the lumped parameter calculation and MOC calculation for 

upstream and downstream pipes of the cavitation surging pump are compared [6]. 

 

Table 1. Classification table of computation methods of pump cavitation surge with piping system 

dynamics. 

 

The computation methods of pump cavitation surge in time domain considering the dynamics of 

piping system are simply summarized in table 1 [6]. Numbers inside the table 1 are corresponding to 

references as written above. The computation of cavitation surge in frequency domain is also very 

beneficial, however if some transient phenomena and or irregular vibration are included, the unsteady 

dynamics of both cavitation and piping systems should be calculated correctly in time domain by using 

some methods in table 1. 

 

From table 1 the most accurate method is computing the whole system by 3D-NS code considering 

the compressibility of the liquid phase water. However such expensive strategies cannot be practical at 

all under the limited CPU resources in industries. The first step to reduce computing time is to compute 

the system dynamics of the piping system not by 3D-NS code but by the lumped parameter system 

analyses or one dimensional distributed parameter calculation. When the compressibility of the liquid 

phase water inside the piping system ignored, the one dimensional analyses are just a calculation of 

unsteady Bernoulli equation and are equivalent to the lumped parameter system analysis. On the other 

hand, when the compressibility of the liquid phase water is concerned inside the piping system, the wave 

propagation in the pipes must be computed in the one dimensional analyses. For such computation, 

MOC would be the most popular methodology as aforementioned. 

 

Although MOC requires much less CPU resources than 3D-NS computation, unnecessary 

computation of wave propagation should be avoided. The necessity of consideration of wave 

propagation in the pipe can be determined based on Ohashi-Akimoto criteria as seen in table 2 [6, 7, 8]. 

 

Table 2. Criterion for calculation method of piping system. 

f

c
kL   

Incompressible calculation 

is acceptable. 

f

c
kL   

Compressible calculation is 

needed. 

 

where L is the pipe length, c is sound speed of the piping system, f is the characteristic frequency of the 

objective phenomenon and k is coefficient for criterion. Approximately 0.1 for k is recommended. 

 

Lumped parameter model of cavitating flow is quite cost effective for computation. However, to 

build a model, identification of numerical values of cavitation compliance and mass flow gain factor is 
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necessary, and this is not easy. Rather it is straightforward to do 3D analysis with consideration of 

cavitation in today where computation cost is remarkably reduced. 

 

In cavitating flow, the gas inside the cavitation bubbles is of course compressible. In so called 

cavitation CFD, the flow is calculated mostly by using the no slip mixture model of gas phase and liquid 

phase and the mixture medium in the discretized grids is compressible. On the other hand, it is 

controversial to treat the pure liquid phase surrounding the cavitating area as incompressible or 

compressible. Considering the compressibility of the liquid phase water would result in the accurate 

prediction however much more CPU time would also be required. In the most of the commercial CFD 

solvers, the liquid phase water surrounding cavitation is assumed incompressible. 

 

2D/3D Cavitation CFD with the incompressible liquid phase assumption seems to have high affinity 

with the lumped parameter piping system analysis at first glance. However, there are difficulties in 

practice. 2D/3D Cavitation CFD and the lumped parameter piping system analysis are coupled through 

the boundary conditions. If the 2D/3D CFD and the lumped parameter calculation are explicitly coupled 

through static pressure prescribed boundary conditions, instability will occur in the computed system 

[1]. Implicit coupling may eliminate this instability, however the users of commercial CFD in industries 

does not have the source codes of the solver and cannot code the implicit calculations by using just a 

user subroutines. 

 

In this research, another combination of 2D/3D Cavitation CFD with the incompressible liquid phase 

assumption and MOC for piping system calculations is tried and evaluated. As suggested in Ohashi-

Akimoto criteria, the lumped parameter system calculation is only available for low frequency 

oscillation however MOC can be used in any frequency if there are enough grid points. 

 

Further higher models include 2D/3D cavitation analysis considering liquid phase compressibility 

and MOC coupling. In this case, since the time increment of the 2D/3D analysis region is considerably 

smaller than the case where incompressibility is assumed from the Courant-Friedrichs-Lewy (CFL) 

condition, the calculation load increases. Therefore, if the pipe length is long and the time required for 

the wave propagation is large, the authors think that the method proposed in this research is more 

engineered and reasonable in many cases. The method of this study is described as Present Study in 

table 1. 

