
IOP Conference Series: Earth and Environmental Science

PAPER • OPEN ACCESS

Construction of a reduced-order dynamic model for prospective swirling
flow control in hydraulic turbine draft tube
To cite this article: Pavel Rudolf et al 2019 IOP Conf. Ser.: Earth Environ. Sci. 240 022065

 

View the article online for updates and enhancements.

This content was downloaded from IP address 221.226.175.204 on 10/10/2019 at 09:22

https://doi.org/10.1088/1755-1315/240/2/022065


Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

29th IAHR Symposium on Hydraulic Machinery and Systems

IOP Conf. Series: Earth and Environmental Science 240 (2019) 022065

IOP Publishing

doi:10.1088/1755-1315/240/2/022065

1

 

 

 

 

 

 

Construction of a reduced-order dynamic model for 

prospective swirling flow control in hydraulic turbine draft 

tube  

Pavel Rudolf 1, Ondřej Urban1 and David Štefan1  

1 V. Kaplan Department of Fluid Engineering, Faculty of Mechanical Engineering, 

Brno University of Technology, Technická 2896/2, Brno 61669, Czech Republic 

 

Email: rudolf@fme.vutbr.cz 

Abstract. Vortex rope in Francis turbine draft tubes poses serious problems. Emphasis on 

operation of the turbines in wide operating range, quite far from the design point, is a challenge 

for both the turbine designers and power plant owners. While flow control becomes popular in 

aircraft and automotive industry, it is still feared in turbomachinery. Present paper brings results 

of investigations aimed on construction of a reduced order model, which describes dynamics of 

the swirling flow in the draft tube. First step is assesing the dominant modes of the flow, second 

step is projection of those modes onto a transport equation. Final set of ordinary differential 

equations is a relatively simple model of the time evolution of the flow dynamics, which is basis 

for the flow control aiming on mitigation of the instabilities (e.g. vortex rope). 

 

1.  Introduction 

Operation of hydraulic turbines in off-design operating points is associated with highly swirling flows 

exiting from the runner. This is especially the case for Francis and propeller turbines where the moment 

of momentum imparted by guide vanes cannot be fully processed by the runner for partload and overload 

operating points. Resulting swirling flow is susceptible to instabilities of the vortex breakdown type and 

so-called precessing vortex rope arises for the partload operation (i.e. corkscrew shaped coherent 

vortical structure rotating with opposite sense than the runner with rotational speed around 1/4th to 1/3rd 

that of the runner), see figure 1. Vortex rope induces severe pressure pulsations (synchronous and 

asynchronous), which threaten the turbine operation (increased level of noise and vibrations), operating 

range limitations and lifetime decrease.  

Thorough investigations of this phenomena started in seventies of the 20th century employing 

different analytical tools. Development of advanced experimental and computational methods enabled 

deeper insight [2, 3] and provided information for more sophisticated analytical approaches [4, 5], but 

still we are far from complete physical description.  

However current situation in energy sector emphasizes the flexibility of hydropower (run-off river, 

accumulation, pump storage power plants) for control of the electrical grid stability, balancing the load 

and maintaining the grid frequency. This poses request for turbine operation away from the best 

efficiency point, i.e. in partload or even no-load conditions. 
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Figure 1. Vortex rope visualization for the part 

load operation of Francis turbine [1]. 

Figure 2. Scheme of active closed-loop control 

of the draft tube flow [9]. 

 

2.  Flow control 

Demand on increasing of flow machines parameters and generally parameters of all devices exploiting 

fluid flow (e.g. increase in efficiency, lower drag, extended operating range, low noise) can be hardly 

met by mere shape optimization.  Therefore different flow control strategies are being developed. 

2.1.  General overview 

By flow control is understood manipulation of the flow to suppress undesired flow features: boundary 

layer separation, vortices, flow recirculations. Historically older and frequently used is passive flow 

control, i.e. introducing shape modifications or devices, which do not need energy supply (vortex 

generators on wings, fins limiting inlet recirculation in pumps, car spoilers). Passive control usually has 

applicability limited to narrow operating range, often at expense of decreasing the device efficiency or 

other parameters. 

Active control devices are usually more complex, but provide the control ability over wider operating 

range. However energy has to be supplied to such devices from external source (e.g. plasma actuators 

or synthetic jets on wings). Most of the active control devices are operated in open loop. It means that 

no feedback information is provided to optimize the energy requirements of the control device according 

to the actual flow conditions. Recently, closed-loop flow control was suggested for airplanes and cars. 

Active closed-loop control means real-time adjusting of the flow control according to the feedback from 

sensors. While this technique is much more complex it can also be much more efficient both in terms of 

the undesired phenomena suppression over the whole operating range and the energy consumption. 

