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Abstract. This paper gives a contribution to the vortex structure, vortex dynamics and the
tip clearance inertance as well as compliance of a cavitating pump. The related vortex structure
is reduced to the blade bound vortices, hub vortex and tip vortices only. At heavy part load
@ — 0, the tip vortices form a coaxial vortex ring of increasing strength. This vortex ring may
break down to several wall bound vortices at severe part load. The velocity potential of the
vortex ring is given by the Bessel series solution and by applying a limit value analysis. The
inertance of the gap flow is derived straight forward from this generic mathematical model of
an axial pump at deep part load. With the compliance due to cavitation, the natural frequency
of cavitation surge is discussed for the given generic mathematical model of the pump.

1. Introduction

The task of this paper is the determination of analytic expressions for the inertance L and
compliance C' of the tip clearance flow of an axial pump. The work extends the research of
Brennen, 2016 [1] employing a recently developed vortex model of an axial turbomachine at
part load (cf. Pelz & Taubert, 2017 [2]). This model is recapped in the following. Figure la
shows the vortex model of the pump. The N bound vortices of strength I" form the hub vortex
of strength NT' and the tip vortices. At part load ¢ = U/(QR) — 0 (averaged velocity U, pipe
radius R, rotational speed of the pump ), the tip vortices feed a coaxial vortex ring, whose
radius equals the tip radius R;. The strength I'y of this vortex ring is increasing in time until
a critical value is reached. It is suspected that this might reason a self-excited process like the
periodic cavity cloud separation (cf. Pelz & Taubert, 2017 [2]).

Figure 1b shows the streamlines derived from this model in the meridian plane for the ratio
B := R;/R = 0.8 and a vortex strength of the ring vortex I'; of 'y = 10 U Ry.

The vortex model is a coarse geometric model of the real flow which may serve gaining insights
into the dynamics of a cavitating pump extending the work of Brennen.

Figure 2b shows the lumped parameter model of the same pump. Brennen [1, 3] proposed a
more detailed model taking a main flow and a by-pass flow into account. Nevertheless, there
are indications that the tip clearance mainly influences the pressure build up and not so much
the internal leakage of the flow (cf. Karstadt & Pelz, 2012 [4]). This behaviour is different to
radial pumps where the internal leakage shall not be neglected. With respect to the inertance
of the flow, one has to keep in mind that most of the integral kinetic energy of the flow is due to
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Figure 1. a) generic vortex system of an axial pump at part load; b) streamlines in the meridian
plane (cf. Pelz & Taubert, 2017 [2]).

a) TIPP VORTEX  HUB b)

RING VORTEX
[1] [2] CAVITATING PUMP

MASS FLOW GAININERTANCE

m+ my m+m
5 4+, DISK MADEOUTOF N T2 CAVITATING
P17 P1  papiaLBOUND VORTICEs P2 t D2 COMPLIANCE

Figure 2. a) Vortex model of an axial pump at part load [2]; b) lumped parameter model of
an axial pump.

the tip vortex flow. This is mainly because the tip vortex is located at a large radius R; — R.
Hence, it is sufficient in a first approach to concentrate on the inertance of the tip vortex flow.
Indeed, this is the focus and novelty of this paper.

2. Linear perturbation expansion and dimensional analysis

Taking disturbances up to the first order into account, the usual perturbation approach is done:
the pressure on the suction and pressure side are expanded as p;1(t) = p1+p1(t), p2(t) = Po+pa(t).
Similar the mass flow rate on both sides of the pump are perturbed: mi(t) = m + m(¢),
ma(t) = m + mo(t). Considering only linear terms in the expansion, the transform such
as m = R [mqexp (iwt)] is made for all fluctuating quantities. The remaining equation for
perturbations to the power zero is the pump characteristic

P2 — P1 = Ap(m). (1)
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The remaining equation for the linear perturbation is the transfer characteristics given by the

relation R X
[Pll P12:| [pl] _ [m] 2)
Py Por| |y ma|

The momentum and continuity equation solve the elements P;; of the dynamic transfer
characteristics. The momentum equation in three equivalent representations yields:

Qlﬂ'R2UQ = ’I’hgl = I = 7TR2(]51 — ]52) (3)

U, is the area averaged velocity at the outlet, [ is the inductive length and I the rate of change
of the axial momentum. With the inductive length [ of the pump being determined as it will
be done in the following section, the inertance L of the pump is given by LI/7R?. As an
orientation, the inductive length of a simple aperture in an unlimited plane wall of infinite
thickness is Ry ~ w/4R; [5]. For the low pressure LOX inducer in the Space Shuttle main
engine, Brennen derives the approximation L ~ 10/R; from measurements, i.e. the inductive
length of this inducer is nearly thirty times the tip radius: | = L7R? ~ 30R;. The continuity
equation, ignoring cavitating mass flow gain, reads

Ve . . .
O by — iy + g = 0, (4)

npi

where V is the cavity volume. This investigation ingnores the mass flow gain due to cavitation as
it mainly influences the damping and not the frequency itself. In the following, the abbreviation
for the hydraulic compliance C := V. /(np;) is used. The polytropic exponent n equals one for
a "small” cavity and equals v = 1.4 for a ”large” cavity [6]. With the abbreviations L and C
and the transformation into the frequency domain, we derive

(1 4+ w?LC) p1 — iwLrivg = po, (5)
—iwCp1 + M1 = Mma. (6)

The pressure shall be non-dimensionalyzed by the dynamic pressure ¢Q?R? and the mass flow
rate by oQR3. Dividing the first equation by 0Q?R? and the second equation by oQ2R} we obtain

