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Abstract : _In this paper , we introduced a subclass of spiral — like functions defined by generalized Komotu operator

with (R — K )integral operator with positive coefficients in the unit disk U . We obtain some new result of this class.
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1.Introduction :

Let KA denoted the class of functions defined by the form

f(=z+Y a,z", (a,20,z€U), (1)

n=2

T
Which are analytic and univalent function . For |J | < E , a function f in the (1) is said in the class S ok

if and only if

Re{e” m} >0, zeU, 2)
f(2)

where U is unit disk defined by U = {Z eC: |Z| < 1}. The class S, is aclass of all J - spiral —like

functions.

Let the function g(z)=z+ Z b,z", b,20,zeU .The Hadamard product or convolution defined as
n=2

following:
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f@*g(@)=(f*g)2)=2+, ab,z", 3)
n=2

For J =0,S,,(0) =S is well — Known the class of functions starlike with respect to the origin . For

J #0,itis known that S, (J)is not contained in .

there are many of others studied of this object as Robertson [ 9 ] showed that the radius of starlikeness of

S, (J) is (cos J +[sin(J)]) ", Spacek [10] and Zamerski [11].

Definitionl. 1: The generalized integral operator of f €S is defined as following :

h (A —L+2)" | { 1}”“ T
pHP — log — “Ndr | 4
A.a,0.k (f(Z)) W’_a”r(/l —a +1) E[ Og Tf f(HC) T ( )

where A—a<1,/>0,7>0,0>0,k >0,

so from (4) , we have the following

o /1 _ 2 H-a+l
P (F)=2+ Y, {%} )
n=2 -

If f=a=(¢=6=k=1, we have the operator defined by Komatu operator [5] .

this type of function(spiral — like functions) is studied by many researchers such as M. Hussain [2 ], K. L
Noor, Nazar Khan, M. A. Noor[8] ,K. I. Noor , Nazar Khan and Q. Z. Ahamd [7], K. I. Noor and S. Z.
Bukhari[6] And gave good results used in other research.

In the following we introduced integral operator studied by R.H Buti and K. A. Jassim denoted by (R -K )
integral operator .

Definition 1.2: The integral operator (R —K ) involving Euler formula e” = (cocA +isin A) is defined

by :

1 iA__c
[R—K];U’c(g(z))de"AJ. z‘”l”g[—qzecr Jdr

0 T

=z+Y. W(An,c,rb,z" (6)

n=2

q n—1 eiA(n—l)

_ —-1),c>0. 7
1) r>c(n-1),c> (7

And Y(A,n,c,r)=



ICCEPS

IOP Publishing

IOP Conf. Series: Materials Science and Engineering 571 (2019) 012040 doi:10.1088/1757-899X/571/1/012040

So, from(5) and (6) we have the hadamard product or convolution defined by the following :

[RKAY, 250 (f (2)* g(2)) = Ply (£ (2))*[R- K] (2(2))

=z +Z D(A,l’l,c, raﬂ/aﬂ’ﬂ’a)anbnzn ’
n=2

A—-p+2

pH—a+l
—_— *W(A,n,c,r).
A-pL+n+1

where D(A,n,c,r, A, B, u, ) = {
Definition 1.3: A function f defined by (1)be inthe S, (J)is said in the class
KAS ,(A,n,c,r, A, B, i, 0.k, y,b,n,J,q) = MR, if satisfies the condition

(1-b) f[RRATL (o) g(z))I ;)
[RKAL D50 (f(2)* 8(2)

- RKAY 2 ()% 2)] B (1 (e cosfj

[RKAL: ol (f(2)* 8(2) cosh

X ! <1,

z[[RKA]ﬁ’f’é’?’:(f(z)*g(z))] , Bt g
- —1| bz [RKAL o (f ()% g(2))] )
[RKAL 250 (f (2)* 8(2) [realzsi:( )

and 0<y<1 ,0<p<l ,

.ﬂs% A>pB+n+l 0<b<l.

The class KAS » (0,n,0,1, 4,1, 12,1,1,1,,0,77, J 1) is studied by [1] .

®)

9

(10)

In the following theorem , we obtain a necessarily and sufficient condition for the class belongs to the

class MRp .

