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Abstract. Inhomogeneity of strains in individual grains are calculated using the field-theoretical 

approach in the mechanics of polycrystalline materials. It is shown that the microstructure 

surrounding the grain strongly influences the amplitude of the non-uniformity of strains in the grain. 

In the random microstructure of a polycrystal, there are specific clusters of grains in which very large 

strain fluctuations are realized. The strains in these clusters exceed macrostrains several times. The 

patterns of such extreme clusters are presented. Extreme strain fluctuations in bulk grains exceed 

fluctuations in surface grains by 40%. This may be one of the reasons for the movement of sites of 

damage initiation in gygacycle fatigue mode from the surface of a polycrystalline sample into the 

bulk. 

1. Introduction 
Determining microstructure-property relationships is an essential engineering problem and an important 

area of experimental and computational materials science. Due to the stochastic structure of polycrystals, 

the strain and stress fields at the meso-level are random, highly fluctuating inhomogeneous fields. Numerous 

studies described, for example, in review articles [1, 2, 3, 4], indicate the importance of estimating the 

magnitudes of strains fluctuations and their connection with the microstructure, especially in matters of 

gygacycle fatigue, where macro stresses and strains are very small. Fluctuations of strains in a grain depend 

on its shape, orientation, and interaction with the surrounding microstructure. Experiments of recent years 

using X-ray microscopy [5, 6, 7] revealed the existence of specific clusters of grains in polycrystals, which 

have a strong influence on the damage initiation and other localized critical phenomena. Extremely large 

strains and stresses are realized in these clusters. It was found that the interaction of grains plays a crucial 

role in the appearance of high strains and stresses [8, 9, 10]. 

Extreme clusters have characteristic microstructure patterns specific for different types of grain 

anisotropy and conditions of macro loading. The probability of the formation of these clusters is small; 

therefore, an experimental study of possible cluster patterns and extreme fluctuations of the fields in the 

cluster grains is difficult. As a result, the development of effective theoretical and computational tools for 

finding configurations of extreme clusters, estimating the magnitudes of fluctuations in random structures 

of polycrystals is relevant. In the present work, we carried out such estimates using the field-theoretical 

approach in the mechanics of polycrystals [11]. 
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2. Field theory method for calculating strains in polycrystal grains  
Let us consider a macroscopically isotropic polycrystalline body of volume V, surface S, and denote by, 

)(rui
�

, )(rij
�

� , )(rCijkl
�

 the displacement vector, the strain tensor, and the elastic moduli tensor, respectively. 

These variables are global fields. The elastic tensor is decomposed into homogenized and fluctuating parts 

                                                                   )()( rCCrC ijklijklijkl
�� ����� ,                                                      (1) 

where �	��
V

ijklijkl rdrC
V

C ��
)(

1
 is a homogeneous isotropic tensor, and )(rCijkl

��  - a rapidly oscillating tensor 

function of arbitrary anisotropy and zero mean value. The isotropic tensor has the form 

                                              ijklijklijkl DVKC �������� 
23  ,                                                              (2) 

where ��K  and ��
  are the homogenized bulk modulus and shear modulus, ijklV  and ijklD are the spherical 

and deviatoric parts of the identity tensor 2/)( jkiljlikijklI ���� �� , and ik�  is the Kronecker symbol. 

We set two boundary problems for this body. The first problem is posed for a body with a uniform tensor 

of elastic moduli �� ijklC . The second problem is set for the same body with an inhomogeneous tensor 

)(rCijkl
�

. The boundary conditions for both bodies are the same. We use the integral form of boundary value 

problems in displacements. 

The vector of displacements in a homogeneous body with an homogenized tensor is denoted as )(* rum
�

. 

The integral equation for the displacement vector in such a body has the form [12]  

        � 
 j
S

lkmiimlkijklimim SdrrGrurrGruCrdrrGrfru ���������������� �� )()()()()()()( ,

**

,

3* �����������
 ,      (3) 

where )(rfi
�

 is the vector of volume forces, )(rGim
�

 is the Green's function of an isotropic medium with an 

averaged tensor of elastic moduli �� ijklC , the index after the comma means differentiation by the 

corresponding coordinate. 