Closed-loop control requires not only the actuator for flow manipulation, but also sensors and a control 

unit. The control unit consists of a controller, whose heart is a reduced order model, which describes the 

flow dynamics. 
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2.2.  Flow control in hydraulic machines 

While active flow control becomes increasingly investigated in aerodynamics and gas machines, there 

are just few examples in hydraulic machines. To illustrate application of active flow control in aircraft 

industry it is worth mentioning the fluidic nozzle actuators on Boeing airplane tail to suppress flow 

separations [6] or synthetic jets on highly loaded subsonic compressor cascades [7]. 

In hydraulic machines air admission through the runner cone for suppression of pressure pulsations 

is an active control measure. Approach of Resiga [8] with water injection to mitigate vortex rope is also 

active open-loop control. Active control in hydraulic machines, compared to gas machines, is difficult, 

because of the working medium density difference. Higher inertia of water poses higher energy 

requirements on flow manipulation. It should also be admitted that operators’ demand on robustness of 

such control is eligible and presents serious difficulty especially when controlling units with outputs on 

the order of tens or hundreds of megawatts. 

However authors of this believe that closed loop active control is the only way how to further enhance 

parameters of the hydraulic machines, especially achieving extended operating range. Design of the 

reduced-order model for the active control of the draft tube flow by water injection is presented. It is the 

first step to investigate for example intermittent (pulsating) water injection, which might save energy 

compared to current continuous jet injection, see figure 2. 

3.  Flow decomposition as a prerequisite for reduced-order model construction 

To setup the low order dynamical model it is necessary to extract the main flow features, i.e. those flow 

structures that carry most of the energy. There are several techniques to accomplish this task, proper 

orthogonal decomposition (POD) being probably the most popular one [10]. A series of so called 

snapshots (realizations of the flow field in consecutive time instants) has to be supplied for POD [11]. 

The snapshots can be result of CFD simulation or data from PIV measurements. Advantage of CFD is 

possibility to provide the data in a 3D domain. 

Assume a function 𝒗 = 𝒗(𝒙, 𝑡) (e.g. velocity field), which can be expressed as a sum: 

 

𝒗 = ∑ 𝝓𝑗(𝒙)𝑎𝑗(𝑡)

𝑛

𝑗=0

 (1) 
 

where 𝝓𝑗 is a spatial function (i.e. shape of the POD mode) and 𝑎𝑗 is a temporal function, which 

describes the temporal evolution of the 𝝓𝑗 modes (note: temporal functions 𝑎𝑗 in POD are not pure 

goniometric functions and can be rather complicated, especially for higher modes). This decomposition 

is optimal in sense of the least square approximation. Identification of the modes starts with correlation 

matrix: 

 

𝑪(𝑡, 𝑡 ,) = ∫ 𝒗(𝒙, 𝑡). 𝒗(𝒙, 𝑡 ,)d𝒙

Ω

 (2) 
 

The optimization problem (1) leads to Fredholm integral equation: 

 
1

𝑇
∫ 𝑪(𝑡, 𝑡 ,)𝑎𝑖(𝑡 ,)

𝑻

d𝑡 , = 𝜆𝑖𝑎𝑖(𝑡) (3) 
 

 

where 𝜆𝑖 is the eigenvalue. Since 𝑪 is positive definite matrix, the eigenvalues 𝜆𝑖 are real positive 

numbers. If vector 𝒗 corresponds to velocity then components of the correlation matrix 𝑪 correspond to 

kinetic energy and also 𝜆𝑖 is proportional to kinetic energy of the particular mode. Ranking the 

eigenvalues according to their magnitude then means ranking of the POD modes according to the kinetic 

energy they contain. This property enables to identify the most relevant modes for construction of the 

low-order dynamical model.  

More on the POD applied to draft tube vortex rope can be found in [12, 13] and to the mitigation of 

vortex rope in [14].  
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4.  Reduced-order model 

4.1 Reduced-order model by means of traditional Galerkin method 

General description of the reduced order model setup can be found in [15]. Assume incompressible 

Newtonian liquid. The flow of such liquid is governed by the Navier-Stokes equation 

 

 𝜕𝒗

𝜕  𝑡
+ 𝒗∇𝒗 = −

1

ρ
∇𝑝 + 𝜈∆𝒗 (4) 

 

 

where 𝒗 is the fluid velocity, 𝑝 pressure and 𝜈 kinematic viscosity. The velocity and pressure field can 

be obtained by CFD modelling or experimental measurements. If we have such data, we can decompose 

them using numerous techniques to the form 

 

 

𝒗 = ∑ 𝝓𝑗(𝒙)𝑎𝑗(𝑡)

𝑛

𝑗=0

 (5a) 
 

 

 

𝑝 = ∑ 𝜓𝑗(𝒙)𝑎𝑗(𝑡)

𝑛

𝑗=0

 (5b) 
 

 

If only 𝑚 modes, where 𝑚 ≪ 𝑛, are enough to capture the most important patterns of the flow 

(coherent structures), it is possible to construct efficient reduced-order model using Galerkin method. 

