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Abstract. The moduli space has concept emerged to classify objects of certain categories by
carrying out their parameterization. In fact, the theory of moduli space has been widely
appreciated from a distant time in diverse fields not only of mathematics, but also of physics.
This paper is devoted to establish the moduli space of the category of the mathematical model
fuzzy topographic topological mappings, which is adopted in solving neuromagnetic inverse
problem during a seizure. In this study, the moduli functor of fuzzy topographic topological
mapping was constructed. The applicability of the theory of moduli space is uniquely revealed
with specifying its sort.

1. Introduction

Fuzzy Topographic Topological Mapping (FTTM) is a mathematical model which was introduced in
1999 to solve the neuromagnetic inverse problem for determining the location of epileptic foci in
epilepsy disorder patient. Currently, there are three versions of FTTM which are FTTM1 [1], fuzzy
topographic topological mapping version 2 (FTTM2) [2], and fuzzy topographic topological mapping
digital (FTTMdig) [3]. All these versions are structured based on mathematical concepts of topology
and fuzzy set. Furthermore, FTTM1 and FTTM2 were developed to present a 3-dimensional view of
unbounded single current source and bounded multi current sources, respectively. In addition, the
sequence of n versions of FTTM is defined by [4].

The concept of “moduli” for mathematical objects has various meanings. It arises as solutions to
classification problems. The moduli problem refers to the all complex of problems related with
existing moduli spaces for certain families of objects having something in common with the given one,
in addition to the study of the algebraic- geometric properties and the methods for compactification for
moduli space. Generally, moduli space is used to describe a set of parameters determining the
isomorphism class of mathematical objects. The moduli space is an old subject and it has two types,
which are moduli space of Riemann surfaces and moduli space of curves. The principal inventor of the
moduli space was Bernard Riemann in 1857, when he justified the formula for the dimension of the
space of isomorphism classes of a compact Riemann surface [5].

The study of the moduli space of Riemann surfaces has a long history. It has been at the centre of
pure mathematics for more than 100 years now. Despite its age, this field still attracts a lot of
attention. This space lies within the intersection of the many fields of mathematics and might,
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therefore, be studied from various points of view. Many in-depth results have been obtained
throughout history by many famous mathematicians. In addition, understanding the geometry and
topology of the moduli space of Riemann surfaces and the corresponding mapping class groups has
been a goal of central importance in mathematics for many years. In the last 20 years there have been
several new perspectives on moduli spaces that have not only increased our understanding of these
important objects but have fundamentally affected major research directions of several areas of
topology and geometry.

Later, the precise formulation of Riemann’s results were declared in 1939 by Teichmdller, by

establishing some of these results by using his theory of extremal quasi-conformal mappings. Indeed,
he characterized the Teichmuller theory through using the tools of geometry, topology, and analysis to
study moduli spaces of Riemann surfaces. Moreover, Rauch adopted a series of investigations on the
moduli space of Riemann surfaces, some 1951 on numerical moduli space, while the other
investigations were in 1955 on the algebraic Riemann surfaces [6].

According to [5] the proof of other Teichmiller formulations of the statements of Riemann were
verified by Bers in 1960. Meanwhile, Bers and Ahlfors independently devised the Teichmiiller theory,
which were consequently influenced to appear in the school of Ahlfors-Bers of the complex analytic
approach to the Teichmuller theory for studying moduli spaces of Riemann surfaces. Since then, this
school has had a strong presence in the USA.

On the other hand, many studies have been conducted on the moduli space of Riemann surfaces in
algebraic geometry. In fact, Mumford in 1960 introduced algebro-geometric approach to construct the
moduli space of Riemann surfaces via geometric invariant theory and he gave precise definitions of
moduli spaces and methods for constructing them. In addition, Mumford stated his approach in
construction of the moduli space of Riemann surfaces in his book in 1965, which is titled “Geometric
Invariant Theory”. Currently, this approach is being developed in India [7].

On another hand, the moduli space of curves has proven itself a central object in geometry due to
its importance in many subjects such as geometry, algebraic topology and topology differential,
physics, and combinatorics. During the past few decades, moduli spaces of curves have achieved
notoriety amongst mathematicians for their incredible structure. However, the study of this space was
developed with great difficulty. It is worth noting that the moduli space of curves means algebraic
isomorphism classes of curves of algebraic genus [8].