Theorem 1.4 : A function defined by (1) be in the class MR if and only if
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> [(n—l)[(l— J+2 (- 1)}77(1 y)‘ = }D(A nae,r, 2 B ), b, < (1l 7)‘ el a
Proof: let ‘z‘ =1 . Then
(1- b>[z[[RKA];':£:;:£:: ()% 8()] - [RKALL ()% g(z))}‘ -
2n{z[[RKA]§‘:£:§:?;Z (f(2)*5()] —(1 ~(1-p)e™ Z‘;SSZJ[RKA];‘%?Z (f(2) g(z))}
[RKAY 27 (£ (2% 8(0)] ~[RKAL42 (£ (2 g(2)) - b2 [RRAY 2422 (2 g 0)] ‘
a)a,b, 7" -
‘2771(1—;/)6” ﬂ_i (=11 =25+ nb) =21 = e LD A, 2, B ) b, 2"
1/ — u

<3 A=b)Xn-DD(An.c.r. 2 fopt.c)a,b, — 21 - y)‘e” cos J

-2 cosu
i [(n—1)(1— 217 + nb) — 217z(1— )‘ s cosJ DA e, A B )ab,

- b _y cosJ _y cosJ
=> [(n—l){(l— )+ 2(n 1)}77(1 y)‘ — }D(A nc,r, A f, ,a)a,b, — 77(1—}/)‘@ 0 <0.

n=2 0S

Thus by maximum modulus theorem we have the function belong to the class.
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Conversely , let

(1-b) dralisiis @)
[RKAL 2500 (f (2)% g(2))

2n

z[[RKA]f{:fjéiQ,f (f(2)* g(Z))] B (1 e Ccos Jj
[RKAL 5l (f(2)*8(2)) osb

g I : <1,
RKALLE 08N | o s ,
) Z[[[RKA]];@Z”:%((;(;*j(;; 1| b[RKA S (@) * 8 @)])
‘ i (1-b)n—-1)D(A,n,c,r, A, B, u,@)a,b,z" ‘

‘277z(1—7/)e_” %—Z [(n—1)(1-27+nb) - 21z(1- y)e ™" Z(;SJ]D(A n.e,r, B, e)ab, 2"
n=2

Since |Re(z)| < |z| for all z, we have

Y. A=b)n-1)D(A,n,c,r,A, B, u,a)a,b,z"
Re n=2

<1
2= e L S (=)A= 20+ nb) — 221 - e COSJ]D(A noe,r, A, B a)ab, 2"
cosu = cos

n-n

We can choose z on the real axis so that [RKA]Q‘féQ: ( f()=* g(z))is real . Let z — 1 through real
value , so we get

> {(n—l{(l— I;(n 1)}”7(1_ )‘ Ly cosJ

n=2

}D(A n,e,r, 2 B s )a,b, < n(l— )‘ ﬂ
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Corollary 1.5 : Let f € MR, then

y cosJ

n(d- )‘

" [(n—l){(l—n)+l;(n—l)}+n(l—

Now , we application the (H-R) fractional calculus introduced by [3].

—iJ ‘}l)(/ﬁ,fl,C,r,){’/35/17cx)£h
cosu

Definition 1.6: The fractional integral of order s(s =0,1,2,...) if defined by

—s 1 2s+1
D@ =1 [ G0 fadu . (12)

Where f(z)is analytic function in simply connected region of z-plane containing the origin and the

2s+1

multiplicity of (z —u) is removed by required log( z —u)to be real when (z —u) > 0.

Definition 1.7: The fractional derivative of order s(s = 2,3,...)if defined by

1

Df(z) = TG0 dz !

j(z W' fadu (13)

Where f(z)is analytic function in simply connected region of z-plane containing the origin and the

2s+1

multiplicity of (z —u) is removed by required log( z —u)to be real when (z —u) >0.

Definition 1.8: From above Definition , we have the following functions G(z) and H (z) defined as

following :

G(z)=z2""""T(2+2(s +1) ' Df (2)

g g,
And
H(z)=z""T(s).Df (2)

R O as)

= I'n+s— 1)
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In the next theorem we discuss the distortion theorem for the class MR »
Theorem 1.9: Let f(z)defined by (1) be in the class MR, then

iy cosJ

n(l- )‘
H(l_") ﬂm(l y)‘ -is 08 J

|G(Z)|S|Z|+ cosu

}(2 $)D(A2,c,r, A, B, u,a)b,
And

_y cosJ

n( —7)‘6
T2 ona— =22

Proof : From Theorem 1.4 , we have

cosu

G|z 2] -

}(2+S)D(A 2,¢,r\ A, 3, ,u,a)b

cosJ
n(—ple™

i a < cosu ’ (16)
=2 H(l—n) g}rn(l— )‘ i COS; }D(AZ e.r, A B, )b,
So , from Definition 1.8 , we have

