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Abstract. Multiple approaches have been exploited to improve the resolution and sensitivity of 
Kelvin probe force microscopy (KPFM), among which an apparent method is to use probes 
with sharp tip apex or with nanotube attached. In this paper, the electrostatic force in KPFM 
with nanotube probe was calculated by Green's function theorem and boundary element 
method. Based on the force analysis, the sensitivity and resolution of KPFM using ordinary 
and nanotube probes were further quantitatively compared with each other. It was found that 
KPFM measurement with nanotube probe had a better resolution, however, the sensitivity 
deteriorated under air condition that might constrain its applications. 

1.  Introduction 
Kelvin probe force microscopy (KPFM) has been extensively used to characterize the surface 
electronic properties of metal, semiconductor and organic samples since its invention in 1990s [1-5]. 
The KPFM technique has been developed from non-contact atomic force microscopy (AFM), and thus 
it has a limited resolution due to the long-range electrostatic force between the tip and sample [6-8]. 
Up till now, several approaches have been proposed to enhance the resolution capability of KPFM. 
One approach improves the feedback system, e.g., to use frequency modulation (FM) feedback instead 
of amplitude modulation (AM) so that the signal is sensitive to the more localized force gradient rather 
than force itself [9], or to use heterodyne AM mode that has a better resolution compared to AM mode 
and a better sensitivity compared to FM mode [10]. Another approach improves the AFM probe, e.g., 
to use probes with sharp tip apex or with carbon nanotube (CNT) attached [11]. 

Here, we focused on the latter approach and precisely calculated the electrostatic force in KPFM 
with CNT probes by Green's function theorem and boundary element method, through which the 
sensitivity, point spread function and resolution were quantitatively determined. The result was 
compared with that of ordinary probes, and the advantage and disadvantage of the measurement with 
nanotube probes were discussed accordingly. 

2.  Force analysis in KPFM with CNT probe 
The shape of an ordinary silicon probe typically used in KPFM measurement is shown in figure 1(a), 
and that of CNT attached is shown in figure 1(b). The apex radius and length of silicon tip are 25 nm 
and 15 m, and those of attached nanotube are 3 nm and 100 nm, respectively. In KPFM 
measurement, a DC voltage (VDC) is applied between the conductive probe and sample to nullify the 
local contact potential difference (CPD) by Kelvin feedback controller, and an AC voltage (VAC) is 
also applied for signal modulation [7]. The electrostatic force under DC bias is essential to the 
detection signals, so the force analysis is important in the determination of sensitivity and resolution. 
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Figure 1. The geometry of (a) an ordinary probe and (b) a CNT attached 

probe. The size parameters of cantilever (L, W, H) and tip (R, l, , Rt, lt) are 
also listed in the inset. 

 
The force in KPFM with ordinary or CNT attached probes can be calculated using Green's function 

theorem and boundary element method [7, 8]. The main procedure is to calculate a reciprocal Green's 
function matrix (G) and a probe surface-related diagonal matrix (D), by dividing the probe surface 
boundary into N elements first (labeled as Si, i=1, 2,…N). The G matrix is an N by N matrix with its 
ijth element defined as 
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where 0 is the vacuum permittivity, ir  denotes the central position of element Si, ir  is the image 
position of ir  with respect to the sample surface, and Sj denotes the jth boundary element related to 
variables ds' and 'r . The D matrix is an N by N diagonal matrix whose diagonal element is 
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where n̂  is the normal unit vector of ds', and ẑ  is the unit vector of z-axis. The electrostatic force on 
the probe under a DC bias (configuration shown in figure 2(b) inset) is then given by [8]  

1 1 2( )T
DCF V− −= G I DG I

 
,           (3)  

where I


 is an N by 1 vector with identical elements of 1. Notice that the D matrix is independent of 
tip-sample distance, however, the element of G matrix increases as the tip-sample distance increases, 
and therefore the electrostatic force will decrease on the contrary. Moreover, the force gradient can be  

 
Figure 2. (a) The calculated electrostatic force and (b) force gradient in KPFM with 

ordinary or CNT attached probes. The tip-sample voltage is kept 1 V in all the 
calculations. 

obtained by the derivative of equation (3), given by 
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Figure 2 shows the calculation results of the electrostatic force and force gradient by ordinary and 
CNT attached probes when the tip-sample bias equals to 1 V. It is shown that the electrostatic 
interaction is reduced when CNT is attached, due to the smaller effective radius of tip apex. Besides, 
the variation of force and force gradient of ordinary probe are both larger than those of CNT 
counterpart when tip-sample distance increases from 5 nm to 30 nm, implying that the detection result 
using ordinary probe is more sensitive to the tip-sample distance, whereas that using CNT probe is 
more consistent.  