In 1960, Grothendieck formulated the moduli problems in terms of the moduli functors by using
Teichmiller spaces in complex analytical geometry as an example. In general, Grothendieck
established the category approach to find a moduli space. In addition, he presented the representable
functor for the fundamental problem of moduli in order to determine the type of the moduli space. In
1962, Baily verified that the moduli space of curves is a quasi-projective. Then, Mumford in 1965
used the method of Grothendieck in the construction the moduli space of curves, which represented
the first purely algebraic construction of the moduli space of curves. Further, he used the geometric
invariant theory to find the moduli space of curves. Up to date, the categorical approach is still
vigorously pursued due to it is applicable and accurate. Interestingly, it is influenced in extension
several inventions as shown in this paper [7].

The aim of this paper is to employ the category approach of moduli space in construction the
moduli space of the category of FTTM. The space determined by the parameters is called moduli
space as given in the following definition [9].
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Definition 1. Given a category C. A moduli problem is comprised the following things:

a) Specifying a class of objects with the notion of a family of these objects over an object B
which is called a base of a family.

b) Choosing an equivalent relation on the set S(B) (family over B) of all such families over each
base B.

c) Determining the set of all isomorphism classes between the families, which is the moduli
space M ¢ for the category C.

2. Fuzzy Topographic Topological Mapping (FTTM)

Fuzzy Topographic Topological Mapping Version 1 (FTTM1) is used to solve the inverse problem
for determining single current source. It consists of four components with three algorithms that link
between them. These components of FTTM1 are magnetic contour plane (M;), base magnetic plane
(B4), fuzzy magnetic field (£;), and topographic magnetic field (7;) (refer to Figure 1) [2].

Magnetic Contour Plane (A4) .. > Topographic Magnetic Field (7;)

Algorithm 1 l I Algorithm 3

Base Magnetic Plane (B)) > Fuzzy Magnetic Field ()
Algorithm 2

Figure 1. FTTM version 1.

The component M; is a magnetic field on a plane above a current source with z = 0, whereas the
plane is lowered down to B, and it is generated by the single current source, such that

X,¥)o,B 1x,y ER,
M1 — {(( J’)o VA (x,y)) Yy } (1)
BZ () € [BZ minaBZ max]
Where
! (y—yp)
By (ry) = 2= £ 2
Z(Y) T on (y—yp)2+[h+|x—xp|tan (q)-90°)]2] )
Bz min s the smallest magnetic fields reading, Bz pqy is the largest magnetic field reading, u is
the permeability of free space and its value is 47107 (meter. Tesla/ ampere), | is the magnitude of

current in ampere, ((xp,yp)o ,B, (xp,y,,)) is the element of A7; which is exactly above the current

source, ¢ is the angle between current source and z-axis, and h is the distance between M; and the
current source in meter [2].

In addition, Faisal in 2011 proposed that every single second of elliptic seizure is stored in a
square matrix, which includes the position of electrode on A#; [10]. Subsequently, A; became a set of
(nxn) square matrices (EEG signals) defined as:

[B: (Z)t]nxn: i,j €%,
,81.]. (2): ER

where f;; is a potential difference reading of EEG signals from a particular at time t. Base
magnetic plane (B;) is a plane of the current source with z= -h. Then the entire B, is fuzzified into a
fuzzy environment (F;) where all the magnetic field readings are fuzzified. Finally, a three-
dimensional presentation of F; is plotted on B;. The final process is defuzzification of the fuzzified
data to obtain a 3-dimensional view of the current source (7;). The components of FTTM are defined
as follows:

M, ,(R) = ©)



ICCEPS IOP Publishing
IOP Conf. Series: Materials Science and Engineering 571 (2019) 012027 doi:10.1088/1757-899X/571/1/012027

_ {((x: }/)_h,Bz (x,y)):x'y € R'} (4)
! By ) € [BZ min» Bz max]
((x, y)—h!” BZ(x'y)):xJ V —he R,
u BZ(x,y) € [ ) ]
such that:
_ |BZ (x,y)|_MBZmin
K BZ(x,y) N Bz max—Bzmin (6)
and Bz () as in Equation (2).
As well,
XY,z X,y ER,
T, = {( Y:2p Z(x,y>) hy @
Zp Z () € [_ ’0]
where
2B 2y h (‘u Bz(xy) 1) (8)