The displacement vector for the second problem in an inhomogeneous body with a tensor of elastic 

moduli )(rCijkl
�

 is denoted by )(rum
�

. It satisfies the integral equation, which is derived similarly to (2) and 

has the form [11] 

� 
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Differentiating (3) and (4) and subtracting one from the other, as a result we obtain the equation for the 

global strain tensor )(rmn
��  

                          rdrrCrrgrr
V

klijklmnijmnmn �������� �
������� 3* )()()()()( ���   ,                                             (5) 

where 2/)]()([()( ., rGrGrg mjinnjimmnij
���

��  is the modified Green tensor. Equation (5) was obtained by 

many authors [13, 14, 15] and used in various aspects. It is similar to the Lippmann-Schwinger equation in 

quantum field theory [14].We use equation (5) to calculate inhomogeneous strains in the grains. To do this, 

we discretize the equation. First, we decompose the global strain fields and the elastic modulus tensor into 

a sum of local variables in the grains using the shape functions )(r���
 
of the grains (equal to one inside the 

grain and zero outside it) 

                               �
�

�
N

ijij rrr
1

)( )()()(
�

�
� ���

���
 and �

�

�
N

ijmnijmn rCrrC
1

)( )()()(
�

�
��

���
,                                             (6) 



XXI Winter School on Continuous Media Mechanics

IOP Conf. Series: Materials Science and Engineering 581 (2019) 012032

IOP Publishing

doi:10.1088/1757-899X/581/1/012032

3

where N is the total number of grains in a polycrystal.  

Substituting (6) into (5) leads to a system of interrelated integral equations for local fields in the grains 

              � ��
�

�������������
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    .          (7) 

The subscript of the radius vector �r
�

 indicates that it changes in the region ��
 
of the ξ-th grain. 

Next, we divide each grain into a large number of small subgrains and decompose the strains in the grains 

into sums of strains in the subgrains )())(( ra
ij

���
 
using the indicator functions of the subgrains )(ra

��
  
in which 

the upper Greek index enumerates the grains and the lower Latin index enumerates the subgrains inside the 

grain 
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This provides exact system of equations for )())((
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where term related to a-th subgrain of ξ-th grain extracted from under the sum. To solve (9) we use 

perturbation theory. Let us consider both sums as perturbation and expand solution into series upon it  
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��� ������ ���                                                                        (10) 

Iterating of (9) gives equations for corrections of all orders of magnitudes 
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........................................................... and so on. 

In the following we restrict solution by first order on perturbation and make last step of problem 

discretization. We will take strains be constant inside subgrain (due to it's small sizes) and varied by step-

wise manner when go to adjacent subgrain. Then system of integral equations (11) transforms into system 

of linear algebraic ones 
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where constant coefficients )())(( )( �

�

�
klmnbaijklb
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�

�
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b

�����	 �
���

 describe 

interactions of subgains inside the same grain and in different grains. These coefficients depend on 

microstructure of polycrystal and can be found numerically. 

3. Numerical results for model polycrystals 
We perform calculations on model polycrystals with spherical and cubic grains of equal volume. Consider 

a spherical ξ-th grain immersed in the averaged medium of all other polycrystal grains. In this case, as shown 

in [16], all corrections of higher order in exact equations (11) vanish, and corrections of zero order are the 

same for all subgrains of a spherical grain and are found from the algebraic equation 
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where )43/()3( ����������� 

� KK . For an isotropic grain in an isotropic matrix, the solution of (13) 

coincides with the Eshelby solution [17]. Inhomogeneity of strains in a spherical grain can occur only due 

to interaction with a non-uniform environment. 

In a cubic single grain inside the inscribed sphere with a diameter of 0.9 from the cube edge, the strains 

are also almost homogeneous and coincide with strains in a spherical grain with an accuracy of several 

percent. Continuous singularities take place near the edges of the cube. The interaction with the 

inhomogeneous environment of the cubic grain makes the deformations inhomogeneous inside this spherical 

region. Numerical solution of equations (12) gives the deformation at any point of the grain under 

consideration, depending on the surrounding microstructure. In this model, this microstructure is reduced to 

the orientation of the crystallographic axes of each neighboring grain. An algorithm has been developed that 

searches for extremes of deformations at any point of the grain and the corresponding microstructures of 

the environment. The algorithm sets the array of random orientations of the surrounding grains, for each 

orientation solves system (12), from the array of solutions it finds the maximum (or minimum) value and 

the corresponding microstructure of the environment. Table 1 shows the results of calculations for a zinc 

polycrystal under uniaxial tension along the vertical axis X3. 

