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Abstract. Let R be an arbitrary ring and T a submodule of an R-module M. A submodule N is said to be Te-
small in M, if for each essential submodule X of M, T € N + X implies that T € X. In this work we study this
mentioned notion which is a generalization of the essential-small submodules as well as the T-small submodule.
We use this notion to investigate T-essential radical of module, also to introduce generalized T-essential Hopfian
modules.

1. Introduction

Throughout this work, all rings are associative with nonzero identity and all modules are unitary
left R-modules. We use the notation " € " and " < "to denote inclusion and submodule, respectively.
Let R be a ring and M an R-module. Recall that a submodule N of M is small, denoted by N « M, if
for any submodule X of M, M = N + X implies that X = M. Dually, a submodule N is essential in an
R-module M, if for any submodule K of M, N N K = 0 implies that K = 0. In this case we denote K <
M. For more details about small and essential submodule see [1]. The notion of small submodules
plays an important role in ring and module theory. D. X. Zhou and X.R.Zhang [4] generaliz the
concept of small submodules to that of essential-small by considering the class of all essential
submodules in place of all submodules. Let N be a submodule of an R-module M. N is called
essential-small in M denoted by N <<, M if N+ L =M then L =M for all essential submodule L of M.
Also R. Beyranvand and F. Moradi [2] generalize the notion of small submodules by replacing an
arbitrary submodule T (say) instead M. Let T be an arbitrary submodule of an R-module M. A
submodule N of M is called T-small in M if for each submodule X of M, T € N + X implies T € X.
The notion of smallness and T-smallness are coincide if T = M.

The concept of essential-smallness and T-smallness are investing to investigate some radicals of
modules. In [2] the authors define the essential radical of an R-module M, denoted by Rad.(M) as
Rad.(M) = N{N <M | N is essential and maximal in M}, and they proved that radical is equivalent to
the sum of all essential-small submodules of M. While in [4], they proved the following. Let T be a
nontrival finitely generated submodule of an R-module M. Then Nygeg K=Y caL where B= { K <M
| K is a T-maximal submodule of M} and A= {L< M|LisaT-smallinMand L + K< T + K, for
all T-maximal submodule K of M}. Nycg Kis called the T-radical of M and we denoted by J+(M).
This motivates us to define a new generalization of T-small submodules as well as of essential-small
submodules. Let T be an arbitrary submodule of an R-module M. We say that a submodule N of M is
an T-essential-small of M provided that T € N+X implies that T € X for all essential submodule X of
M, Note that, every T-small submodule is T-essential-small and every essential-small submodule is
M-essential-small.

In the first section, we investigate the basic properties of T-essential-small submodules. In section two,
we use the notion of T-maximal submodule [2], and introduce the T-essential radical of modules, T-
essential maximal submodules, we used this new class of submodules to investigate another radical of
modules. Also introduce T-essential cosemisimple module and give some of their properties and
characterizations. Finally in section three, we introduce the notion of generalized T-essential ( T-
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essential-closed ) Hopfian modules and give their characterizations in terms of T-essential-small
submodules.

§1 .T-essential-small submodules.

In this section, as a generalization of essential-small submodules and T-small submodules, T-essential-
small submodules isintroduced, and their various properties are given.

Definition. (1.1). Let Tbe an arbitrary submodule of an R-module M. A submodule N of M is called
T-essential-small in M (simply Te-small), denote by N <1, M, if for each essential submodule X of
M, T € N+ Ximplies T € X.

According to the definition, if T = 0, then every submodule of M is Te-small in M. Furthermore if T
=M, then N < M if and only if N <, M.It is clear that 0 <, M andM <<, M for any submodule
T of M.

Examples and Remarks (1.2).

1. It is clear that every T-small submodule of an R-module M is Te-small. The converse is true on
uniform modules.

2. For any positive integer m, the zero submodule is the only (mZ )e-small in the Z -moduleZ .
3.LetZpyn =<1/p" +Z>and Zym =<1/ p™ + Z> be submodules of the Z -module Z~. Then m >
n if and only if Zyn <<(ﬂpm)e Ly»

4. Let M be a semisimple R-module. Since M is the only essential submodule of M, then every proper
submodule of M is Te-small.

