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Abstract. The concept of fuzzy orbit open sets under the mapping f:X — X in a fuzzy
topological space (X,7) was introduced by Malathi and Uma (2017). In this paper, we
introduce some conditions on the mapping f, to obtain some properties of these sets. Then we
employ these properties to show that the family of all fuzzy orbit open sets construct a new
fuzzy topology, which we denoted by t, coarser than t. As a result, a new fuzzy topological
space (X, Tro) is obtained. We refer to this topological space as a fuzzy orbit topological space.
In addition, we define the notion of fuzzy orbit interior (closure) and study some of their
properties. Finally, the category of fuzzy orbit topological spaces FOTOP is defined, and we
prove it can be embedded in the category of fuzzy topological spaces FTOP.

1. Introduction

The theory of fuzzy sets are a generalization of conventional set theory that were introduced by Zadeh
[17] in 1965 as a mathematical direction to represent waif and vagueness and to supply formalized
tools for dealing with the problems in everyday life. The fuzzy set theory applied in many directions
and fields such as information [12], control [13] and decision making [3, 10]. The modern theory of
fuzzy topology was introduced by Chang [6] in 1968, as a generalization to the basic concepts of
classical topology. After that, a lot of contributions to the evolution of fuzzy topology have been
published (cf.[1, 2, 5, 8, 14, 15]). The orbit in mathematics has an important role in the study of
dynamical systems, an orbit is a collection of points associated by the evolution function of the
dynamical system. One of the objectives of the modern theory of dynamical systems is using
topological methods to understanding the properties of dynamical systems [9]. The concept of the
fuzzy orbit set was introduced by Malathi and Uma [11] in 2017, as a generalization to the concept of
the orbit point in general metric space [7]. Also, Malathi and Uma [11] introduced the concepts of
fuzzy orbit open sets and fuzzy orbit continuous mappings. The purpose of this paper, is to study the
collection of fuzzy orbit open sets under the mapping f: X — X. In Section 3, we give the necessary
conditions on the mapping f in order to obtain a fixed orbit of a fuzzy set (i.e., f(u) = p) for any
fuzzy orbit open set g under the mapping f. Also, some properties of fuzzy orbit open sets related
with union (intersection) of these sets are introduced. In Section 4, we prove the family of all fuzzy
orbit open sets constructs a fuzzy topological space. This new space is called fuzzy orbit topological
space (X, Tpg). Furthermore, the concept of fuzzy orbit interior (closure) is defined and study some of
their properties. Finally, in Section 5, the category of fuzzy orbit topological spaces and fuzzy
continuous mappings FOTOP is defined. And we show this category is isomorphic to a subcategory
of the category of fuzzy topological spaces.

2. Preliminaries
Throughout this paper, let X be a nonempty countable set, I = [0, 1]. A fuzzy set u of X is a mapping
from X to I, the family of all fuzzy sets of X is denoted by I*. By 0 and 1 we denote constant maps on
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X with value 0 and 1, respectively. For any fuzzy set u € I*the complement of u, denoted by 1 — u.
For the principle terminology of category theory, see [4].

Definition 2.1 [11] Let X be a nonempty set and let f: X — X be any mapping. Let 1 be any fuzzy set
of X. The fuzzy orbit O;(2) of 1 under the mapping f is defined as 0;(2) = {4, f(A), f*(A), ... }.

Definition 2.2 [11] Let X be a nonempty set and let f: X — X be any mapping. The fuzzy orbit set of 4
under the mapping f is defined as FOs (1) =1 A f(1) A f2(A) A ... the intersection of all members
of 0 (4).

Definition 2.3 [11] Let (X, t) be a fuzzy topological space or fts. Let f: X — X be any mapping. The
fuzzy orbit set under the mapping f which is in the fuzzy topology t is called fuzzy orbit open set
under the mapping f. Its complement is called fuzzy orbit closed set under the mapping f.

The following example explain the concept of fuzzy orbit open set.

Example 2.1 Let X = {a;,a,, as}. Definet = {0, 1,4, u} where A, u € I* defined as
A ={(ay,0.5), (ay,0.4), (a3, 0.6)} and u = {(a,,0.4), (ay,0.4), (az, 0.4)}.

Define f:X - X as f(ay) =as,f(ay) =a,,f(az) = a,. The fuzzy orbit set of A under the
mapping f is defined as FO;(1) = A Af(A) A f2(A) A ... = p. Therefore, u is a fuzzy orbit open set
under the mapping f.

