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Abstract. In this paper, we studied the resolution of Weyl module for characteristic zero in the
case of partition (8,7,3) by using mapping Cone which enables us to get the results without
depended on the resolution of Weyl module for characteristic free for the same partition.

1. Introduction

Let R be a commutative ring with 1 and ¥ is a free R-module and Z:F be the divided power algebra of
degree I.

The resolution of partition (# + 1 + £2.4 + %2.#) which represented by below diagram and in
ourcasefr =%z =0,

Mu= ) | | 4
| |

Authors in [1 - 6] discussed the resolution of Weyl module for characteristic free for the
partitions (4,4,4), (3,3,2), (6,6,3), (6,5,3), (7,6,3) and (8,7,3), respectively. Haytham R.H. and Niran
S.J in [7] exhibit the terms and the exactness of the Weyl resolution in the case of partition (8,7). As
well in [8] they illustrate the terms of characteristic-free resolution and Lascoux resolution of the
partition (8,7,3).

Buchsbaum D.A. and Rota G.C. in [9] define the Capelli identities as:

Fl a +
Let & £,£€P , then the divided powers of the place polarizations satisfy the following

identities:
Ay 112 F #, then
(#) 4(s) _ (s—a) q(r—a) 5(a)
a«;; a;,m = Xazo a;,m aq:;» 0,4

0590 = Tano(—1)%8, 05 V0L,

, ; (s) 5(#) _ 5(#) 5(s)
2 Ift F R and? * fthen aiﬁa«if - aa;f a«.‘ﬁ
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In this work we survey the resolution of Weyl module for characteristic zero in the case of
partition (8,7,3) by using mapping Cone without depending on the resolution of Weyl module for
characteristic free for the same partition.

2. Characteristic-zero resolution of Weyl module with mapping Cone in the case of partition

(8,7,3)
Before we study the resolution of Weyl module for characteristic-zero in isolation of characteristic-

free, we need the definition of mapping Cone we review that as in [10]

Consider the following commute diagram

dn—l dn dIl+ 1

Cg: Cn—l Cn Cn—l — Cn_g -
1:rn—l 1:n f1‘J|+1 fn+2

dn_y n dnes
Do: Dioy —— Dy —— Dus1t ——— D2 ...

If the rows sequence are exact and
on—-1:Ch®Dn-1 —— Cn+ 1®Dn defined by

(o) 7 (- dn(a),dL—l(b) t+ fn(a)) suchhat on—1o00n =0;Vne Z*

Then the sequence

a]‘.l.—l a]'.l. a]l+1 Ia]'.I.+2
Cn-1 > Cn®Dn - 1 > Cn+ 1®Dn > Cn+2®Dn+1 ’

is exact.

Consider the complex of Lascoux in our partition (8,7,3) as the following diagram:
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Ay
0—— 1)10}‘@1)??@1)1?—’ I)g:}: ®I)8:F ®D1:}:

1 A g1

Az

0 —— D1oF @ DeF ® D, F

DeF @ DoF @ D, F

#2 B G2

iy
0 — DoF ® DeF Q@ D3F — DF @ D,F @ D5F

d!

Kg7,3)(F)

Diagram (2.1)
where A1 (1) = 855 (v) . v € Dy F @ D,F @ D, F
$.(1) = 8;,(v) . v €D F ®D,F QD,F
£, (V) = 0% (v) . v € Dy F ®DF @ D,F
Ay(0) = 35,(1) . v € DyF ® DeF @ DaF gng
3, (V) = 0, (V) . v € DF @ DyF @D, F

So we need to define %1 which make the diagram A commute, i.e

(agzlj 032) (W) = (g1 °0,1) (V)

From Capelli identities, we know that
(2} (z)
azl aaz = azz 521 - ‘321531 and ‘321531 = 531 521
Then
(z) 1
‘321 aaz = ;332321321 - 321331

1

=;332321621_ 331321
= (3832621_631)621

1
soweger 910 = (3022021 =931) ). v € D,F @ DF @ D,F
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Now if we use the mapping Cone to the following diagram

fq

0 —— DF @ D;F QD F DyF @ DgF & Dy F

b l l%

A
D1oF ® DeF @ DyF ——— DgF @ DgF @ D, F

We get the subcomplex
DoF @ DegF @ D1 F

8,
@ ——— D F R DgF @ D,F
Di0F @ DF @ D,F

Pa

0 —— I)]_Q:F®D7T®‘I)1T
(1)
Where ¥3 () = (— 0;1(x),03,(x)) and

1
51(1’1;1’2) = ( 6521] (-7(’2) + (5632321 - 831)(-7‘51)

Proposition (2.1):
61093 =0
Proof:

81 0 93 (6) = 6, (= 0,,(£),05,(6))
— 0% (322(6)) + (3 022051 — 31 ) (— 022(6))
= (0%05,) (8) — (203205101 ) (8) + (8510,,) ()
= (0%78:2) (6) = (9,205 ) (6) + (831 0,,)(8)

But from Capelli identities we have

() (z)
‘3221 aaz = 6325221 _521‘331 and 531‘321 = ‘321 331
Then

8 0 @3 (8) = (03,0%) (6) — (02103:) (8) — (03505 ) (6) + (321 03:)(6)
=0 =

By employing a mapping Cone again on the subcomplex (1) and the rest of diagram (2.1) we have
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DyF @ DgF @ Dy F
2 81
0 —— Dy FRD;FR Dl.T‘p—> @ ——— DgF @ DgF ® D, F
D1oF @ DgF ® D, F

l G2
5, C
A

DyF @ DF @ D3F — DgF R D;F @ D3F

Kig7.3(F
0
Diagram (2.2)
Now we define
DF QD FRD,F
O,: ® —— DgF @DeF @D:F
DieFRD,FQD,F