2.  Analytical object and computation method 

The objective system is shown in figure 1. The typical flow system consists of a contraction passage, 

pipes with constant cross sectional area upstream and downstream of the contraction and tanks. At the 

contraction the velocity is increased and the static pressure is decreased and the cavitation occurs. This 

contraction is an exactly same model evaluated in the previous paper [1]. The flow in the contraction is 

assumed two dimensional. In this research, this cavitation flow was analyzed with the commercial code 

ANSYS-FLUENT. The cavitation is computed by using Schnerr-Sauer model, and the turbulence model 

is SST k- model. In the analysis of ANSYS-FLUENT, as described in chapter 1, non-cavitating water 

in the liquid phase in computation domain is treated as incompressible. To enhance cavitation 

unsteadiness, so called Reboud correction shown in equation (1) is used for the modification of 

turbulence model in cavitating area [10]. 

 

𝜇𝑡𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑 = (𝜌𝑙(1 − 𝛼)𝑛 + 𝜌𝑣𝛼)𝜇𝑡 (1) 
 

where l is density of liquid water, v is density of vapor,  is void fraction, t is eddy viscosity and n 

is the order of the exponential function. In this study, n is set to 5. 
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Figure 1. Objective contraction with piping system:  

(a) objective contraction, (b) contraction with piping system. 

 

The governing equations for one dimensional compressible distributed parameter system calculations 

for pipes are as follow. 

 
𝜕𝑝

𝜕𝑡
+ 𝜌𝑙𝑐

2
𝜕𝑢

𝜕𝑥
= 0 (2) 

 
𝜕𝑢

𝜕𝑡
+
1

𝜌𝑙

𝜕𝑝

𝜕𝑥
+
𝜆

𝐷

|𝑢|𝑢

2
= 0 (3) 

 

where x is axial location along the pipe, t is time, p(x,t) and u(x,t) are static pressure distribution and 

area averaged velocity distribution in the pipe, D is the diameter of the pipe and  is Darcy’s skin friction 

coefficient. Equation (2) and (3) are conservation equations of mass and momentum respectively. It is 

assumed that cavitation in the pipe, so called water column separation does not occur. 

 

Boundary conditions at the tanks are simply as follow. 

 

𝑃𝑇𝑈(𝑡) = 𝑃𝐶𝑇𝑈⋯⋯⋯𝑐𝑜𝑛𝑠𝑡. (4) 
 

𝑃𝑇𝐷(𝑡) = 𝑃𝐶𝑇𝐷⋯⋯⋯𝑐𝑜𝑛𝑠𝑡. (5) 
 

where P is static pressure, subscripts of TU and TD are the tank upstream the contraction and the tank 

downstream the contraction respectively. Subscripts of CTU and CTD are constant static pressure of the 

upstream tank and the downstream tank respectively. 

 

Calculation parameters are as seen in table 3. It is assumed that the one dimensional sound speed c 

is less than the pure water sound speed because of the elastic deformation of the pipe. In this study c is 

set 1000 m/s or 900 m/s. In MOC calculation, weak compressibility is assumed and the value of l is 

constant. 
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Table 3. The calculation parameters. 

Parameter Value Unit 

D 

LU 

LD 

l
c 



0.02 

1 

1 

998.2 

1000,900 

0.01 

m 

m 

m 

kg/m3 

m/s 

 

 

Analysis of cavitation surge takes a long time, and this research focuses on shortening calculation 

time because it focuses on building robust analysis method. The two-dimensional computation domain 

is discretized with a uniform grid of x = 1 mm and y = 0.5 mm. The total number of grids is 6600, 

which is very coarse. Grid dependency evaluation was carried out by using fine grid of x = 0.5 mm 

and y = 0.25 mm for the case without MOC. Although slight difference was observed quantitatively, 

unsteady dynamic behaviors of cavitation showed good agreements in coarse grid case and fine grid 

case. The combination of fine grid and MOC is subject for the future. 

 

Common time division of t is convenient for coupling of two-dimensional analysis region and one-

dimensional MOC analysis region. Time division from preliminary two dimensional analyses is set to 

5e-5 second. Axial grid size of xMOC in MOC region is set to 5e-2 m from the CFL condition with c = 

1000 m/s. Grid numbers for upstream and downstream pipes are 21 respectively. 

 

The calculation procedure will be described in order as follows. The calculation is initially performed 

only in the two-dimensional region. Steady cavitation calculation with SST k- model is carried out. As 

the baseline boundary conditions, the velocity is fixed to 5 m/s at the inlet and the static pressure is fixed 

to 45000 Pa at the outlet. No-slip boundary is applied to the wall. The resultant flow field is used for the 

initial condition for the unsteady calculation in the next step. 

 

 

Figure 2. Instantaneous flow fields at t = 2.0 second: 

 (a) pressure distribution, (b) absolute velocity distribution, (c) void fraction. 
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Unsteady calculation with Reboud correction is carried out for 2 seconds until a stable cyclic 

variation is reached. Instantaneous flow fields at t = 2.0 second are shown in figure 2. It should be 

mentioned that the velocity field at the outlet of two-dimensional region is not uniform enough. The 

suitable position for the connection of two-dimensional and one-dimensional calculations should be in 

further study. This instantaneous flow field at t = 2.0 second is used for the initial condition for MOC 

coupled calculation. Assuming quasi steady flow, initial conditions for MOC region are as follow. 