From the Definition 2.3, its clear that every fuzzy orbit open set under the mapping f is an
open fuzzy set in X. But the converse is not true, in Example 2.1, the fuzzy set A is an open fuzzy set,
however it is not fuzzy orbit open set under the mapping f, because there is not exists a fuzzy set v €
I* such that FO; (v) = A.

Definition 2.4 [6] A mapping f from a fts (X, 7) to a fts (Y, t™*) is fuzzy continuous iff the inverse
image of each open fuzzy set in Y is an open fuzzy set in X.

Theorem 2.1 [16] Let FTOP be the family of all fts's (X, 1), (Y,7’), ... . For any two pair of objects
(X, 1), (Y, t") of FTOP, define Mor((X,7),(Y,7")) to be the set of all fuzzy continuous mappings f
with respect to r and 7’. Then, FTOP is a category.

3. Some properties of fuzzy orbit open sets

In our work we consider X as a nonempty countable set, we give the conditions on a mapping f: X —
X, to obtain a fixed fuzzy orbit open set (i.e., f(u) = u ) for any fuzzy orbit open set u, and study
some properties of these sets.

Theorem 3.1 Let (X, 7) be aftsand f: X — X be any bijective mapping. Then f(u) = u for any fuzzy
orbit open set u under the mapping f.

Proof. Let (X,7) beaftsand f: X — X be a bijective mapping. Then we have three cases:

Case 1:If f(a;) = aj; aj,a; € Xandi # jforalli,j €A

Suppose X = {a;,a,} and f: X — X defined as f(a;) = a,, f(a,;) = a, . Let u be a fuzzy orbit open
set under the mapping f. Then there exists a fuzzy set A € I¥ such that FOr(D)=AAf(D)A 2 A

Let 1 = {(al, tl)' (az,tz); aq, a, € X, tl ,tz € I} ThIS Imp|IeS
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fQ) ={(a, t); (az, t1)}, (D) = {(ay, t,); (az, t3), .... Therefore,
FOf (A) = {((11. inf{tl) t2; tl! })! (aZ! inf{tZl tl! tZ! })}
= {(ay, min{ty, t;}), (az, min{ty, t;})}

In general, if X = {a4, a,, ...} and u be a fuzzy orbit open set under the mapping f, then there exists a
fuzzy set A = {(ay,t1), (az t2), (as, t3), ..} = {(ay ty); a; €X, t; € 1,i € A} such that FOr(A) = .
That means
FOf(A) = {(ai, inf{ti}); a; € X, ti € I,l € A}

={(a;s);a; € X,s = inf{t; t; €1},i € A}

— # .

Now, for each a; € X, we have

Viap=a, #(a) if f7H(a;) # 0,

0 if f () = 0.

From the hypothesis and the definition of f, we get f(u)(aj) = u(a;) = s for all a; € X. Hence
(W = u.
](c:ase 2: If f(a;)) = aj; a;,aj € X and i = j for some i,j € A. In this case the least number of
elements in X must be three elements. So, suppose that if X = { a;,a,, as}, then from the hypothesis
and the definition of f, the mapping f can be defined as f(a;) = a,, f(a;) = az and f(a3) = a,
(ie., f(a)) =ajwheni = j = land f(a;) = a;, i # jwheni,j € {2,3}).
Let u be a fuzzy orbit open set under the mapping f. Then there exists a fuzzy set A € IX such that
FOr) =2 AfDA FEADA .. =p
Let 2 ={(ay,t1),(ay ty), (as t3); a; € X, t; € 1,i = 1,2,3}. Then from the definition of f, we get
f) = {(ar, t1); (az t3), (as, t2)}, (D) = {(ay, t1); (az,t2), (a3, t3) 5 ...
Therefore,
FOr (1) = {(aq,t1), (ap,inf{ty, t3, ty, ... }), (as, inf{ts, t5, t3,... 1) }
= {(a1, t1), (az, min{t,, t5}), (a3, min{t,, t3})}
In general, if X = {a4, a,, ...} and u be a fuzzy orbit open set under the mapping f, then there exists a
fuzzy set 1 = {(ay,t1), (az t2), (as, t3), ...} = {(a;, t;); a; €X, t; €1,i € A}suchthat FOf(A) = u.
This implies
FOr(A) = {(a;, t); f(a) = aj,i =j,(a;inf{t;, i € A}); f(a) = aj,i+j}
={(apt); f(a) =aji=j(a;,s);s =inflt;,i €A}; f(a) =aj,i+j}
=u.