5. Consider the Z -module Z,4and for T =274, 8754 <K1e Zy4, but 8Z,4is not T-small inZ,,

Proposition. (1.3).Let L, T, and K be submodules of an R-module M with L € T. Then
1. K &1 M implies that KNT < M.
2.L K¢ Mifand only if L «,T.

Proof.1. Let X be an essential submodule of M and (KNT)+ X =M. Then T € (KNT)+ X S K+ X
and since K< M, then T € X. Thus KNT € X and hence X = (KNT) + X =M.

2. Suppose L <te M and L + X =T for essential submodule X of T. Then T € L + X implies that T
C X. Thus T = X. Conversely, suppose L <,Tand T € L + X for essential submodule X of M. Then T
= (L+X)NT=L+(XNT)andhence XN T=T,so T € X. o

Proposition. (1.4). Let M be an R-module with submodule N, K, T and T,N € K. If N <1 K, then N
KreM.

Proof. Assume T € N + X for some essential submodule X of M. Then TS (N+X) N K=N+ (XN
K)and hence T € X N X o

Proposition. (1.5). Let N, K and T be submodules of an R-module M. Then N <1 M and K K1.M if
and only if N+ K <1, M

Proof.Let X be an essential submodule of M with T € (N + K) +X. Then T € K + X and hence T €
X. Conversely, if TE N+ Xand T € K+ X, then T & (N+K) + X which implies that T € X. O

Proposition. (1.6). Let M be an R-module with submodules N, K and T such that K € Nand K € T.
IfN <<Te M, then K <<Te M and N/K <<(T/K)e M/K.
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Proof. Assume that N <. M. For each essential submodule X of M, if T € K+ X,then T € N+ X
and hence T € X, so K <1, M. Suppose T/K € N/K + X/K for some essential submodule X/K of
M/K. Then T € N + X and so T < X which implies that T/K S X/K. This shows that N/K <(t/ke
M/K mi

Proposition. (1.7). Let M be an R-module with N; <M; <M (i = 1,2) such that T € M;N M,. Then
Ni<<TeMi (1 = 1, 2) if and Ol’lly lle + N2<<Te M1 + Mz.

Proof.Let Ni<<te M;(i = 1, 2). By proposition.(1.4), Ni<te M; + M,.By the help of proposition.(1.5),
N; + Np<te M| + My. The other direction is clear. O

Proposition. (1.8). Let M and N be R-modules and a : M — N an R-homomorphism. If K and T are
submodule of M with K «<1¢ M, Then a(K) < (1ye N. In particular, if K << M <N, then K <1¢N.

Proof.Let X be an essential of N such that a(T) Ca(K) + X. Ift € T, then a(t) = x + a(k) for some x €
X and k € K. Thus a(t-k) € X and so t — k ea~1(X) and hence T € K + a~1(X). By Te-smallness of K
in M, we have T Ca™1(X) and a(T) € X. O

Theorem. (1.9). Let M be an R-module with submodules N, T and « a surjective endomorphism of M
whose kernel is closed. Then N<1¢M if and only if a(N)<K¢(1ye M.

Proof.The " only if " part follows from proposition. (1.8). Conversely, for essential submodule X of M
suppose that T € N + X. Then a(T) Sa(N) + a(X). There is an isomorphism o : M / ker(a) —Nsuch
that o = a where m : M — M / ker() is the natural epimorphism. Now,a(X) = a( X/ ker(a)). Since
ker(a) is closed, then by ([3], proposition (1-4)) we have a(X) is essential in M. By a(T)e-maximality
of a(N) in M we get a(T) Ca(X) and hence T € X. This completes the proof. O

Proposition. (1.10).Let {Tq},c, be an indexed family of submodules of an R-module M and N a
submodule of M. If N K¢ M for each a€ A, then N Ly _ 1 yeM.