First step is to perform Galerkin projection of the Navier-Stokes equation onto the space of 𝑚 test 

functions 𝝋𝑖. To simplify the notation, we set 

 

 
(𝒂, 𝒃)Ω = ∫ 𝒂 ⋅ 𝒃

Ω

dΩ (6) 
 

 

Galerkin projection is then defined by 

 

 
(𝝋𝑖,

𝜕𝒗

𝜕  𝑡
+ 𝒗∇𝒗 +

1

ρ
∇𝑝 − 𝜈∆𝒗)

Ω

= 0 (7) 
 

 

In traditional Galerkin projection, (5a) and (5b) are plugged into (4) and 𝝋𝑖 is set to be 𝝓𝑖. In general 

we must consider vectors 𝝓𝑖 to be non-orthogonal. Using matrices defined by 
 

 
𝑚̂𝑖𝑗 = (𝝓𝑖, 𝝓𝑗)

Ω
, 𝑙𝑖𝑗 =

1

𝜌
(𝝓𝑖 , ∇𝜓𝑗)

Ω

+ 𝜈(𝝓𝑖, ∆𝝓𝑗)
Ω

, 𝑞̂𝑖𝑗𝑘 = −(𝝓𝑖, 𝝓𝑗∇𝝓𝑘)
Ω

 (8) 
 

 

we obtain a set of ordinary differential equations: 

 

 

∑ 𝑚̂𝑖𝑗

d𝑎𝑗

d𝑡

𝑚

𝑗=0

= ∑ 𝑙𝑖𝑗𝑎𝑗 + ∑ 𝑞̂𝑖𝑗𝑘𝑎𝑗𝑎𝑘

𝑚

𝑗,𝑘=0

𝑚

𝑗=0

 (9) 
 

 

The equation is then multiplied by the inverse of 𝒎̂ 
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d𝑎𝑖

d𝑡
= ∑ 𝑙𝑖𝑗𝑎𝑗 + ∑ 𝑞𝑖𝑗𝑘𝑎𝑗𝑎𝑘

𝑚

𝑗,𝑘=0

𝑚

𝑗=0

 (10) 
 

 

The zeroth mode 𝝓0 is typically the ensemble average. In that case, 𝑎0 = 1 and its time derivative is 

zero. It is then possible to put the first equation away and in the rest set 𝑎0 = 1. In this case the model 

only describes fluctuations of the flow field. After redefinition of matrices 

 

 
𝑐𝑖 = 𝑙𝑖0 + 𝑞𝑖00, 𝑙𝑖𝑗 = 𝑙𝑖𝑗 + 𝑞𝑖𝑗0 + 𝑞𝑖0𝑗 (11) 

 

 

We obtain the final form 

 

 
d𝑎𝑖

d𝑡
= 𝑐𝑖 + ∑ 𝑙𝑖𝑗𝑎𝑗 + ∑ 𝑞𝑖𝑗𝑘𝑎𝑗𝑎𝑘

𝑚

𝑗,𝑘=1

𝑚

𝑗=1

 (12) 
 

 

The final modes consist of only 𝑚 ordinary differential equation. For flows with dominant coherent 

structures, 𝑚 in order of tens can be enough to obtain reasonable description. The drawback is that the 

accuracy quickly drops when moving away from the refference point, i.e. the point in which the velocity 

and pressure data were obtained. Traditional Galerkin models can also suffer from numerical instability 

as it was shown by Noack et al. 0. 

 

 

4.2 Application of Galerkin method on vortex rope 

The data for POD method were obtained by CFD simulation using the Reynolds-averaged Navier-Stokes 

equations and the Reynolds stress equation model to model the Reynolds stress tensor components. The 

spatial domain was the draft tube of swirl generator designed by Resiga et al. [17]. The inlet boundary 

condition was obtained from CFD simulation of the whole geometry. At the outlet, zero static pressure 

is prescribed. Flow was simulated as one-phase, without cavitation. A total of 713 snapshots with 10-3 

s time step were taken for POD analysis. This time interval covers exactly 11 periods of the precessing 

motion of vortex rope. However, for the simulation itself, the time step was set to 10-4 s. In figure 1, the 

resultant vortex rope is depicted.  