Now, for each a; € X, we have
\% a; =a-.u(ai) iff_l aj) + Q):
f)(aj) = u(ay) ={ flan=a; ()

0 if f~4(a) = 0.
From the hypothesis and the definition of f, we get for all a; € X
_(tiifi=}j,
f@w)(qy) = {s if i#].
Hence f(u) = pu.

Case 3: If f is the identity mapping. In this case, every open fuzzy set in X is fuzzy orbit open set
under the mapping f and f(u) = u for every fuzzy set u € I*. Thus, the proof is obtained.
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Theorem 3.2 Let (X, 1) be aftsand f: X — X be any constant mapping. Then f(u) = u for any fuzzy
orbit open set u under the mapping f.

Proof. Let (X,7) be a fts and let u be a fuzzy orbit open set under the mapping f. Then, from
Definition 2.3, there exists a fuzzy set 1 = {(a;,t;); a; € X, t; € I,i € A} such that FOf(1) = p.
Since f is constant mapping, this implies there exists a fixed element a;, € X such that f(a;) = a; for
alla; e Xand i € A.
Now, from the definition of f(4) for all a; € X we have,

@) = { sy VD) 1) 20

otherwise.
Thus,

fF(a) = {supiEA Ma)} if a= ax,

0 ifaj;tak.

Therefore, f(1) = {(ax, supiea {A(a;)})}. This means f (1) is a fuzzy point in X with support a; and
degree sup;ep {A(a;)}. By the same way, we have f2(1) = {(a, supiep (A(@)D}, 2 =
{(ak, sup;ep {A(a;)}}, .... For more clearing, we have the following:

A= {(al' tl)l ((12, tZ)' ) (ak) tk)' }

f(l) = {(all 0)' ((12, 0)' ey (ak) SUPien {A(al)})r }

fz(l) = {(all 0), (aZI 0), ey (ak' SUPien {A(al)}); }

)= {(ay,0), (az,0), ..., (ax, supiea {1(ap)}), ... }

:I'hus,
FOr() =2 Af)A FRADA ...
= {(all 0), (aZI 0)' ey (ak' min{th SUPien {}{(al)}})' }

_{(Cli,()) lflik,
 (ak, min{ty, supiep {A(@)}}) if i=k.
= #.

This yield FOf(4) = u is a fuzzy point in X with support a, and degree min{ty, sup;cs {1(a;)}}.
Hence, from the definition of f, we get f (1) = u.

Remark 3.1 The condition to be f: X — X is bijective or constant is necessary condition to obtain
fixed fuzzy orbit open sets for any fuzzy orbit open set u under the mapping f. For more explain, we
give an example for a fts (X,7) and f: X — X not bijective, we show that f(u) # u for some fuzzy
orbit open set u under the mapping f.

Example 3.1 Let X = {a;, a,, as, a,, as}. Define T = {0, 1, u} where u € I* defined as
u= {(all 0)' (aZ' 01)' (a3' 0)! (a4' 06)! (a5' 06)}
Define f: X - X as f(a;) = f(a3) = ay, f(ay) = as, f(ay) = as and f(ag) = a,. Itis clear that f
is not bijective mapping (i.e., f is not one to one and not onto). Let A € I¥ defined as follows:
A ={(a4,0.1), (a,,0.2), (as,0), (a4, 0.6), (as,0.7)}.

Then, the fuzzy orbit of 1 are 0¢(2) = {4, f (1), f2(2), ...}. Which is

f(A) = {(al' 0)1 (aZI 01)! (a3, 02)! (a4, 07): (aSl 06)}
fz(/l) = {(alJ 0)' (aZI 02)) (a3, 01)) (a4, 06)' (aS: 07)}
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f3() ={(ay,0), (ay,0.1),(as, 0.2), (a4, 0.7), (as, 0.6)}

Therefore, the fuzzy orbit set of A is
FOr(D) =2 AfA fF2AA ...