Table 1. Extreme deformation at grain points.  
Macro strain 4*

33 103 ����  Strain at given  point  
33�  

Grain center 

maximum 10.66∙10-4 

minimum -3.66∙10-4 

Grain zenith 

maximum 11.34∙10-4 

minimum -2.79∙10-4 

 

The absolute maximum is observed on the periphery of the grain at the zenith of the spherical part, the 

absolute minimum in the center of the grain. The maximum strain in the grain exceeds the macrostrain 3.78 

times. The maximum (or minimum) strain at any point corresponds to a well-defined microstructure of the 

surrounding grains. Figure 1 shows a microstructure that generates a strain maximum in the center of the 

grain under consideration. 

            
(a)                                                          (b) 

Figure 1. Extreme grain orientation of neighbors: horizontal (a) and vertical (b) section. 

Conventions in the text. 
 

The hexagon conventionally depicts the plane of the hexagonal elastic symmetry of single crystal grains.  

The icon        corresponds  to  the  position  of  the  symmetry plane in the drawing plane, the icon  
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           depicts the position perpendicular to the drawing plane, and its inclination approximately shows the 

angle between the normal to the plane of elastic symmetry and the X3 axis, the icon        corresponds to the 

inclined position to the drawing plane at some angle, but at the same time the normal of the plane of 

symmetry is perpendicular to the axis X3. In an extreme configuration, clusters of grain-neighbors form 

symmetrical patterns. The nearest neighbors form a flat disk-shaped cluster of 9 grains of the same 

orientation around the central grain (they are darkened in Figure 1). The plane of the disk is perpendicular 

to the direction of the load. The tensile stiffness of these 9 grains is minimal in the direction of the load, 

while the surrounding grains are maximal. They form a kind of weakening zone. The diameter of this zone 

is equal to three grain diameters. If we introduce into the model a weakening zone of 5 grain diameters, then 

the strain in the central grain will decrease. It was experimentally found that in ultra-high cycle fatigue 

regime, cracks originate just in clusters of equally oriented grains [5], and the cluster size is equal to 3-4 

grain diameters. 

The magnitude of the fluctuations is significantly different for the bulk and surface grains of the 

polycrystal. The grain on the surface interacts with almost half as many neighbors as the grains deep inside 

the sample.  As a result, the maximum possible strains in the surface grains are less by 40% compared to 

deep bulk grains. The range of fluctuations also decreases. Figure 2 shows the dependence of the maximum 

strain in the grain center on the distance from the surface of the sample. Thus, the surface grains form a 

special layer of material. In a sense, this is the discharge area of a polycrystalline body. The thickness of the 

surface layer is approximately equal to four average grain diameters. 

 

 
Figure 2. The dependence of the maximum strain on the distance to the surface. 

4. Conclusions 
A characteristic feature of polycrystalline materials is a high degree of heterogeneity of kinematic and force 

fields in combination with a stochastic internal structure. This heterogeneity is insignificant in some cases, 

but it becomes crucial in the study of various critical phenomena, the occurrence of which strongly depends 

on the microstructure of the material. In this work, extreme strains in grains of polycrystals are investigated 

using the field theory approach. In a zinc polycrystal, the grains of which have a high anisotropy, the 

maximum strains in the grain are 3.78 times greater than the macrostrain. Such a concentration is due 

exclusively to the elastic interaction of structure inhomogeneities. Maximum deformations in deep bulk 

grains are 40% higher than in surface ones. This may be the cause of the movement of sites of damage 

initiations from the surface inside the samples during the transition from high-cycle to ultra-high-cycle 

fatigue. 
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The calculations were performed on model polycrystals with cubic grains. Calculations on polycrystals 

with a different grain shape give similar results. Against the background of the geometric symmetry of the 

models, patterns of extreme microstructure of the environment of the grains generating extreme 

deformations clearly manifest themselves. The specific type of patterns depends on the anisotropy of the 

grains and the type of loading. In particular, it is theoretically predicted that maximum deformations under 

uniaxial tension arise in the center of the cluster from the nearest neighbors with the same orientation, that 

is, in fact, a large grain of a specific shape and orientation. 
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