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Abstract. The main purpose of this paper is to study the spectrum of intuitionistic fuzzy
semi d-ideal in d-algebra, and the relationship between the topological properties and the
algebraic properties of the Spectrum of d-algebra X with respecting to connectedness and
separation axioms .

1. Introduction

BCK-algebra is a classe of abstract algebras introduced by Y. Imai and K. Iseki [9,15] . A d-algebra is a useful
generalization of BCK-algebra was introduced by J. Negger and H. S. Kim [7]. J. Negger, Y. B. Jun and H. S.
Kim [8] discussed ideal theory in d-algebra. After the introduction of intuitionistic fuzzy set by Atanassov in
1986 [10], there was a number of generalizations of this concept . This concept was generalizations for fuzzy set
concept which was introduced by Zadeh in 1965 [11]. In [14] Y. B. Jun, J. Neggers and H. S. Kim apply the
ideal theory in fuzzy d-ideals of d-algebras . H. K. Abdullah and A. K. Hasan introduce the notation of semi d-
ideal of d-algebra in [5]. Y. B. Jun, H. S. Kim and D.S. Yoo in [13] introduced the notion of intuitionistic fuzzy
d-algebra. A. K. Hasan introduce the notion of intuitionistic fuzzy semi d-ideals of d-algebra in [1] . Ali K.
Hasan and Osamah A. Shaheed introduce the notion of intuitionistic fuzzy prime semi d-ideals of d-algebra in
[2], and in this paper we study the spectrum of intuitionistic fuzzy semi d-ideal in d-algebra, and the relationship
between the topological properties and the algebraic properties of the d-algebra X . Also we consider strongly
connected and separated properties .

2. Background

This section contains some basic about intuitionistic fuzzy set and the ordinary and intuitionistic fuzzy
concepts about semi d-ideal and prime semi d-ideal in d-algebra, with some theorems and
propositions.

Definition (2.1) : [7] A d-algebra is any non-empty set X with a binary operation * and a constant 0
which satisfies that:
. axa=0
II. 0O0xa=0
. Ifa*xb=bxa=0thena=bVabeX

We will refer to a = b by ab, and it is said to be commutative if a(ab) = b(ba) forall a,b €
X, and b(ba) is denoted by (a A b).Every set X in the following is a d-algebra

Definition (2.2) :[5] A semi d-ideal of a d-algebra X is a non empty subset ] of X satisfiesi) a,b €]
implyab €] ,

il)ab€Jand b €]Jimplya €], forall a,b €X

Definition(2.3) : [4] In a commutative d-algebra X , a semi d-ideal I is said to be prime if aAb € 1
impliesa € lorb e, forall a,b €X.

Definition (2.4) [10] : An IFS " intuitionistic fuzzy set " A in a set X is an object having the form A =
{<a,ap(@),Ba(@) >:a€ X}, such that as:X — [0,1] and Ba:X — [0,1] denoted the degree of
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membership (namely a,(a)) and the degree of non membership (namely B4(a)) for any elements a €
Xtotheset A, and 0 < ap(a) + Ba(a) <1, foralla € X. To simplicity, we shall use A =<
ap,Ba > instead of A = {< a,a,(a),Ba(a) >: a € X}

Definition (2.5) : [3] Let X, Y be d-algebra and let f: X — Y be a homomorphism mapping, and C be IFS
in X we define [FS, f(C) in Y, by

f(C)(y) =< f(C) (b), Bf(C) (b) > , where Qf(C) (b) =

{ supac(a) a€Xfl@)=b iff i(b)=0 and

0 _ otherwais . ’

Brecy(b) = {mfﬁc(a) aeXf(a)=b if f (b).qt [0) for cachb € Y .
0 otherwais

Definition (2.6) [6] : Let p, v € [0,1] such that p + v < 1. An intuitionistic fuzzy point X, ) is defined
. , f —
to be an IFS in X, define by x(,v)(y) = {(u v) ify=x