 

Upstream Pipe: 

 

𝑢(𝑥, 2) = 𝑢𝑈2 (6) 
 

𝜕𝑝

𝜕𝑥
= −

λ

2𝐷
𝑢𝑈2

2 (7) 

 

𝑃𝐶𝑇𝑈 = 𝑝𝑈2 +
𝜆𝐿𝑈
2𝐷

𝑢𝑈2
2 (8) 

 

Downstream Pipe: 

 

𝑢(𝑥, 2) = 𝑢𝐷2 (9) 
 

𝜕𝑝

𝜕𝑥
= −

λ

2𝐷
𝑢𝐷2

2 (10) 

 

𝑃𝐶𝑇𝐷 = 𝑝𝐷2 −
𝜆𝐿𝐷
2𝐷

𝑢𝐷2
2 (11) 

 

where subscripts U2 and D2 are inlet and outlet of two dimensional calculation region at t = 2 second 

respectively. From the boundary conditions uU2 is 5 m/s and pD2 is 45000 Pa. It should be mentioned 

that the instantaneous value of uD2 is not equal to uU2.  

 

Next, analysis that combines two-dimensional analysis and MOC is started. There is no precedent 

for analysis that sets the interface in the same kind of fluid, making one side compressible and the other 

side incompressible. First of all, the present authors attempted coupling under the Dirichlet condition 

that the flow velocity and static pressure coincide loosely at the boundary of both. The two-dimensional 

calculation and the MOC are explicitly coupled through each boundary condition as follows. In the two-

dimensional calculation region, unsteady analysis is performed under the boundary conditions of the 

inlet flow velocity and the outlet static pressure, and the inlet average static pressure and the outlet 

average flow velocity obtained by the analysis are used as boundary conditions of the MOC. The 

boundary condition of the two-dimensional analysis region is updated using the inlet flow velocity and 

the outlet static pressure obtained by the MOC. The above process is repeated. When the test calculation 

was carried out, the calculation was unstable, and some stabilization measures were required. Therefore, 

in this research, the following two measures were carried out. 

 

Firstly, an interpolation calculation was introduced into the MOC region, and the CFL number was 

lowered from 1 to 0.9. As a result, the sound speed was 900 m/s. The effect of relaxing vibration is 

added by interpolation calculation. Axial grid size of xMOC in MOC region is kept 5e-2 m constant. 

 

Secondly, in addition to the Dirichlet condition at the inlet part of the two-dimensional region, it also 

imposed the Neumann condition of zero velocity gradient. 
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Calculation was stabilized by the above processing. 

 

In the actual phenomenon, when the pressure wave propagated in the pipe is incident on the cavitation 

region, part of the pressure wave is reflected and a part thereof is transmitted. On the other hand, in this 

study, the sound speed becomes infinite in the two-dimensional analysis region assuming 

incompressibility, but in the MOC region the sound speed becomes finite. Therefore, the acoustic 

impedance of both are extremely different, and reflection of the pressure wave occurs at the connecting 

portion between the both. It is desirable that the reflection at this connection in this study is similar to 

the reflection in the cavitation region of the real phenomenon. Whether the proposed method is valid or 

not is considered to be determined by the relationship between the time constant and the natural 

frequency of each incompressible two-dimensional analysis region and the MOC analysis region. The 

theoretical study will be a future subject. 

3.  Results and discussions 

3.1.  Unsteady results without MOC 

 

 
(a) (b) 

 

 
(c) (d) 

Figure 3. The unsteady results without MOC: (a) Velocity and static pressure at the inlet, (b) 

Velocity and static pressure at the outlet, (c) Cavitation volume, (d) Time derivative of cavitation 

volume and the difference of inlet and outlet volume flow rate. 

 

For comparison, figure 3 shows the results of two-dimensional analysis without MOC extended by 0.5 

seconds, where subscripts U and D are inlet and outlet of two dimensional calculation regions 

respectively. At the inlet, the velocity is kept constant. The static pressure shows some peaks, however 
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their amplitude are quite small. At the outlet the velocity fluctuates loosely periodically. Spectrum of 

the outlet velocity shows broadband peaks at around the frequency of 12 Hz from the FFT analysis. 

 

The static pressure at the outlet is specified, however it shows some fluctuations. From the 

conservation of mass, it is expected that equation (12) is satisfied. 

 
𝑑𝑉𝑐
𝑑𝑡

= 𝑄𝐷 − 𝑄𝑈 (12) 

 

𝑄𝑈 ≡ 𝐷 × 𝑢𝑈 (13) 
 

𝑄𝐷 ≡ 𝐷 × 𝑢𝐷 (14) 
 

where VC is the cavitation volume in the two-dimensional calculation region and Q is volume flow rate. 