Proof.For an essential submodule X of M, assume that )., T,S N +X. Then for each ae a, T.S N +
X. As N&K (e M, then TaE X for each a€ a and hence ¥ qc, To & X O

Corollary. (1.11). Let N; and N,be two submodules of an R-module M. If N; and N, are matually
essential-small in M, then N; NN (ny14n2)eM-

Proof.Assume that N1 <y, M and N2 <y . M. By proposition.(1.6). N; NMN,<y, M and N,
NN,<Ky,e M.So proposition. (1.10) implies that N; NMN><(n14n2)e M i

Proposition. (1.12). Let M be an R-module with submodules N and T( # 0). Then the following are
equivalent

1. N &M

2. For any R-module L and essential R-homomorphism a : L — M, T € N + a(L) implies that T
Ca(L).

Proof.(1) — (2).It is clearbe the definition. (2) — (1). Suppose T € N + X for essential submodule X
of M. Leti: X — M be the inclusion mapping. Then by (2) T € N + X =N + i(X) implies that T € X.
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Let M be an R-module with submodules N and T. A submodule N' of M is called Te-supplement
of N in M, if N' is minimal essential submodule with the property T € N + N'.

Proposition. (1.13). Let M be an R-module with submodules N, N', T and N' is Te-supplement of N in
M. If N K1e M, then T € N'. If in additional, T is essential, then T = N".

Proof.Since T € N + N'and N <1, M, then T € N'. Furthermore, If T is essential in M, then
minimality of N'and T € N + T implies that T =N’ m

Theorem. (1.14). Let M be an R-module with submodules K,T and K' an T-supplement of K in M.
Then K<k M if and only if for each essential submodule N of M, T € K + N implies that K' € N.

Proof.The " only if " part is clear from the definition. For the " if " part, let X be an essential
submodule of M with K' € X + K. Since T € K + K' € X + K, by the hypothesis, K' € X. O

§2 . T-essential radicals of module

Let M be an R-module and T a submodule of M. Recall that a submodule K of M is T-maximal if T &
K and there exists no proper submodule W of K + T which contain K properly [2]. This is equivalent
to saying that (K + T)/K is a simple R-module. It is clear that a submodule N is maximal in M if and
only if N is M-maximal.

For an R-module M, and a submodule T of M, consider the following two families of submodules

V = {K <M | K essential and T-maximal in M}
and W= {L K1 M| L+ K € T +K for all T-maximal submodule K in M}

Theorem. (2.1). Let Mbe an R-module and T a nontrivial finitely generated submodule of M. Then
r]kev K= ZLEW L

Proof. Let L € W. We show that L € K foreachK € V. If notthen K £ L + K< T+ K. Since K is T-
maximal we have L + K=T +K and hence T € L + K. But L <1, M, then T € K and hence (T+K)/K
= 0 with a contradiction. Thus }); ey LENkey K Conversely, let x €Nyey K. we show Rx € V, for each
essential submodule X of M, suppose T € Rx + X and T € X. Consider the following family € = {K
<M | K isessential in M, T € K and X € K}. It is clear that € is nonempty family and we can order C
by inclusion. Let T = Y};[L; Rx;, where x;,Xa, . . . , X,€ M. Let ' be a chain in C. It is clear that N
CUkeqr KM if T SUgeq K, then there exists {K;, K, ..., K,} € €' such that for any 1< i <n, x;€ K,
we may assume K; < K, for all 1 <i<n. Thus T €K,which is a contradiction. Thus T €Uy’ K and
hence Uycq’ K€ C and an upper bound of C'. By Zorn's lemma C has a maximal element K, (say). We
claim that K, is T-maximal. First we note that K, is an essential submodule of M and (T+Kg)/K, # 0.
Assume that Ky= U < T + K,. By maximality of K,, we get T € U and hence U =T + K, . Thus K, is
T-maximal and x € K, which is a contradiction, because X €(\geyw K. This shows that Rx <1, M. on
the other hand, for any T-maximal submodule K of M, K = Rx+ K and so Rx € V. Therefore
Nkev KQZLEW L o

Let M be an R-module with a submodule T. we denote the intersection of all essential T-maximal
submodules of M by J1.(M), and call it the T-essential radical of M. By the proof of theorem. (2.1),
we get the following evident result
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Corollary. (2.2). Let Mbe an R-module with nontrivial finitely generated submodule T. Then for any
x € M and all T-maximal submodule K of M,x€J 1.(M) if and only if Rx <1, Mand Rx+ TS T + K.
Let M be an R-module. Then we have the following inclusion relation J (M) €J 1.(M) for any
nontrivial finitely generated submodule T of M.