The components of FTTM1 were proven spaces in 2001 by [1] and homeomorphics in 2005 by
Ahmad et al. [11] as given in the following:
Theorem 1. In FTTM1, M, = B; = F; = T; by the following homeomorphisms:
a) by: My, —B; such that:
b1 (6, ¥)0, Bz (xy)) = (6, ¥)-n Bz (x3))s ¥V (%, 3)0, Bz (xy)) €M1 (9)
b) f,: By~ F; such that:

fl((x, y)—h! BZ (x,y)) = ((X, y)—h ’ .uBZ (x,y)) ) V((X,J’).h,BZ (x,y))EBl (10)
¢) t,: F;— T; such that:

1 (CoV)nttny ) = (03.2), V(@I sy ) € Fy (11)
with -h<0 is a constant, and B,e Bc R.

On the other hand, FTTM2 is the extended version of FTTM1 which is specifically designed to
solve the inverse problem of multi-current source. Similar to FTTM1, the model is comprised of four
components. They are Magnetic Image Plane (M,), Base Magnetic Image Plane (B,), Fuzzy Magnetic
Image Field (F,) and Topographic Magnetic Image Field (73) [2] as shown in Figure 2.

Magnetic Image Plane (M%) .................» Topographic Magnetic Image Field (7;)

Algorithm 1 Algorithm 3

Base Magnetic Image Plane (B,) ———> Fuzzy Magnetic Image Field (/)
Algorithm 2

Figure 2. FTTM version 2.

As mentioned in [2] that the magnetic fields data which is laid on the component A, of FTTM1
are at once analyzed and transformed into image processing data in order to carry out the process in
FTTM2. Therefore, the first component in FTTM2 is the component M, which has the grey scale
image for readings [0, 255] of magnetic field. It lies on a plane above a current source with z = 0.
When the plane is lowered down to the current source with z = -h, the component B, is obtained. The
field of the component F, is the fuzzified B, plane, i.e. all the grey scale readings are fuzzified into a
fuzzy environment. Finally, a three-dimensional presentation of F, field is plotted on T, field. This
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final process is the defuzzification of the fuzzified data to obtain a 3-dimensional view of the current
source.

FTTM2 is an improvement of FTTM1 because it presents the three-dimensional view of current
source in four angles of observation (upper, left, right and back part of a head model). On the contrary,
FTTM1 only presents the three-dimensional view of current source in one angle of observation (upper
part of a head model). Furthermore, FTTM2 can be applied on single and multiple, bounded and
unbounded current source in contrast to FTTM1 which can only be applied to single and unbounded
current source.

In addition, [2] verified that the components of FTTM2 are spaces and she confirmed that
FTTMZ2 is also designed to have equivalent topological structures between its components, as follow:
Theorem 2. In FTTM2, M, = B, = F, = T, by following homeomorphisms:

a) by: M, — B, suchthat:
bz((x: Yo, M; (x,y)) = ((x, }’)-h; M; (x,y))’ V((x,)0,M; (x,y))EMZ (12)
b) f,: B,— F, such that:

fz((x' y)—h'MI (x,y)) = ((x' Y)—h;MM,(x,y))' v((xay)-haMI (x,y))EBZ (13)
C) t,: F,— T, suchthat:

t2 (o) taayey ) = (%9 2,0, )s V@D sty JEFs  (19)
with -h<0 is a constant, MMy €[0,1] and zy, oy € [-h,0].
In the following theorem, the homeomorphism between each component of FTTML1 and its
corresponding components of FTTM2 are given [2].
Theorem 3. Between FTTM1 and FTTM2, M, = M,, B, = B,, F| =F, and T,= T, by the following
homeomorphisms:
a) mq,. My — M, such that:
ml,z((x; ¥)o. Bz (x.y)) = ()0 My (xy)) V((x)0:Bz (xy))EMy  (15)
b) b,,: Bi— B, such that:
b1,2 ((x' .V)—h' By (x,y)) = ((x, Y)—h'MI (x,y))' V((x,y)_h,BZ (x,y)) €B, (16)
c) Jia F1o B such that:

f1,2 ((x' y)—h'.uBZ(x’y)) = ((X, y)—h' /"Mz(x,y))’ V((x, y)—hnuBZ(x‘y))EFl (17)
d) t1,: Ty— T, such that:

f1,2 (x' Y ZBzoc.y)) = (x’ Y ZMI(x.y))’ V(x' Y ZBz(x,y)) &7 (18)