(0,1) ify#x
ma(x) and B = va(x).
Notation (2.7): Let A be an IFS of a d-algebra X. We denote a level cut set A, by A, = {x € X:
s () = an(0),BaGO) = Ba(0)} . ) ]
Definition (2.8) [3] : The IFS 0 and 1 in X are define as 0 = {(x,0,1),x € X} and 1 = {(x,1,0),x € X},
where 1 and 0 represent the constant maps sending every element of X to 1 and 0, respectively.
Definition (2.9) [1] :An intuitionistic fuzzy semi d-ideal of X, "shortly IFSd — ideal" , is an [FSD =<
ap, Bp > in X satisfies the following inequalities :
(IFSd,) ap(a) = min{ap(ab), ap(b)}, (IFSd;) Bp(a) < max{Bp(ab), Bp(b)}
(IFSd3) ap(ab) = min{ap(a), ap(b)}, and (IFSd,) Bp(ab) < max{Bp(a),Bp(b)}, foralla,b € X.
Definition(2.10) [2] : An IFSd — ideal D =< ap, Bp > of X is an intuitionistic fuzzy prime semi d-ideal
" shortly IFPSd — ideal " in X if it is satisfies (IFPSd;) ap(a Ab) < max{ap(a), ap(b)}
(IFPSd,) Bp(a Ab) = min{Bp(a), Bp(b)}, forall a,b € X
Theorem (2.11) [2] : If D =< ap, Bp > is an IFPSd — ideal, then the set A, = {a € X: ap(a) = ap(0)
and Bp(a) = Bp(0)} is a prime semi d-ideals.
Definition (2.12):[2] A non-constant intuitionistic fuzzy ideal A of a d-algebra X is called an
intuitionistic fuzzy maximal semi d-ideal if for any intuitionistic fuzzy semi d-ideal B of X, if A< B,
then either B, = A, or B, = X.
Theorem (2.13) : [2] Let A is an intuitionistic fuzzy maximal semi d-ideal of a d-algebra X, then A, is a
maximal semi d-ideal of X.
Definition (2.14): [2] Let A be an IFS of X. Then the least IFSd — ideal of X containing A is called the
IFSd — ideal of X generated by A and is denoted by (A).

forall y in X, and x(,, ) € Aifand only ifa <

3. Topological spectrum

In this section we introduce the spectrum of d-algebra and we discuss the relationship
between some algebraic and topological properties of d-algebra .
Notation (3.1) :
(i) x ={P,Pis IFPSd — ideal of X}
(i) V(A) ={P € y,A < P,whrer Ais an IFSd — ideal of X} .
(ii)) x(A) = x \ V(A) the complementof V(4) inX , y(A) ={P € y,A & P}.
Lemma (3.2) : Let A and B be IFSd — ideal. If A € B ,then V(B) € V(4) .
proof : Let P € V(B) thatimpliesB € P ,andso A € B < P thatmean P € V(4) .
proposition (3.3) : If P is asmallest IFPSd — ideal containing A , then V(4) = V(P) .
proof : It is clear that V(P) € V(A) bylemma (3.2) . Now letP; e V(A) ,s0oA S P, ,butPisa
smallest IFPSd — ideal containing A,so P € P, ,then P, € V(A) . ThusV(A) =V (P) .
Proposition (3.4) : Let A be an IFSd — ideal , then V({A)) =V (A4) .
proof : Let P € V(A) that implies A € P, and so (A) € P. Hence P € V({4)) .
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Conversely , let P € V({A)) , then (A) € P , note that S0 A € (A) S P, we get P € V(4) .
Therefore V({(A)) =V (A) .
Proposition (3.5) : Let A and B be two [FSd — ideal ,then V(AU B) € V(A) UV (B)

Proof :Since A€ AUBandB<S AUB,s0V(AUB) S V(4A)and V(AUB) € V(B). ThusV(A U
B) € V(A) UV(B).

Definition (3.6) : For an IFPSd — ideal A of X . The prime radical rad(A) of A is the intersection of
all

IFSd — ideals of X containing A . In case there is no such IFSPd — ideal , then rad(4) =1 .
Proposition (3.7) : Let A be an [FSd — ideal , then

i)A S rad(4)

ii) rad(rad(A4)) = rad(A)

iii) IfA IFPSd — ideal ,thenrad(A) = A

iv) IfA € B ,thenrad(A) < rad(B)

proof :

i) Itis clear that A € N{P;,P € A,Vi € A}.

if) We can easily show that N{P;, rad(A) < P} = N{P;,N[B,A < P|,N{P,A < P} c P} foralli € A
,S0 A € P, then rad(rad(A)) =rad(4) .

iii) Since A isan I[FPSd — ideal ,then N P; = A forall i € Athismeanrad(4) = A.

iv) Itis clear .

Proposition (3.8) : For any IFSd — ideal A and B the following are hold

i) V(A) =V(rad(4))

ii) V(A) = V(B) if and only if rad (A) = rad(B).

proof :

i) Since A € rad(A), then V(rad(A)) € V(A). Now let P € V(A), thus A € P,

so rad(A) = N{B, € Spec(X): A < P}, this imply that rad(4) < P. Thus P € V(rad(4)), then
V(A) € V(rad(A)) . Hence V(A) = V(rad(A4)) .

ii) Itis clear .

proposition (3.9): If £ is a d-morphisim from X to X , then f(x(w,)) = (f(x)) (uv), forall x € X and
forall y,v € (0,1]suchthatu +v < 1.