It should be mentioned that the units of VC and Q are m2 and m2/s respectively. In figure 3 (d), equation 

(12) is satisfied quite well. 

3.2.  Unsteady results with MOC 

The unsteady calculation with MOC lasted until t = 2.1 second after the start but diverged afterwards. 

Figure 4 shows the contour maps of static pressure and mass flow rate on x-t planes. The static pressure 

on the center axis of the two-dimensional calculation region and MOC region is seen in figure 4 (a). The 

mass flow rate in each cross sections of the two-dimensional calculation region and MOC region is seen 

in figure 4 (b). The mass flow rate in MOC region is calculated simply from lDu(x,t) and its unit is 

kg/ms. From figure 4 (a) reciprocation of the pressure wave is observed remarkably on the downstream 

of the two-dimensional calculation region. At around t = 2.09 s static pressure on the downstream 

decreases less than vapor pressure periodically. From figure 4 (b), mass flow fluctuations are seen on 

the downstream side of the contraction as with the pressure. On the other hand, on the upstream side, 

static pressure and mass flow fluctuate little. The reason for this may be due to intentional boundary 

condition settings of velocity specified at the inlet and static pressure specified at the outlet of the two-

dimensional calculation region. Or due to the occurrence of cavitation, the speed of sound at the 

contraction becomes almost zero, chalking occurs, so the disturbance may not propagate upstream. More 

detailed analysis would be carried out in the future study. 

 

 
(a) (b) 

Figure 4. Contour maps of static pressure and mass flow rate along center axis on x-t planes: 

 (a) static pressure distribution, (b) mass flow rate distribution. 
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The severe numerical vibration which causes the divergence of the calculation starts from around t 

= 2.08 s. Whether this indicates instability of numerical analysis simply or generation of acoustic 

resonance in piping system is also unknown at this stage. It is necessary to clarify these in the next stage. 

 

Figure 5 shows static pressure and velocity at the inlet and outlet of the two-dimensional calculation 

region and the cavitation volume change from t = 2 s to t = 2.1 s. From figure 5 (b) it can be seen that 

the high frequency fluctuation is superimposed on the slow transient of the velocity change. The 

frequency of the fluctuation is 420 Hz from FFT analysis of uD. This frequency is close to 450 Hz of 

c/2LD, where c = 900 m/s. The slight difference of 420 Hz and 450 Hz may be due to the additional 

compliance of cavitation [9]. The change of the static pressure and the velocity at the inlet are much 

weaker than those at the outlet. From figure 5 (d), equation (12) is still satisfied quite well. These results 

suggest that the analytical method proposed in this research may have capabilities for both analysis of 

inertial cavitation surge and analysis of acoustic cavitation surge [6, 9]. It should be noted that it is 

necessary to add a function to consider water column separation in MOC analysis in order to analyze 

the acoustic cavitation surge [4]. 

 

 
(a) (b) 

 
(c) (d) 

Figure 5. The unsteady results with MOC: (a) velocity and static pressure at the inlet, (b) velocity and 

static pressure at the outlet, (c) cavitation volume, (d) time derivative of cavitation volume and the 

difference of inlet and outlet volume flow rate. 

4.  Concluding remarks 

The cavitation surge is characterized by the interaction of unsteady cavitation inside the flow passage 

and the piping system surrounding the passage. For computation of the cavitation surge, it is mandatory 

to consider the piping system dynamics. In this study cavitation is computed by two dimensional CFD 
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with cavitation model and the pressure wave in the piping systems is computed by one dimensional 

distributed model of Method Of Characteristics (MOC). Coupled analysis of the unsteady behavior of 

cavitation and the propagation of the pressure wave in the pipe is proved to be possible. The dynamics 

of unsteady cavitation is totally different depending on the presence or absence of the pressure wave 

propagation in the piping system. Although the proposed analysis method still has stability issues, it will 

be possible to further understand the cavitation surge phenomenon by using this analysis method. 
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Appendices 

The latest results those are much stabilized by reduction of CFL number to 0.5 are seen in figure 6. In 

this condition, sound speed of the piping system is 500 m/s. Calculation can be carried out stably up to 

3 seconds. After transient period, the system looks reaching the periodically fluctuating state of the 

frequency of about 4 Hz. 

 

 
(a) (b) 

 
(c) (d) 

Figure 6. The unsteady results with MOC (CFL number is 0.5): (a) velocity and static pressure at 

the inlet, (b) velocity and static pressure at the outlet, (c) cavitation volume, (d) time derivative of 

cavitation volume and the difference of inlet and outlet volume flow rate. 
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