In 2010, [4] Ahmad et al. introduced a sequence of n versions of FTTM which is defined as
FTTMI1, FTTM2, FTTM3,..., FTTMn where n €Z*. The relations between the components in that
sequence and the properties of these components are given in the following theorem.

Theorem 4. In the sequence of n versions of FTTM that:
a) M,=B,=F,=T,,ineach versionv=1,2,..neZ*(see Figure 3).

.Y o/ >TM,

Lmﬁ—vwl
7\1&; ...4...:;711: 7 :
Bl.\!;;_*ill

MG, il M,

El.v',, ——»FLn
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Figure 3. A sequence of n versions of FTTM.

b) M,=M,.,,B,=B,1, F,=Fyyq, Ty=T,4q, forany versionv=1, 2, ..., (n-1)eZ™.
Furthermore, Faisal proved that FTTM is a large category [12].

3. Construction of Moduli Space of FTTM
The general goal in this section is to point out the moduli space of FTTM (MFTTM). For this
purpose, a sample of seizure patients will be considered, which will be then divided into families
based on the various properties and relations for the ingredients of FTTM. The following remarks
contain the main abbreviations that will be used henceforth in this work.
Remark 1. Let m be the number of the patients, c,, be the time for patient p, and n be the number of
versions of FTTM at each second s, such that m, c,, neZ* for each p =1,2,3,...m, sp =1,2,3,... ¢p,
andv=1,2,3,...n.
Then,
a) Denote Crrry be a category of m patients in which there are n versions of FTTM at each
second sy, for any patient p. Then, FTTM is defined by:
FTTM = {FTTMv ¢ = (Mvspp ,B,r ,F,r, T,,Spp): M,» =B,r» =F,» =T,»,

Sp Sp Sp Sp Sp Sp
YW=123,.nVs,=123,...,c,andm, c,, neZ*, Vp=123,..m} (19)
b) The component M, generates FTTM1 (see Figure 4), and then FTTM at each second for
any patient.

- 5= =,
Magnesic Contonr Plane f2enenc Contom Plane
;=1 M ;= (M; )
¥ v v
4 z My ----- > Tz M- > T,
2 'S 3 A
v FTIMLY T v FTTM1Z + FTIM1

Figure 4. Generation FTTM1 at each second for a patient.

C) Without loss of generality, for any patient, FTTMI1, FTTM2,..., FTTMn will be
indicated to n versions of FTTM at any second. For each version v=1,2.3,...n, let
FTTMv= (M, B,, F,, T,) such that M,=B,= F,= T,, by the homeomorphisms
b, M, —» By, f,: B, > F,, and t, : F, —> T,. In fact, there are other
homeomorphisms between the components of FTTMuv, as the inclusion mappings
that are iy,,: My, © My, ig By, © By, ip,. Fy © Fy, and ig: T, © T,,. Moreover,
the mappings b, : B, = M,, f ' Fyy = My, t; 1 Ty —> Fy o f ) 0 byt Ty > My,
byl frtotyts My —»> T, f, ° by My, — F,, by'° fi't Fy > M,
tyof B, > T, fitoty' T, > B,
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Interestingly, the structure of FTTM differs from other structures in mathematics. Furthermore,
FTTM has a distinguishing category [10].

In the current set up, FTTM is not a pullback. Since for v=1, 2, 3,..., neZ*, pick FTTMv as the
version v of FTTM (see Figure 5).

t,=>f b
M, ---- z _{2-’_ s T,
b, to
B, > F
1 fv v

Figure 5. Version v of FTTM.