= TR2+2(s+1
G(Z):Z—i-z n ( (S )) anzn

= I'(n—1+2(s+1))

=z+ Z d(n.s)a,z", (17

n=2

nl'(2+2(s +1))

where ®@(n.s) = .
I'(n—1+2(s+1))

We see that ®D(n.s)is a decreasing function of n and

0<d(ns) <D2,.s)= ! .
2+s

So by using (11) and (12) , we have
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e )‘ iy cosJ|

H(I—n) fjm(l— )‘ -u cosJ

G| < 2]+

}(2 s)D(A2,c,r, A, B, 1, )b,

And

- o

osu
H( 77)+b}+77(1— )‘ g cosJ

Theorem 1.10: Let f(z)defined by (1) be in the class MR, . Then

G| 2]e| -

}(2 s)D(A2,c,r, A, B, 1, )b,

2n(1-pe L

H(l_n) b}Ln(l— )‘ ., cosJ
2 su

[H ()| <[]+

cosu

}D(AZcrxlﬁ’,u,a)b

And

2 -yl 07

H( 77)+b}+77(1— )‘ C"Si

Proof : From Theorem 1.4 , we have

cosu

[H (@) 2]z~

:| D(A,Z’C, r, l,ﬂ, /Ll,a)bz

(- y)‘ - €08 J

i a, < b = ’
H(l—n) | na- )‘ uHD(Azc r.A.po )b,

So , from Definition1.8 , we have

H(z) =z""T(s)!Df (2)
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- nllGs) -,
, 18
; Tnts—1) "° .

n!T'(s)

Where R(n.s)=——-"—.
I'nh+s-1)

We see that R(n.s) is a decreasing function of n and
2

0 < R(n.s) < R(n.s) =—
s

So by using (11) and (13) , we have

2n1-pe L

{Bl n)+ b}+na— 4ﬂ’““i

cosu

[H ()] <[]+

}D(A2crlﬂ,u,a)b

And

-y

[=m e pfer

The proof is complete .

coSu

[H ()| |2] -

}D(A2criﬂ,u,a)b

2.Some application on (( Bernoulli polynomial ))

Definition 2.1 [ 4 ] : The Bernoulli numbers are defined by the relation

¥ 8t

n=0

| e

19
O (19)

Such that B, (x)(n=0,1,...) is called Bernoulli polynomials and defined as following

B,(x)=>. CiB,x"*(B+x)",(B" =B,)

n=0

Suchthat B,(1)=)_ CyB.(B+1)",(B" =B,)

n=0
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And so , we have

B,(x)=1

1
B](x)zx—E

3. Definition the Bernoulli polynomials by the generator function:

The Bernoulli polynomials defined by the generator function as following :

G(rx) =24 i 5, (x)t , (20)
e’ p
Such that ,
> B, (0"
Geo ==y 200 B0-5) Q1)
- n=0 '

Now, we defined G(z, x) by the form :

G(z,x) =

- B
Z (x)z . )

n=0
So, from (16) , we get

Glz.x) = By () + B0 +§: B,

n!

by B0

n=2 I’l'

Now, let the function K(z, x) defined as following:
3
K(z,x)= EZ -1+ z0)+G(z,x)

B, (x)z” 23)

zz+i

n=2

10
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So, the hadamard product of (18) and (1) is defined as following :

A(z,x) = f(2) *K(z,x)

=z+) (24)
n=2
In the next theorem we show that the function defined by (23) be in the class MR »
Theorem 3.1: The function defined by (19) be in the class MR ,» Where x = 0.
Proof : If x =0, we have from (19) the next function :
= B,
Az0) =2+ 5,0 ) " (25)
n=0 -
Then , we must to show that
o B 0
S| =1} (1= )+ 20 =1) |+ n1 = e ™ DA, e,r, 2, 8,100 222 0,
o 2 su n!
i cosJ ,
<n(- 7)‘ !
osu
So,
o B 0
S =1 (=) + 2=1) |+ 7= ple ™ L peanc,r 2 002D a,
— 2 su n!
<n(l- )‘ _y cosJ
cosu
B (0
since "(‘ ) <1, forall n>2, we have
n!
<2 { ){ n)+ ';(n 1)}77(1 y)‘ w oSt }D(A nc.r A Bt c)a,b, <71 7)‘ w oSt
n=2 Su oS U

Then the function A(z,0)is in the class MR, .

The proof is complete .

11
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