In case of RANS simulations of turbulent flow, the transport equation onto which the POD modes 

should be projected is Reynolds-averaged Navier Stokes equation and not the pure Navier-Stokes 

equation. Although RSM model was used for the CFD simulation, Boussinesq hypothesis approach is 

adopted for construction of the reduced model (note: turbulent viscosity can be recovered applying 

Prandtl-Kolmogorov relation for turbulent kinetic energy (TKE) and turbulent dissipation rate, where 

TKE is computed from the Reynolds stress tensor components and transport equation for turbulent 

dissipation rate is part of the RSM model).  

 𝜕𝒗̅

𝜕  𝑡
+ 𝒗̅∇𝒗̅ = −

1

ρ
∇𝑝 + 𝜈∆𝒗̅ + 𝜈𝑡∆𝒗̅ + 2𝑺∇𝜈𝑡 −

2

3
∇k (13) 

 

 

The last 3 terms in (13) are result of the Boussinesq hypothesis. Overbar stands for averaged values and 

𝑺 is the strain rate tensor. 
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Figure 3. Vortex rope visualized by isocontour of static pressure. On the left, the structure is developed 

and its isocontour is smooth. On the right, the structure itself is undergoing instability. 

 

As the next step, POD of the flow fields was performed. The data matrix was composed as follows 

 

 
𝑨T = (𝒗𝑥

T, 𝒗𝑦
T, 𝒗𝑧

T, 𝒑𝐓, 𝝂𝐓, 𝒌𝐓) (14) 
 

 

where T denotes transposition. Turbulent viscosity 𝝂 and turbulent kinetic energy 𝒌 were also included 

to account for turbulence in the reduced-order model using Boussinesq hypothesis rather than Reynolds 

stresses. To justify this, it was necessary to check that the difference is negligible. With more than one 

variable in the data matrix it is suitable to nondimensionalize them. The most important modes of static 

pressure are depicted in figure 4. 

 

 
 

    
 

Figure 4. Ensemble average and the most important POD modes of static pressure visualized by 

isocontours. Only one of the pair is depicted. 

 

Importance of modes can be quantified using ℓ2 norm. The dependence of reconstruction accuracy 

on number of summed most important modes using this norm is depicted in figure 3. It can be seen that 
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90 % accuracy on average in recovering of the original fields is obtained using 20 modes. The 

convergence to 100 % from this point is slow. It can be expected that with longer time domain the 

convergence would be even slower. This is because of the instability of the vortex rope which is not 

low-dimensional. 

 

        
 

Figure 5. Dependence of reconstruction accuracy on number of summed modes (left), reconstruction of 

vortex rope isocontour (right). Original snapshot is depicted in figure 3. 

 

The reconstruction of static pressure field from figure 5 shows that 13 POD modes are enough to 

capture the basic structure, but not enough to capture the instabilities. They are reasonably captured with 

101 modes summed, but this is only valid for the reference time interval as the dynamics are high-

dimensional. It is clear that utilizable reduced-order model will have to ignore not a minor part of the 

dynamics. 

 

Final step is to perform Galerkin projection of selected number of POD modes onto the Reynolds-

averaged Navier-Stokes equation. The model is then solved for the reference point, i.e. the initial 

condition are the first values of temporal POD modes. Therefore, comparison of them can be used as a 

measure of accuracy. Results for different number of modes included in the model are depicted in figs. 

6 and 7. 

 

      
 

      
 

Figure 6. Comparison of ROM results with temporal POD modes. Used modes: 15. 
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Figure 7. Comparison of ROM results with temporal POD modes. Used modes: 30. 

 

It can be seen that the results are reasonably accurate only for rather short time. Then a rapid 

transition to incorrect attractor occurs. Results of model with 15 modes tend to converge to too simple 

dynamics whereas model with 30 modes tend to converge to more complicated dynamics. Temporal 

POD modes (functions 𝑎𝑖) are by definition rather complicated and pose a problem in setting up ROM, 

which correctly evolves in time. This leads to a proposal for using simpler modes (e.g. DMD or Fourier 

modes), but at the price of higher requirements on the number of modes. 

 

5.  Conclusion 

A procedure for construction of a reduced-order model, which describes the dynamics of the coherent 

structures within the draft tube for part load turbine operation is described. The resulting ROM is based 

on POD modes from RANS CFD simulation. Considerable inaccuracy of the model is observed after a 

short time interval. This discrepancy can be attributed to two facts. First, because RANS simulation was 

used to set up the POD modes, turbulent viscosity plays significant role. Future work will use POD 

modes from LES simulation, where most of the flow is directly computed and turbulent viscosity is only 

on the subgrid level. Second, different forms of decompositions will be tested to overcome troubles with 

awkward evolution of the temporal mode functions.  

It should also be noted that the proposed reduced-order model is only valid in vicinity of the selected 

operating point. To cover the whole turbine hill chart, it is necessary to include so-called shift modes, 

which allow to switch between different operating points [15]. 
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