proof : Lety € X be any element, then f(x,.») () = (@t () O B () D)+ WhETE

w; ifp=x,y=f(x)

®f (x9) ) = SUP {ax(u.v) ®).f) =y } - {0; otherwaise  CU@®) (), and

Byt = i (B @ F @) =y} = {77 TP T2 2IC) g o).

otherwaise

Hence f(x(uv)) = (F ) ) -

Definition (3.10) : Let A and B are IFS we will define A.B = {< a, ay g(a), Ba5(a) >: a € X} =<
ay.ap, Ba-Bp >

Theorem (3.11) : Let T = {y(A), A is IFSd — ideal in X}. Then T is a topology on y .

proof : Since V(0) = X and V(1) = @, so that y(0) = @ and (1) = X, and that implies @, X € T.
Next let A; and A, be any two IFSd — ideal. Then let B € V(4;) UV (A,) that mean A; € B or

A, € BthenA; NA, € B ,s0B eV(4; NA,),andif

B e V(A; nA,) we getthat A; N A, € B and that's mean A;.4, € B then A; € B or A, € B and
thus B € V(A;) UV (A,). Hence V(A1) UV(A4y) = V(A1 N Ay),s0 x(A1) N x(4;,) = x(A1 N 4y),
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and that mean

x(A1) N x(A,) = x(A; N A,) . This show that T closed under finite intersection .

Finally, let {4;,i € A} be any family of IFSd — ideal of X it can be easily confirm that U

{V(A),i € A} =V({U{4;,i € A})) . Inother words , U;ep x(4;) = x({(Uiep 4;)) . Hence T is closed
under arbitrary unions . Thus T is a topology on X .

Remark (3.12) : The topological space (X, T) defined in theorem (3.11) is called the intuitionistic
fuzzy prime semi d-ideal spectrum of d-algebra and is denoted by IFPSd — Spec(X) or for
convenience y .

Notations (3.13) :

1- We will denoted for all x € N{J:J is prime semi d — ideal in X} by X¥ , and for all x €

N{J:] is prime semi d — ideal in X} by X .

2- Let A be an IFS of the X. Put A(4A) = {(ao, Bo), (@1, 1), - - , (atn, Bn)}, where a;, B; € [0,1] such
thata; + 8; < 1foralli = 0,1,2...,n .

Theorem (3.14) : Letx,y € X and u, v € [0,1] suchthat u + v < 1, then

D xCeun) 0 XGwn) = Xy un)

i) x(x(uv)) = @ if and only if x is X .

iii) x(x(uv)) = x ifand only if is x is % in X.
proof :

) If P € x(x(uw)) N X(Yeur) then P € x(xury) and P € x(y(u)). that means x,, ) € P and
Yuv) € P, and that implies ap(x) < u, fp(x) >v and ap(y) < u, fp(y) >v.Thusu > ap(x) =

ap(y) = ap(xy),and v < Bp(x) = Bp(y) = Pp(xy),since P = {x € X : ap(x) = 1,Bp(x) = 0} is
a prime semi d-ideal of X and A(P) = {(0,1), (u, v)} implies that ap(a) = ap(b) and Bp(a) = Bp(b)

foralla,b € X \ P. and x,y, xy € P.. Then xy, ) € P, which means that P € y(xy ). The proof
of (i) is complete, since all the implication can be reversed.

i) Let J be any prim semi d-ideal of d-algebra X and let X; be the intuitionistic fuzzy characteristic
function of /. It is follows that X; € X. Next if x(x(,,)) = @, then V(x(,1,) = X , which implies that
X(uv) € X;, and therefore ay (x) = 1and By, (x) = 0,50 x € J. Thus x € N{J:] is prime semi d —
ideal in X} . Hence x is X . Conversely, assume that x is X. Let A € X , then A, is prim semi d-ideal of
X,and x € A,, therefore a,(x) = 1,B4(x) = 0. Hence p = ay,,  (¥) S ap(x) and v = By (%) =
Ba(x) , where x(, ;) S Aforall A€ X. Thus V(x,p)) = X, i.e. x(xuw) =0 .

iii) Let J be any prim semi d-ideal of d-algebra X and let X; be the intuitionistic fuzzy characteristic
function of /. Now if x(x,1)) = X, then V(x(,) = @, which implies that x, ,,) & X;, and therefore
aX](x) < pand ﬂX](x) >v,s0x &]. Thusx & N{J:] is prime semi d — ideal in X} . Hence x is X
. The converse in the converse way .