Definition. (2.3). Let Mbe an R-module and T a submodule of M. A submodule K of M is called Te-
maximal, if T € K and there is no essential submodule W of M with the property K £ W = K + T.
This equivalent to saying that (K + T)/K is nozero and (K + T)/K is the only essential submodule of (K
+ T)/K.

Let M be an R-module and T a submodule of M. Consider the following two families of submodules
of M.
V'={K <M | K is Te-maximal submodule of M}
W={LaM|L K M,L+K CT+K for all Te-maximal submodule K of M}

Theorem. (2.4). Let Mbe an R-module and T a nontrivial finitely generated submodule of M. Then
Yirewr LENkeyr K€Y 1ewr L where

W'={L &g, M|L+K C T+K for all Te-maximal submodule K of M}.

Proof.Let L € W' and there is a submodule K € V' such that L € K. Then K = L + K< T + K. Since K
is Te-maximal in M, we have L + K =T + K and hence TS L + K. Since L < M, then T € K wich
is a contradiction. Thus L € K for each Te-maximal submodule K of M and hence Y.y LS Ngeys K.
Let x €Ngey, K. We show that Rx € W". Suppose that there is an essential submodule X of M with T
C Rx+ X and T € X. Consider the following family ¢ = {K 2 M | X € K and T € K}. Then C is
nonempty and we can ordered C by inclusion. Let €' = {Kq€ C | a€ A} be a chain in C. It is clear that
X CU qea Ko 2 M. T =YL, Rx; where xi, X, ...,Xy€ T. If T U e, K » then there exists {Kaqi, Ka,
ooy Kan} € €. Forany 1 <i<n, x;eKy , we may assume that Ky < K,for all 1 <i<n. Thus T
CKa,which is a contradiction. Thus T €U 4e, K and hence U g, Ko € € and an upper bound of C'.
By Zorn's Lemma C has a maximal element K, (say). We claim that K, is Te-maximal in M. it is clear
T & K,. Assume that Ky = U <K+ T, where U is an essential submodule of M. By maximalty of Ko,
we have T € U and hence U = K, + T. Thus K is Te-maximal in M and x € K, which is a
contradiction, because X €N gy, K. This shows that Rx <1, M. On other hand, for any Te-maximal
submodule K of M, K=Rx+K S T+K andsoRx e W". o

In the following proposition we see the behavior of Te-maximal submodules under homomorphisms.

Proposition. (2.5). Let M and N be R-modules and a : M — N an R-homomorphism. If T is a
submodule of M and K is a Te-maximal submodule of M with ker(a) € K, then a(K) is a(T)e-
maximal in N.

Proof.If a(T) Sa(K), then for each t € T, a(t) = a(k) for some k € K and hence t - k €ker(a) € K.
Thus t € K which is a contradiction. Now, let W be an essential submodule of N with a(K) £ W < a(K
+ T). Then K = o™ }(a(K)) < a™}(W) < K + T. On the other hand K Sa~1(W), if not, that is K =
o~ 1(W) and since a(K) £ W, there exists w € W\a~(K). But W Co( K + T), this implies that w = a(k
+t) for some k € K and t €T. Thus k + t ea”1(W), and hence t € K. It follows that a(t) €ax(K) which is
a contradiction. a~1(W) is an essential submodule of M and K is Te-maximal in M, that «a~1(W) =K +
T and hence W = a(K) + o(T). i

An R-epimorphisma : M — N is called closed if ker(a) is closed in M.



ICCEPS IOP Publishing
IOP Conf. Series: Materials Science and Engineering 571 (2019) 012030 doi:10.1088/1757-899X/571/1/012030

Proposition. (2.6). Let M and N be R-modules and a : M — N a closed R-epimorphism, if T is a
submodule of M and K is a(T)e-maximal submodule in N, then a~1(K) is Te-maximal submodule of
M.