Quantitatively, the sensitivity of KPFM, which is defined as the minimum detectable potential 
difference, can be obtained by (here we only consider AM mode) [12] 

δ
| |

z
CPD

AC

kn BV
Q C z V

=
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,                             (5) 

where k ans Q are the spring constant and quality factor of the cantilever, nz is the noise density, B is 
the bandwidth of the lock-in amplifier, VAC is the AC voltage of KPFM system, and 

1 12( )TC z − −∂ ∂ = G I DG I
 

 is the capacitance gradient that can be deduced from equation (3) (using the 
relation 21

2 DCF C zV= ∂ ∂ ). Figure 3 shows the calculated sensitivity of ordinary and CNT attached 
probes, where the typical values for the cantilever working in air are used in all the calculations, that is, 
k = 2.5 N/m, Q = 200, nz = 100 fm/Hz1/2, B = 200 Hz1/2, and VAC = 1 V [13]. It is found that CNT probe 
has a poorer sensitivity than the ordinary counterpart due to the smaller electrostatic interaction as 
demonstrated in figure 2. A possible way to improve the sensitivity of CNT probes is to use a large 
VAC, but it may change the electronic states of the sample. 

 

 

 

 
Figure 3. The calculated sensitivity of KPFM 

measurement using ordinary and CNT attached 
probes. 

 Figure 4. (a) The signal processing diagram 
of KPFM system; (b) The calculated PSF of 
CNT probe at tip-sample distance of 5 nm. 

3.  Resolution analysis in KPFM with CNT probe 
Previous electrostatic analysis have shown that the KPFM system is analogous to an optical imaging 
system that its resolution power can be described by a point spread function (PSF) [7]. The output 
signal of KPFM is the convolution result of contact potential difference (VCPD) and PSF, as shown in 
figure 4(a). Considering the system noise, the KPFM signal can be written as 

DC CPDV PSF V noise= ∗ + .          (6) 
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where the asterisk symbol denotes two-dimensional convolution operator. The PSF can be constructed 
from G and D matrices [7] 

 1 1 1 1 1( , ) [( ) ] ( )T TPSF x y − − − − −= G I DG I G I DG h
   

,       (7) 
where h is a N by 1 vector whose ith element is 2 2 2 3/2

2 [( ) ( ) )iz
i i i ih x x y y zπ

−= − + − + , and (xi, yi, zi) is 
the position of boundary element Si. An example of PSF matrix with CNT probe is shown in figure 
4(b), where the center denotes the tip apex position at x-y plane. Because the G matrix is dependent of 
tip-sample distance, PSF is also tip-sample distance dependent.  

Figure 5 shows the profiles of PSFs with CNT probe at different tip-sample distances. If the image 
is exactly equal to object in the imaging system (i.e., no distortion occurs), the PSF is ideally the 
Dirac-delta function. Here, the PSF has finite height and width, indicating that the KPFM image (VDC) 
is distorted from the contact potential difference (VCPD). Besides, the PSF intensity gradually reduces 
and the full-width at half maximum (FWHM) enlarges as the tip-sample distance increases. The PSF 
FWHM of ordinary and CNT probes is shown in figure 6, which has been considered as the resolution 
limit in previous works [7, 8, 14]. The result shows that the resolution limit increases linearly for both 
probes; therefore, a small tip-sample distance is preferred in KPFM detection in order to obtain good 
sensitivity and resolution. Besides, the resolution of CNT probe is better than that of ordinary one, in 
accordance with expected as the attached CNT has much smaller radius of tip apex. 

 

 

 
Figure 5. PSF profiles of CNT probe at 

different tip-sample distances. 
 Figure 6. PSF full width at half maximum of 

ordinary and CNT probes at different tip-
sample distances. 

4.  Conclusion 
Nanotube attached probes are thought can enhance the performance of KPFM measurement, and here 
we analysed the electrostatic force and force gradient in KPFM with ordinary or CNT attached probes, 
by Green's function theorem and boundary element numerical method. Accordingly, their sensitivity 
and resolution are quantitatively calculated through linear algebra based algorithm. Calculation results 
show that the resolution limit can be improved with CNT probe, however, the sensitivity when 
working in air condition will be deteriorated due to small electrostatic interaction. Moreover, small tip-
sample distance is recommended in KPFM measurement with both probes, to obtain better sensitivity 
and resolution performances.  
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