Theorem (3.15) : The sub-family {x(x,)),x € X and 1, v € (0,1] suchthat u + v < 1} of y is a
base for T.
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proof : Let y(4) € T,and let B € y(A4) , then ag(x) < ay(x) and Bg(x) > B4(x) forsome x € X .
Let ay(x) = pand B4(x) = v, then x(,,) € Aandso A € )((x(lw)) .Now V(4) c V(x(“‘,,)) :
because if P € V(A) , then ap(x) = a,(x) = u = “x(u,v)(x) ,and Bp(x) < Bu(x) =v = ﬁx(m (%) .
So that x(,, ;) S P and thus P € V(x(,,)) - Hence x(x(u)) S x(A) . Thus B € x(x(u1)) S x(A).
And this complete the proof .

Theorem (3.16) : Spec(X) is disconnected if and only if there exist two IFSd — ideal A, B such that
rad(A U B) = rad(1) and rad(A n B) = rad(0) .

proof : Let spec(X) be disconnected, then there exist two IFSd — ideal A,B in X such that y(A) # 0,
x(B) =0, x(A)ny(B) =0, y(A) U x(B) = spec(X) . That is mean y(A) n y(B) = )((()) and
x(A) U x(B) = x(1) . Thus y(An B) = x(0) and x(A U B) = x(1) . So by proposition (3.10)(ii) "
we get rad(A N B) = rad(0) and rad(A U B) = rad(1) . and in the converse way the proof will
complete .

Recall that a subset A of a topological space X is called strongly connected (s-connected) when we get
for any open subset U and V of X ,if A S UUV ,thenAc UorAcV .[12]

Theorem (3.17) : Any subset of spec(X) is S-connected .

proof : Let g be a collection of an IFPSd — ideal of spec(X), and let C, D be an IFSd — ideal in X.
Since o € x(C) U x(D) < y(Cu D) . Then by proposition (3.5) we get that go < x(C) or g < x(D)
and this complete the proof .

Theorem (3.18) : Spec(X) isa T, — space .

Proof : Let A, B€ y andA # B . Theneither AZ BorBZ A.LetA & BthenB & V(A) ,butA €
V(A), Then B € X(A) ,and A € X(A) . Now let B £ A similarly we can get A € X(B) but B ¢ X(B).
It follow that spec(X) isa T, — space .

Theorem (3.19) : In Spec(X) , V(A) = {A} for all IFSd — ideal in X

proof : It is clear that {A} € V(4), since V(A) is closed set containing A. Now let B ¢ {A}, then there
exist an open set X \ V(C) containing B but not A, therefore C € B, but C € Aand so B ¢ V(A) . Thus
V(4) < {A}, and that complete the proof .

Corollary (3.20) : B € {A}ifand only if AC B .
proof : it is follow directly from theorem (3.19).

Theorem (3.21) : LetY = {P € X: A(P) = {(0,1), (u,v)}: u,v € [0,1) suchthat u + v < 1}, then Y
is T, if and only if every singleton element of Y is an intuitionistic fuzzy maximal semi d-ideal of X .

proof : we need to show that the semi d-ideal A, = {x € X, a,(x) = 1, f4(x) = 0} is a maximal semi
d-ideal . It is sufficient to show that there is no prime semi d-ideal of X containing A,. Let/ isa prim
1 ifxe] q

semi d-ideal containing A., consider an IFSd — ideal B of X defined by az(x) = {H ifxeJ an
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0i € s . .
Bs(x) = {v ll]]:j: GE} ,Where u + v < 1. Then B € Y and A containing in B . This contradiction the

factthat V(A) nY = {4} .

Conversely, let A isan IFMSd — ideal then the ideal A, = {x € X, a,(x) = 1, 4(x) = 0} is
maximal, we claim that V(A) N Y = {A}. Clearly {A} S V(A)nY.Nowif BeEV(A)nY,thenA S B
and 4, € B, . This mean that A, = B, , since 4, is a maximal semi d-ideal . Hence B = 4, since
A(A) = A(B) = {(1,0), (u, v)}, therefore V(A) N Y = {A}, consequently {A} is closed subset of Y.

Theorem (3.22) : If every prime semi d-ideal in X is maximal , Then the space IFPSd — Spec(X) is
not Hausdorff.

proof : Let J be a prim semi d-ideal of X, consider two IFPSd — ideals A, B of X defined by a,(x) =
1 ifx€] 0 ifx€J 1 ifx€] 0 ifxeJ

{0.1 i]]:x g 7 and Ba(0) = {0.2 {;x g 20 = {0.3 fo g P = {0.4 Z;x g et

X(xu) and X (y(,,)) be any two basic open set in X containing A and B respectively where x,y €

Xandpu+v <1.Thenxg.,) £Aandy,,) £B,andso x € A, =Jandy & B, =] . Since ] is

prime then xy & J, then xy is not nilpotent and so by theorem " (3.14) (i) and (ii) " we have

X(xX(uw) N X(Y(uwy) = X(xy(uv)) # @ . Hence X is not Hausdorff .
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