Proof. First we show that T a~1(K), if not, then T Sa~1(K) and hence a(T) € K which is a
contradiction. Suppose that W is an essential submodule of M with a"1(K) € W Sa~1(K) + T. Then
K = a(a"}(K)) Sa(W) € K + «(T). There is an isomorphism @ : M / ker(a) — N such that @on = «
where T : M — M / ker(a) is the natural epimorphism. Thus a(W) = a(W/ker(a)). Since ker(a) is
closed, then W/ker(a) is essential in M and hence a(W) is essential in N ([3], proposition(1-4)). By
a(T)e-maximalty of K in N, then a(W) = K or a(W) =K + o(T). If (W) =K, then W Sa~L(a(W)) =
o~ 1(K) with the other case, if a(W) =K + a(T), let w ea”1(K) + T then w = a + t for some a ea™1(K)
and t € T and so a(w) = a(a) + a(t), hence a + t —w eker(a) SCa~1(K)S W and a + t € W, this implies
that a™1(K) + T € W. Thus a~}(K) + T = W. This implies that a~(K) is Te-maximal submodule in
M O
Let M be R-module and T a submodule of M. We denote J'7.(M) the intersection of all Te-maximal
submodules of M. Then we have the following inclusion relation J'7,(M)SJ (M) €J 7.(M).
Example. (2.7). Let R=7Z, M = Z,4 and N < M. Then all submodules of M have the following
properties

Example. (2.7). Let R=7Z, M = Z,, and N <M. Then all submodules of M have the following
properties

z|lz|lz|z|z2z|Z z|Z2]Z2|2|2|2|%|%

2| Z|IZIA|A|A|A[A[RA|Z|A|2|2(2|121215 |,
=z % %=L R R R R EREE
SRR S22 22|22z

M [V Ix [x [x [x [x [x [x [V [x [x |[x [x [x [x[x ][+
2Z,, |V [ x [x [V [x [x [x [x [¥ [¥ [x [¥ [x [J [x [V ]|~
3Z,, |x [x |[x [x [x [x [~ [x [¥ [x [x [x [N [N [~ ][V ]V
4,, [N [x [x [x [x [~ [x [x [J [~ [x [J |[x [N [x [V ]
6Z,, | x [N [x [V [x [x [¥ [x [V [¥ [ [F [~ [J [J][~V]Y
8Z,, |x [ x [x [~ [x [~ [x [x [~ [~¥ [x [v [x [J |[x [J ]~
12Z,, |x [N [N [N [x [N [~V [x [V [~¥ [¥ [F [F [F [N [~V ][V
0 Ix [N [N [N [N N [N [N IN I[N [V NIV [NIV]V]N

T'Me(M) = 6Z34, Tm(M) =6Z24, Tye(M) = 2Z5,4

J’(zzz4)e(M) = 12234, J2224(M) = 12734, J(2224)3(M) =474

J'(3224)e(M) =0, J3ZZ4(M) = 6Z34, J(3ZZ4)e(M) =274

I (42,)eM) =0, J4z,,(M) =0, J(47,,)e(M) =M

J,(6224)6(M) =0, Jezz4(M) = 12734, J(6224)3(M) =4Z34

T (82,)eM) =0, Jgz,, (M) =0, J(gz,,5e(M)=M

J'(lzzz,,,)e(M) =0, J12224(M) =0, J(12224)e(M) =M

J'eM) =M, Jo(M)=M, Jo.(M)=M

Theorem. (2.8). Let M and N be R-modules and a : M — N a closed R-epimorphism such that ker(c)
gJ,Te(M)- Then O((J,Te(M)) = IJ-,oc(T)e(I\I)-
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Proof.Consider the following two families,

A = {K <M | K is Te-maximal submodule of M}
and B = {o(K) < N | a(K) is a(T)e-maximal submodule of N}.

Then by proposition (2.5) and (2.6) we have a(J'7e(M)) = a(Ngea K) = Noyes A(K) = T qerye( N).

Proposition. (2.9). Let M and N be an R-modules and a : M — N a closed R-epimorphism if T is a
submodule of M and K is an essential T-maximal submodule of M with ker(at) S K, then a(K) is
essential and o(T)-maximal in N.

Proof.First we show a(K) in N. Since a is an epimorphism, then there is an isomorphism @ : M /
ker(a) — N such that oo = o where 7 : M — M / ker(«) is the natural epimorphism. Since ker(a) is
closed and K is essential in M, then K/ker(o) is essential in M/ker(ct), and hence a(K) = a(K/ker(e)) is
essential in N, ([3], 1.4). The rest of the proof as in ([2], lemma 3.4). o

The proof of the proposition is a similar to that of lemma 3.5 [2].