Notice that M,z B,= F,= T, by the homeomorphisms b, : M, > B, , f, : B, > F, , and
t, : F, > T,, respectively. By the definitions of the functions b, f,,, and t, in Remark 1, none of
them is a projection function as the components M,, B,,, F, and T,, are mutually disjoint. In fact, M,
is the first component in FTTMv in which are generated all the other components in FTTMv. For
example, lowered down M,, generates B,,, then B, is fuzzified to generate F,,, and defuzzification of F,
produces T,. Thus, none of these components has a product space structure for any two others.
Therefore, FTTMVv is not a pullback, for each v=1, 2, 3,..., ne Z*.

To construct the moduli space of FTTM for m patients, we will discuss first the moduli space of
FTTML1 at each second, since it has a special category (refer to Figure 6) [10].

Figure 6. The Category of FTTML1.

In the following, the moduli space of FTTM1 (M ey for short) is established at any second,
for any patient.

Lemma 1. M errms ={[M;]}.
Proof. Denote the sets of objects and morphisms in FTTML1 by Cgrravy,, and Cerwm,,» respectively.
Then, using the structures of FTTM1, we conclude that:
Cerrmi, = {M;, By, Fy1, T1} (20)
and
CFTTMIM :{iMl! iB1: iF1a iTl! blv bila f19 fIl AT tzlv ] ofl ° bl! b11° fl_l ° t111 fl ° bl!
bite fititaofy frtot'} (21)
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Since b 1, f;, and ¢ ;are homeomorphisms as cited in Theorem 1, all the morphisms in Cgryy,, are
homeomorphisms. Define a relation ~ on Cgrry ,by:
~CFTTM10:{(A’B) €Crrrmi X Crrmi,-A=B} (22)

From Cgrrm,, in Equation (33), ~ Cerrwr,, €N be obtained by:

~CFTTM10 ={(M11M1)1(B1181)!(F11F1)1 (Tlv T1)1 (Ml’ Bl)v (Bl’ Ml)’ (Bl’ Fl)v (Flv Bl)’ (Fl! Tl)v
(Tli Fl)a (Mla Tl)a (Tlv Ml)a (Mlv Fl)’(Fli Ml)’(Bli Fl)! (F11 Bl)} (23)
Clearly, ~ Cerrwig is an equivalent relation on Cgrryy,,- SO, the quotient set for Cpprwm,0n

~Cernm, 19 91VEN BY: Crrrvi o/~ cerny, =1 [M1]} (24)
By invoking Definition 1 part (¢), Mrrrvii= Crrrmi O/~CFTTM10' Thereby, M errmei={ [M;]} that is
by Definition 1 part (a), M is a base for a family of FTTM.

Since FTTM2 is similar to FTTM1 in possessing a special category as mentioned in Remark 1,
we will give a similar result to Lemma 1 on FTTM2 by using the same relation in Equation (22).
Lemma 2. Mermmz ={[M,]}.
An immediate consequence of Lemmas 1 and 2 is the following:
Remark 2. For m, neZ*, let Cppry be a category of m patients with n versions of FTTM at each
second s,, for patient p, then the moduli space for each version v at any second s for any patient p is
given by:
Mertvy s =M, spp]} (25)
where s,= 1,2,3,... ¢,, V= 1,2,3,...n, and ¢, eZ* for each p =1,2,3,...m. This is because the
components in FTTMv? are related.
In what follows, the moduli space for all the versions of FTTM at one second for any patient is
discussed.
Theorem 5. Let neZ* and let Cyrry be a category for one patient containing n versions at one
second. Then, Merrwi= Merrm(1 2, ..., n) ={[M1]}-
Proof. Denote the set of objects in Cgrryfor a sequence of n versions of FTTM by
Certm, =CrrMma, ..., )" Through description of the sequence of n versions of FTTM in Remark 1
and illustrated in Figure 3, we get:
Crrt™, = CrTTM(12, ..y )™ {My, By, Fy, Ty, My, By, Fy, Ty, My, By, F, Ty}
={(M,, B,, F,,, T,)): M,= B,=F,=T,, ¥V v=123,...n €Z*}
HCrrrmvy - VV=12,3,...,n €Z™}
={CFTTM1Oa Cert™245 -+ > CFTTMnO}-
By defining the same relation ~ in Equation (22) on Cerymi 2, ..., n), WE have
~Crrrm, ={(A,B) € Crrtm,*Crrm, - A = B}
~Crrru, ~UAB) €CrrTM 2, . mXCrTTM(1 2, ... m):AZ B} (26)
Incidentally, from Lemmas 1 and 2, and Remark 2 we findM errv: ={[M11}, M vz ={[M> 1}, ...,
Merrvn ={[M,]}. This is because in a sequence of n FTTM, we haveM ,= M,.,, B ,= B ,41,
F,z2F,,and T =T,
For each v=1,2,..,(n-1), and n eZ* as indicated in Remark 1. Therefore, M ;= M, implies
M €[M,], and M ,e[M,]. Thus, [M;] c[M,], and [M,] <[M;] means that [M;] = [M,]. Hence,
Mermmaz) ={[M11}= {[M,]}.Similarly, M ,= M3=...=M,, leads t0 Merrma,... ny ={[M11}= {[M;]}=
... ={[M,]}. Notice M , is the generation of all the n versions of FTTM per second as mentioned in
Remark 1 part (b). SO, Merrm :== Mermma 2. n) ={[M1]}. From Definition 1 part (a), M, is a base for a
family of FTTM. =m
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The next theorem is relevant to our discussion of establishing the moduli space of FTTM, which
will be this case for one patient at all seconds, and for all versions.