(14 wiLyCy) pry — iwy Lyring = pay, (7)
—wy Chpiy + My = Moy, (8)
By inspection we gain the dimensionless products to be

w 132 CO% 1V, oQ?R? 2V. 1
—, Ly =LR=— (Cf:=—=—— ~ ——— for p1 > py. 9
o Tt TR CTT R, nR® p nR pr>pe (9)
t t
Hence, the pump compliance is inverse proportional to the cavitation number
o :=2(p1 — pv)/ (02 R?), assuming the vapour pressure is much smaller than the suction pres-
sure: p1 > py. This result is not new, but the dimensional analysis is indeed a nice affirmation.
We now employ the vortex model sketched in Figure 1 and 2: we assume the cavity volume V;
to be the core of the coaxial vortex ring shown in Figure 1. If the core radius is § = eR;/2, the
volume is given by V. = m2R}c?/4. With this the dimensionless compliance yields
2
me)“ 1
c, = (10)

m o

Wy =

From the mentioned performance experiments of the low pressure LOX inducer in the Space
Shuttle main engine, Brennen derived the approximation Cy ~ 0.050~!. Comparing this datum
with the result from equation (10) we estimate € ~ 0.1...0.12 for 1 < n < = 1.4. Thus, the
core radius 0 of the ring vortex ring is estimated to be

§ ~ (0.05...0.06) Ry. (11)
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3. Inertance of the pump derived from the velocity potential
In the coarse-graining limit model, the core of the vortex ring is seen as a washer-like vortex
sheet located at z = 0, Ri(1 —¢e) < r < R;. The tangential to the surface of the sheet is
W at z = 04 and —W at z = 0_. Hence, the circulation of the vortex ring is I'y = 2e R;W.
Alternatively the strength of the vortex ring is given by the dimensionless product

Iy w

- c—. 12
SRU U (12)

T =

From Euler’s equation and the energy equation we derive the pump characteristics NT'Q /27 =
(QR)?(1—¢/$) and thus NTQ/2r — (QR;)? for ¢ — 0 [2]. In our model, the N tip vortices of
strength I" roll up in time ¢ to form I'y = NI'Qt /27 [2]. With the ratio 8 := R;/R = 1—s, where
s is the dimensionless tip clearance, there is an upper bound for 7. The pump performance
affects the upper bound to be I'; < (QR;)?t at severe part load ¢ — 0, yielding

r,  1QtND 0t
— e find el 1
SRU 227 RU 2 9 (13)

The velocity potential ¢. of the coaxial vortex ring in a parallel flow is

¢€[<]TJ,;>:%_ggm%(m@exp( 4) 2 /Jl Ta(h).

6(1 €)

as derived by Pelz & Taubert, 2017 [2]. The numbers k,, for n = 1,...,00 are the roots of the
Bessel function: Ji(k,) = 0. For eW = 7U = const. and ¢ — 0 the integral simplifies to the
expression
B
tim = [ (k) (%) = 62 i (k) (15)
e—0 € R/ R R ’
B(l-e)
applying L’Hopital’s rule. Hence, we have the singular solution for the coaxial ring vortex in
the tube with its flow potential

0urz) | 9n2) 2y pNS hlnd) (ko) exp<_knﬂ> . (16)

UR UR R

The contour lines of the related Stokes stream function

i () e S ) e (R R) o

are plotted in Figure 1b. With the result of equation (14) we are now set to derive an analytic
expression for the inertance L, of the pump. Following Saffmann [7], the momentum used in
the momentum equation (3), I = A(p; — p2), yields

B
JE T T
I:Q/¢an'€zdSB:—47TR2 /¢ET0+ Ed(§>
SB

B(1—¢)

2
~ STRMUT Z '2 Z% /Jo =d(3) (18)
s(i-e)
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for small € — 0. The hydrodynamic impulse of the bound vorticity equals the virtual momentum
since the volume of the body is zero. The integral is approximated by

B
/Jo (k,%) %d(%) ~ ef2Jo (k). (19)
B(i-e)

Hence, the momentum yields

I = 8mRyer? Z Jl(lZn/zB])2{z(l;n5)’
nJo\fvn

n=1

(20)

with the mass flux m = oUnR?. From equation (3) we obtain sl = I or with | = LwR? =
L, mR;/B? the reduced inertance of the pump

chd(ﬁ) — ﬁ o 8_/85 Z Jl(knﬁ) JO(knB) (21)

N FnJG (kn)

ET ™
n=1

The reduced inertance of the pump is plotted versus the dimensionless tip clearance s =1 — (8
in Figure 3 for 0 < s < 0.1. For small tip clearance s — 0 the reduced inertance tends to its
maximal value and decreases with increasing tip clearance.
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Figure 3. Reduced inertance L,oq over tip clearance s, equation (21).

From result (21), the auto-oscillation frequency of the pump is determined to be

1/2
wa 1 2n o > (22)

rAa _ -2 _ (- _ =" “
Q (CrLy) <772 Lyieq(s) Te3
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With the results of Brennen, i.e. ws/Q = (20)/2, n ~ 1, € ~ 0.1 the typical dimensionless

circulation is of the order
1000 1 100

T(S) ~ 2 Lred(s) - Lred(s).

The upper bound, equation (12), is due to the pump characteristics with the flow number
v =U/ RQ.

(23)

4. Conclusion

The results derived within the framework of this paper highlight that an analytical approach
leads to the determination of both, inertance L and compliance C' of the tip clearance flow of an
axial pump. For this case the influence of the tip vortex on the pressure build up is higher than
the internal leakage of the flow (cf. Karstadt & Pelz, 2012 [4]). Hence, these characteristics are
of great importance for calculating the transfer behavior of these types of turbomachines. With
this in mind, the investigation derives the auto-oscillation frequency of an axial pump.
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