Proposition. (2.10). Let M and N be R-modules and o : M — N an R-epimorphism. If T is a
submodule of M and K is essential a(T)-maximal submodule of N, then a~1(K) is essential T-
maximal in M. o

Theorem. (2.11). Let M and N be R-modules and a : M — N a closed R-epimorphism such that
ker(a) ©J 7¢(M). Then a(J 7.(M)) = J o(1ye(M).

Proof. Consider the following two families

A = {K 2 M| K is T-maximal submodule of M}
and B = {a(K) 2 N | a(K) is a(T)-maximal submodule of N}.

Then by proposition(2.9) and (2.10), we have a(J 7.(M)) = a(Ngea K) = Nacxyes A(K) = T q(rye( N) O

Proposition. (2.12). Let Mbe an R-module and T a submodule of M. If every proper essential
submodule X of M with T € X is contained in a T-maximal submodule of M, then J 1,(M)
(resp.J (M), J'+(M))<< 7, M.

Proof. Assume X is a proper essential submodule of M with T SJ,(M) + X. T € X, then by the
hypothesis, X € K for some T-maximal submodule K of M. Then K is essential in M. Thus J .(M) €
K, so T € K + X = K which is a contradiction. Thus T € X and hence J;,(M) <r.M . The relation
J'7e(M) €T (M) €J 7.(M) and proposition(1.6) imply that J (M) (J' (M) ) <7, M. m

As application of Zorn's lemma, we have the following corollary

Corollary. (2.13). Let Mbe a finitely generated R-module. Then J 7,(M) (resp. J (M), J'7(M) )< 1,
M |

Let M be an R-module and T a nonzero submodule of M. We say that M is Te-cosemisimple, if each
submodule of M is intersection of Te-maximal submodule of M.
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Theorem. (2.14). Let Mbe an R-module and T a nonzero submodule of M. Then M is Te-
cosemisimpleif and only if J' x7/k)e(M/K) = 0 for each closed submodule K of M.

Proof. Suppose that M is Te-cosemisimple and K a closed submodule of M. Then K = Nge5 S, where
B is the family of Te-maximal submodules of M. Consider the following two families

A ={S/K <M/K | S/K is (T+K/K)e-maximal submodule of M/K}
and A'= {S<M|K < S and S is Te-maximal submodule of M}.

We note that by proposition(2.5) and (2.6), B € A'and S/K € A ifand only if S € A'. Thus J' (x17/k)e
M/K)=N4S/K =(N4 SK= (N4 S/ (NgS)=0. Conversely, suppose that J’(K+T/K)e (M/K) = 0 for
all closed submodule K of M. Then 0= J’(K+T/K)e (M/K)=N4S/K = (N4, S)K. This mean that K =
nAr S O

Proposition. (2.15). Let Mbe an R-module and T a nonzero submodule of M. If M is Te-
cosemisimple, then

1. Every submodule of M containing T is Te-cosemisimple.
2.M/N is ((T+N)/N)e-cosemisimple for each submodule N of M.

Proof. 1. Suppose T <N <M and M is Te-cosemisimple. If L is a submodule of N, then L=L N N =
(UsS) NN = Nu(SENN)where A is the set of all Te-maximal submodule of M. Since
((SNN)+T)/(SNN) = T/((SNN)NT) = T/(SNT) = S+T/T is a simple R-module, then ST/T is a simple
R-module, then SNN is Te-maximal submodule of N and hence N is Te-cosemisimple.

2. Let L/N be a submodule of M/N. Since M is Te-cosemisimple, then L/N = (N4 S)/N = N4(S/N),
where A is the set of all Te-maximal submodules of M. By proposition(2.5) S/N is ((T+N)/N)e-
maximal in M/N. Thus M/N is ((T+N)/N)e-cosemisimple. O

§3. Generalized T-essential(-closed) Hopfian modules
We start by the following proposition.

Proposition. (3.1). Let Mbe an R-module with submodule K € N, K € T and K is closed in M. I[f K
Kre Mand N/K K(r/gye M/K, then N K7, M.