Theorem 6. Let n, ¢, ,peZ* and let Cgrym » denote a category for one patient p containing n versions
at each second s,,, for all s,=1,2,3,... c,,. Then,

‘p
MFTTMp = UMlgp
sp=1

Proof. Suppose that Cerum 7, is the set of objects in Cgpry », Where:
CFTTMPO:{Mlzl’aBlll’aFlf’ Tlf’sz'Bzf’sz sz M p B p Fn ’Tnf’Mlg'Blg'Flg'

Tlg,sz,sz,sz, sz...,M p,ang,Fnzg, Tnz;, v Mip, Bip ,F D, lecnp,Mzzgp,Bzg ,Fzgp,

Cp Cp Cp

sz..MpB Fp,Tp}
p p cp Mop p

_{(M p, B, P, F,o, T p) M,»= B p_FVp =T,v, Vv= 123,..n V sp=

Sp Sp Sp Sp Sp Sp Sp

and n, cp peZ*}
={C ( fp)o IVv=123,...n,Vs,=123,...c,and n,c, peZ}

1,2,3,... ¢

FTTM(v
={CFTTM(1 Do’ CFTTM(Z Do> 7 CFTTM(n f)O'CFTTM@ Do’ CFTTM(z o> CFTTM(n Do’
e CFTTM(l ﬁ’p)o’ CFTTM(Z Ep)o’ e CFTTM(n fp)o}
S0, Crrm po:{CFTTM((l,z,...,n)f)ov CFTTM((l,z,...,n)’z’)o’ e CFTTM((l,z,...,n)fp)o} (27)
By wusing the same relation ~ defined in Equation (22) on Cgrpm,, We
conclude~cFTTM poz{(A,B)eCFTTM p,%xCprr™ P, -A=B}
prem? — UMy el Myl o [My v ]}

Notice as referred to in Remark 1 that for v=1,2,3,...,n, s,= 1,2,3,... ¢, and n, c,, peZ*, M,
is a set of (nxn) square matrix (EEG signals) defined as:

p i +
- [Bij (2) SP]an'l’] S/ 28)
K Bij (z) gp ER
where g;; (z) is a potentially different reading of EEG signals from a particular time s. In addition,
the objects of Merry are equivalent classes. Therefore, by the properties of equivalent classes, we
have either [M, ;zi] = [M, 5] or [M, g]m[M1 3]=¢ at any two distinct seconds k and u such that 1<k,

u< ¢, and k, u,c, €Z*. If [M1§] = [Mlﬁ]’ in this case we conclude from Equation (28) that

Y [Buse @ U,y s € [Maz]- 3 [Busu @],
[ﬁlk]k ( )p]n XN [ﬁiuju (Z) g] ' for ik’jk'iu 7ju7nk >Ny € Z+ and

Ny XNy,
ﬁlk}k (Z) k> Blu]u (Z) P € R
Thus, we can omit one of them from M1 and substitute it with another one. Otherwise, when