= {(a4,inf{0.1,0,0, ... }),
(a,,inf{0.2,0.1,0.2,0.1, ...}),
(a3,inf{0,0.2,0.1,0.2, ... }),
(a4,inf{0.6,0.7,0.6,0.7, ... }),
(as,inf{0.7,0.6,0.7,0.6, ... })}
= {(all O)' (aZ' 01)! (a3' 0)! (a4, 06)! (aSJ 06)}
= ‘Ll_

Thus, the open fuzzy set u is fuzzy orbit open set under the mapping f. But f(u) =
{(a1; O)' (aZ' 0)' (a3' 01)' (a4; 06)' (a5; 06)} * .u'

From Theorems 3.1 and 3.2, we obtain the following result.

Result 3.1 Let (X, 1) be a fts, f: X — X be any mapping such that either f is bijective mapping or f is
constant mapping and u is a fuzzy orbit open set under the mapping f, then f(u) = p.

In our work, we consider the mapping f: X — X that satisfies the conditions in Result 3.1.

Proposition 3.1 Let (X, 7) be a fts and f: X — X be any mapping. If u is a fuzzy orbit
open set under the mapping f, then FOs(u) = p .

Proof. The proof follows directly from the definition of FO;(u )and Result 3.1. i.e., FOf(u) = uA

FQ) A f2) A ... From Result 3.1, we have f(u) = p, this implies f2(u) = f(f(W) = w, 3 =
f(f2(w) = p,.... Hence, FOr () = p.

Theorem 3.3 Let (X,7) be a ftsand f: X — X be a mapping. If u; and u, are fuzzy orbit open sets
under the mapping f, then FOr(uy A pz ) = FOp(uy ) A FOr(uz ).

Proof. First we prove the theorem if f is bijective mapping. From Theorem 3.1, we have three cases.
We prove the theorem in case 1. The proof of theorem in case 2 is similar to case 1, and the prove of
theorem in case 3 is easy.

Case 1: Suppose that f is bijective mapping and f (a;) = a;;a;,a; € Xandi # jforalli,j € A. Let
uy and u, are fuzzy orbit open sets under the mapping f. Then, there exist 1;, 1, € I*¥ defined as
A= {(apt); a; €X, t; €L i €A} and A, = {(a;,s;); a; €X, s; €1,i € AJsuch that FOr(4,) =
pwand FO¢(Ay) = up. From Theorem 3.1 case 1, we have FOr( 1) = {(a;,t);t = inf{t;, i € A}} =
py and FOr(Ay) = {(a;,s);s = inf{s;, i € A}} = up. Thus, py A p, = {(a;, minft, s}); a; € X,i € A}.
Let k = min{t, s}. Now, forall q; € X,j € A

Vf(ai)=a,- (1 Apz)(ay) if f_l(aj) * 0,

fu /\Mz)(aj) = { 0 if f7(a)) = 0
f .

=k
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Hence, f(uq A pz)= pq A uy. This implies, f2(uy A up)= pq A tiz, f3(g A )= piq A lg,.... Therefore,
from the definition of FOr(uy A py ) and Theorem 3.1, we get FOp(uy A piz) = py Az = FOr(uq ) A

FOr(uz ).

Case 2: Suppose that f is bijective mapping and f(a;) = aj; a;,a; € X and i = j for some i,j € A.
Let u; and pu, are fuzzy orbit open sets under the mapping f. Then, there exist A,, 1, € I*X defined as
A= {(apt); a; €X, t;el,i €A} and A, = {(a;,s;); a; €X, s; €1,i € AJsuch that FOr(4,) =
pand FOf(A;) = u,. From Theorem 3.1 case 2, we have

FOr(A1) ={(ant); fla) = aji=j,(a,t =inflt,i € AY;f(a) = ani#j}=w and
FOr(23) = {(a,5); f(a) = aj,i=j,(a,s = inf{s, i € AD); f(a;) = aj,i #j} = .

Thus, uy A, = {(a;, min{t;, s;}); f(a;) = aj,i =j,(a;minft,s}); f(a;) = a;,i # j}. Now, for all
a €X,jEA

Vi@p=a; a Ap)(a) if f7H(ay) # 8,
f(’“A’“)(a"):{ o iff'l((a{))=®
; :
_ (min{t;, s;} if f(a) = aji=],
B {min{t,s} if fla)= aj;i#+j.

Hence, f(uy A up)= uy A up. Thisimplies, £2(uy A py)= py A g, £3(g A )= g A Uy,.... Therefore,
from the definition of FOr(uy A py ) and Theorem 3.1, we get FOr(uy A piz) = pg Az = FOp(uq ) A
FOf(Hz ).