8,(a,6) = 053 (@) + (205105, + 031 ) (6)

Proposition (2.2):
The diagram C in diagram (2.2) is commute.
Proof:

To prove the diagram is commute it is sufficient to prove that

(g206.)(a,6) = (f3°6,)(a, &)
(20 6:)(a,6) = g, (05)(6)) + (2052051 — 051 ) (@)
=05, (05 (8)) + (20520,: — 831 ) (@)
= (05,0%) (8) + (203205,0,; — 03,05,) (@)
(

= (02205)) (8) + (5 0, — 02205 ) (@)
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But from Capelli identities we have
32 Uzq = 03103, + 035031 4pq U32057 = 051 O35 — 03103,
S0 we get
(g;06,)(a,b) = (5521] 032 + 054 531)(*5’) + (5zlagzz]+aazaal - 632531)(4)
= (% 03105103, + 521531)('5’) + (azlagzzj) (a)
=034 (3 03,03, + ‘331) (6) +ﬂ§2](dr]]
= (#fiz06,)(a,&) -

Hence from the mapping Cone, we have the following complex

DyF @Dy F @D, F DF @ D F @D, F
L P2
0— D, ,F D, FRD,F —— ® — e
D,,F @D, FRD,F DoF @D F @ D5 F

d r(E,?,E} F)

@1

where

@.(a, &) = (—6,(a,&),6,(a,&))
= (_6521](’5’) - (% 632 azl - 631)(&)1 agzz] (a‘,) + (% 621 agz + 531)(’5’))

@,(a, &) =03,(a)+ 0,,(F)
Proposition (2.3):
@003 =0
Proof:

(9, e @3)(a) = @,(—0,,(a),03,(a)) . a €D, FRD,FQD,F

= ((— 5521] agz)(dfj + (3 032051051 — 531521)(‘1‘)!



ICCEPS IOP Publishing
IOP Conf. Series: Materials Science and Engineering 571 (2019) 012039 doi:10.1088/1757-899X/571/1/012039

(=02 6,1) (@) + (2 01 03,0, + 95, 05,) (,;z,))
= (-0 022) @ + (92202 — 021 021) (@), (02 0,1 ) (@) +

(‘321 agzzj + 03, aaz) (dfj)

But from Capelli identities we have
0,,0% =3%08,,+0,,8,, 0,0 8%8,, —0,,0
3229 = Uaq Uzz 21U31  Uz1Uz5-Uz; Uzy 32Uz1
‘321531:531521 and ‘332531:531532
Which implies that
(@5 ° @3)(a)
= ((_ agzlj 532)(&] + (5521] aaz) (@) + (051 021)(a@) — (021 034 )31(a),

(<08 021) (@ + (02 921) (@) — (822 0:)(@) + (022 0:) (@)

=(0,0) =

Proposition (2.4):
P09, =0

Proof:

(@1 e @y)(a, &) = @1(_5.{?21] (&) — (3 03,0;; — 531)(411 ﬂgzzj (a) +

(2021052 +021) (8)

(_aaz 3521]) (&) — (; 035 035 521) (@) — (0341 015)(a) +
(521 agzzj) (a) + (i 051 azlaaz) (6) + (821 031) (&)
(—82205)) (8) = (8 021) (@) — (331 8:5) (@) +

(‘321 agzzj) (a) + (5521] aaz) (&) + (021 031) (&)

Again from Capelli identities we get
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(@1 09)(a, &) =
(— 0% 822) (6 = (821 03)(8) — (821 853 ) (@) — (35, 321) (@) +
(83205) (@) + (9,105 ) (@) + (85 055 ) (8) + (81 051)(8)

=0 =m
Finally, we present the following theorem which shows that the complex of Lascoux in the case of

partition (8,7,3) is exact.

Theorem (2.5):

The complex
DyF @ DyF @D, F DeF @ DoF @ D, F
@ @2
0— D,,FQD,FRD,F ——s @ — @
D, F @D F @D, F DF @D,F @D, F
d r(s,?,z'- (F)

(pl 1

Is exact.
Proof:
Since the diagrams, A and B in a diagram (2.1) are commutes and each of the maps

#:: D FR®D,FRD,F »DyF @ DgF R T‘1:'[‘; where 1 (v) = ‘321(1?],
and
(2)

£3: D1, F @ DF @ D, F ——DgF @ DgF @ D, F. yyere A2 (v) = 357 (v),
are injective [9] and [11], then we have a commuting diagram with an exact row. But from proposition
(2.1) we have 61 2 @3 = 0 which implies that the mapping Cone conditions are satisfied and the
complex

DgF @ DgF K Dy F

8
0 —— D1y F KX D;FQDF B IEN @ — DeF @ D F QD,F

D10F @ DgF @ D,F

Is exact.
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Now  consider the  diagram  (2.2), since diagram C is commute and
A3:DoF @ DeF @ D F D F @D;F Q@ DyF,  where 3 (v) =0,,(v) is
injective [9] and [11], so we have diagram (2.2) commute with exact rows. But ¥2 © ¥z = 0

(proposition (2.3)) and P1 ° P2 = 0 (proposition (2.4)) then again the mapping Cone conditions are

satisfied, so the complex

DoF @ DyF @ D, F DeF @ Do F ® D, F
@ P2
0—> D, FRD,FRD,F —— ® — ®
D,oF @D F ®D,F DoF @ D F @ D, F

d r(s;,s} F)

P

Isexact. =m

Conclusions

By using mapping Cone we can find the resolution of Weyl module for characteristic zero in the
case of partition (8,7,3) without depending on the resolution of Weyl module for characteristic free for
the same partition.
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