[M, p]m[M p] () as in Equation (28)
3 [Biji @ %] [M p] [Bij @ %] #[Bi, ., @ ﬁ]nu ‘. for some
[Bij @ 1] [Mlg] ,such that iy, i, iy s ju> e s € 2%, and By, j, (2§, Biy j, (D)3 €

R.
As a result, both of them will represent their families. Accordingly,

Thus, by Theorem 5 we get\M

1

N E[M1z]3 ng= ny and

Ny XNy N Xng

ny xnu
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Meprm? = U (UMFTTMP)
sp =1 v=1
Mprrm? = s,,=1([ 1§’p]) (29)
For short, M ooy ? = U;’D’:lMlg . n

In fact, Theorem 6 entails that the moduli space of FTTM for any patient will be the union of all
the generations at any second of seizure provided use one of the equal generations. Then, we mainly
discuss in the following theorem the final step in finding the moduli space of FTTM for a sample of
finitely many patients.

Theorem 7. Let Cpryy denote a category of m patients, each patient p has n versions at each of the ¢,
seconds, where n, c,, , meZ™*, forall p=1,2,3,...m. Then,
m ‘p
MFTTM = U M 5
p=1 \sp=1 P
Proof. Suppose that Cgrry,, i the set of objects in Cprry, where:
Cerrme={M, 1, By 1, Fy 1y Tyt Myt Byyy Fyty Tyt My, Bty Ft, Tty My, Byt Fyoy Ty,
My 1, By1y Fyty Ty oees Myt Bty Foty Totsees My Byy (Fyy  Thy  Myy By Fyy Ty s
n, Cp Cp Cp Cp cp cp cp cp

M 1p,B v T My 2,B 2,F 2, T 2, M,2, B2, F,2, TZ%""’Mn%'Bn%’Fn%’ Tn%'Mlg’ Bl%’

ne Tlcp Tlcp 1 1 21 1
Fo T M B,y F,2, T, 2,..., M 2, B 2, F 2, T 2,....,. M. B F T,2 M. B F
1%! 1%! 2%1 221 %! 2%5 b n%v Tl%’ Tl%’ Tl%’ > 1%17, 1%17, 1%17, 1%17, 2%17, z%py z%py

T, 200 Mn%p’ Bn%p’ Fn%p’ Tn%p""’ Mym, Bym, Fym, Tym, Mym, Bym, Fom, Tym,..., Mym, Bym, Fym,
Tn'{’!Mlg’! Blgn, Flgv, T1§”1M2§"1 Bzrzn, Fzgl, T2’2"a---:Mn§"a Bngz, Fn’z"a Tnlzn,...,Mlgzp, Blgzp, Fl'c"p’ Tlrcnp,
MZZ’pi Bz'c"p’ Fz'c"p’ TZ?p""’Mn?p’ Bn’g’p’ Fy ne T, z }

Z{(Mvspp, Bvspp, Fvsl;’ Tvsz;) M, p_B »=F, p_T 7y vv=123,..n, Sp= 1,2,3,... Cps and n,cp,m

Usp
eZ*, ¥V p=123,..m}
={C FTTM( ) (Vv=123,.n,Vs,=123,... c,and nc,m eZ*, Vp=1,23,...m}
o

={CFTTM((1,2,...,n)%)O’ CrrtM((1,2..., i), FTTM((IZ n)cp) CFTTM((l,Z,---,n)%)O'

CFTTM((LZ'--»H)%)O""’CFTTM((I,Z,...,n)Ep) yeees CrrTM((1,2,...1) ™) CrrTM((1,2,...m) )0
o

: "CFTTM((l,z,...,n)?;,)O}
Likewise, via the same relation ~ defined in Equation (22) on Cgrry,,, then
~Crrivg {(A, B)eCrrrm ,*Crrm,,- A = B}
By Theorem 6, Merrv = {Ug'_,[M, ! [Ug2_,[M, 2 1. U My 11

Notice that there is no fixed time for a seizure whlch happens during a special period that may be
equal to a period for another patient. Thus, ¢y, ¢,, ..., and ¢, represent the times for patient 1, 2, ...,
meZ*, respectively. In another aspect, there is no repetition of the generations of FTTM for any

patient as discussed in Theorem 6. Therefore, the elements in each U§§=1[M1’§ ] are mutually disjoint
p
forall p=1,2,3,...m eZ™.