Proof.For an essential submodule X of M, assume that T € N+X. Then T/K € (N+X)/K € N/K +
(K+X)/K. Since X + K is essential in M and K is closed in M, then (X+K)/K is essential in M/K. The
hypothesis implies that T/K € (K+X)/K and hence T € K + X, but K <7, M. Thus T € X. o

The following corollaries follow from proposition(3.1) and (1.6).

Corollary. (3.2). Let Mbe an R-module with submodules N, K and T such that K € N, K € T and K is
closed. Then N <, M if and only if K <7, M and N/K <7, M/K. m

Corollary. (3.3).Let M be an R-module with submodules K € N and K closed. Then N <, M if and
only if K <7, M and N/K <7, M/K. O

In proposition(1.9), we considered condition under which the image of Te-small submodules in a
module being a(T)e-small in M for some endomorphism a. Now, we are interesting to consider the
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inverse imagesof Te-small submodules. Recall that an R-module M is generalized to Hopfian (gH), if
every surjective endomorphism of M has small kernel.

Here, we introduce the following

Definition. (3.4).Let Mbe an R-module and T a submodule of M. We say that M is

1. generalized T-essential-Hopfian (GTe-H), itker(a) <7, M for each surjective endomorphism o of
M.

2. generalized T-essential-closed-Hopfian (GTec-H), if for each surjective endomorphism o of M, we
have ker(a) is closed in M and ker(a)<<y, M.

Theorem. (3.5). Let Mbe R-module and T a submodule of M. Then the following statements are
equivalent

1. M is GTec-H

2. If N <7, M, then for every surjective R-endomorphism a of M, ker(a) is closed in M and a~1(N)
<<(X_1(T)€ M

Proof.(1) — (2). Let a be a surjective endomorphism of M. For each essential submodule L/K of M/K
where K = ker(a), assume o~ }(T)/K Sa~}(N)/K + L/K, then a™*(T) Sa~(N) + L and hence T € N +
o(L). There exists an isomorphism @ : M / k — M such that a°n = a where t : M — M / K is the
natural epimorphism. Then a(L) = @(L/K) and hence a(L) is essential in M,([3] proposition 1.4). Thus
T Ca(L) and hence a™!(T)E L. This implies that a~*(T)/K € L/K and hence a ' (N)/K <Ky-1(7y/x)e
M/K. By (1). K <7, M and K is closed in M. By proposition(3.1) we have a~1(N) L 1(myeM.

(2) — (1). Let o be a surjective endomorphism of M. By(2) ker(a) is closed in M and ker(a)<r, M.
Since 0 <7 M for any submodule T of M, in particular 0 <y (r)e M. Then ker(a) = o 1(0) L 1(T)e

M and hence ker(@)<< 7+ ker(«a))eM- This implies that ker(a)< 7, M. Thus M is GTec-H. O

Corollary. (3.6). Let Tbe a submodule of GTec-H R-module M and a a surjective endomorphism of
M. Then the following are equibalent for a submodule N of M.

1. N Kt M.

Z.a(N) <<cx(T)eM-

3.a7H(N) Kg-1(1ye M. O

Corollary. (3.7). The following statements are equivalent for an R-module M
1. M is GMec-H
2. If N <, M, then for every surjective endomorphism o of M, ker(a) is closed in M and ker(a)<<, M.

Proposition. (3.8). Let Mbe an R-module and T a submodule of M. Then Mis  GTe-H if and only if
there exists a closed fully invaniant submodule N <. M such that M/N is G(T/N)e-H

Proof. The "if" part is trivial by taking N = 0. For only if" part, suppose that N is closed fully invariant
submodule of M such that N <1, M and M/N is G(T/N)e-H. Let a : M — M be a surjective. Then
define @ : M/N — M/N by a(m+N) = a(m) + N for all m € M. Clearly. ais well-defined surjective
endomorphism of M/N. Then ker(@) <t nje M/N. Let ker(@) = L/N for some submodule L of M.
Then L/N <(t/nje M/N and N K1e M, so by proposition (3.1), L <te M, but ker(a) < L, then
ker(a)<te M and hence M is GTe-H. i

Corollary. (3.9). Let Mbe an R-module. Then M is GMe-H if and only if there exists a closed fully
invariant submodule N 1. M such that M/N is G(M/N)e-H. i
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