For discussing the recursion between any two patients, we have two possible choices. In the first
choice, we have for any two patients p, and p, in Cerrm, either [M ] =[M, ],
Sk Su

or [Mlspk] N [Mlspu] =¢, at any time s, and s, for patients p, and p,, respectively. When
k u
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[M, »,] =[M, ».], Some generations are equal for patients p; and p,. Since [Mlpk] and [M1 pu] are two
Sk Su

Sk Su

equivalent classes in Mermm, one of them will be written in expression Mgy as discussed in
Equation (29). In addition, if Us*_, [Mlpk] = U, [Mlpu], for some patients p;, and p,. This means
Sk u Sy

Sk

Ck = Cu and V Mlslz(k:l S MFTTM f]f, 3' I:Mlg(u:l S MFTTM f;aI:Mlsik:I = [Mlpu], fOI" 1S Sks Ck,

1< s,< ¢y, and ¢, ¢, €Zt (30)
Thus, as discussed for one class, one of them will be in M rrry. While in the second choice if
[M,»] N [Mp.] =9, both of them will be in M'erru Which has been discussed in Equation (30). This
Sk Su
. . C
implies that M, = Up_; (USZ:lM1 szzp).
In general, the moduli space for a sample of finitely many patients is the union of all the
mutually disjoint bases of FTTM, namely Mlé:p, where s,=1,2,3,...c, and c¢,, m eZ™* for each

p=12,3,...m.

4. Uniqueness of Mgty

There is no other formal structure of the moduli space of FTTM. This result is presented formally
as a theorem.
Theorem 8. Let Crryy be a category of m patients, each patient p has n versions at each of the c,

seconds, where n, ¢, , meZ*, forall p=1,2,3,...m. Then, M, = et (U§§=1M1 §p> is unique.

Proof. Based on Definition 1 part (c), the moduli space of FTTM must be established by the
isomorphism relation between the components of FTTM. Thus, we may assume that Mgprm as
another moduli space of FTTM under an isomorphism relation between the components of FTTM
defined in Equation (22). Therefore,
, [A]: B € [A]if A =B, for
Merni = { el @D

In order to find the relation between Mgrry and Mgrrw, let [X]e Mgprym. Then, Xe Cerrm,,- This

entails X is a component in some version vy of FTTM at fixed time sy for patient py. Thereby,

. P
XeCorrwy Py, That is, Xe FTTMuy ¢*. Hence, Xe M, P B f}f’F P 1. We

have M, »x= B, e=F, =T, » in FTTMuy gl Thus, X = M, » =

s Vx s X s X s Sx Vx s
X X X X X
B, P =F P = T o By Remark 2, N Px ={ [M. . fj{]}’ and then from Theorem 5, we

%
get MFTTM 5))(( ={ []‘41 ?))((]} Since MUX f)){(, B f),(\/ ’FUX f}){( , TUX f))(( € [M1 SI;X ] ThUS, Xe [Z\41 SI;()(].

From the properties of the equivalence relation, we conclude that [X]= [ M, oy ]. But [ M, »x ] €
Sy Sy

pPx T
vy VX sy Vx

Vx Vx

Vx

MFTTM’ Wthh W|” Iead to [X]E MFTTM' TherEby,

MerrmSMeTT™ (32)
The same preceding argument in the first direction also shows that
MertmS METTM (33)
Overall, Equations (32) and (33) satisfy that Merrm= MerrMm- [

As a result, for Theorem 8, the formal expression for the moduli space of FTTM in Theorem 7
is unique and it is established as the only collection for all the isomorphism classes represented by the
generation components M, at any time and for any patient.

5. Conclusion



ICCEPS IOP Publishing
IOP Conf. Series: Materials Science and Engineering 571 (2019) 012027 doi:10.1088/1757-899X/571/1/012027

In a synopsis, this paper not only aimed at constructing a new moduli space, but also the
uniqueness of this moduli space is proved. Specifically, FTTM has a moduli space, which is uniquely
constructed by the first component at any time and for any patient.

Therefore, we conclude in epilepsy patients that different reaction and the similarity of the
symptoms of the disease will lead to the same equivalence class in MFTTM.
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