Now, if f is constant mapping, let u, and p, are fuzzy orbit open sets under the mapping f.
Then, there exist A;, A, € 1X  defined as A; = {(a;t;); a;€X, t; €L,i €A} and A, =
{(a;,s;); a; € X, s; €1,i € AJsuch that FOr( ;) = pyand FO;(A;) = pp. From Theorem 3.2, we
have

 ((a;0) ifi #k,
FOr(A1) = {(ak,min{tk,supie/\{/h(ai)}}) if i =k
=
And,
(aiJ O) lfl * k'
FOr(22) = {(ak,min{sk, supeatdz(a)}}) if i = k.
= Uz
Thus,
(a;,0) ifi =k,

ANy = . . . o
fa i {(ak.mm{mm{tk.supieA{Al(ai)}},mm{sk,supieA{Az (a)}}) ifi=k.

This means puyAp, is a fuzzy point in X with support aiand degree
min{min{t, sup;ea{A; (a;)}}, min{sy, sup;ea{d,(a)}}}. Hence, from the definition of f, we get
fQuy Auz)= uy A . This implies, f2(uy A pz)= g Az, 2 Altp)= g A iy,.... Therefore, from
the definition of FOf(u; Ay ) and Theorem 3.2, we get FOp(uy App) = pg Az = FOp(ug ) A
Fof(llz ).

Theorem 3.4 Let (X,7) beaftsand f: X — X be a mapping. Let {u,}qea be any family of fuzzy orbit
open sets under the mapping £, then FOr (Vgea o) = VaeaF Or(Ug).
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Proof. The outline of proofing this theorem is proceeds in a way similar to Theorem 3.3. As in
Theorem 3.3, we consider three cases:

Case 1 : Suppose that f is bijective mapping and f(a;) = a;,;a;,a; € X and i # j forall i,j € A.
Let {uq}aea be any family of fuzzy orbit open sets under the mapping f. Then, there exist A, € I%,
a € Adefined as A, = {(a;, t;,); a; € X, t;, € 1,i € A}

such that FO(Ay) = ug for all a € A. From Theorem 3.1 Case 1, we have FO(4,) =
{(apte);ite = inf {t; i € A}} = pq.

Thus, Vgep e = {(a;, supgeaite}); a; € X,i € A}. Let k = supgea{ty}. Now, forall a; € X,j € A

f(VaEA P‘a) (aj)

_ {Vf(ai)zaj (VaeA .ua)(ai) if f_l(af) # 0,
0 if f7(a)) = 9.
=k

Hence, f(Vgea Ha)= Vaea Ug- This implies, f2(Vgen ta)= Vaen bar 2NV aen ta)= Vaea U
Therefore, from the definition of FOr(Vgep pte ) and Theorem 3.1, we get FOr(Vgep o) =

Vaea ba = VaeaF O (1a).

Case 2: Suppose that f is bijective mapping and f(a;) = aj; a;,a; € X and i = j for some i,j € A.
Let {uy}aen be any family of fuzzy orbit open sets under the mapping f. Then, there exist A, € I%,
a € Adefined as 4, = {(a;, t;,); a; € X, t;, € I,i € A} such that FO;(A,) = pg for all @ € A. From
Theorem 3.1 case 2, we have

FOr(Ag) ={(auti,)i f(a) = aj,i=j,(a,inf{t;,, i €A}); f(a) = a;,i#j}=p, PUt t,=
inf{t; ,i € A}, it follows:

Vaen ta = {(ai, subgealti })i f(a) = aj,i = j, (a;, supgealted); f(a) = aj,i # j}.
Now, forall a; € X,j € A

Vf(ai)=a- (Veaea #a)(ai) if f_l(aj) * 0,
Vaen la i) = !
f( AH )(a]) { 0 iff_l(aj)=®.
_ {SupaEA{tia} if fla) = a;i=},
SupaeA{ta} if f(a;) = Clj,i * J.

Hencev f(VaEA ’ua): VaEA Ug- This implies, fz(vaEA .ua): VaEA Has fB(VaEA .uoc): VaEA Hgrseeee
Therefore, from the definition of FOr(Vgep tte ) and Theorem 3.1, we get FOr(Vgep o) =

Vaen U = VaEAFOf(ﬂa)-

Now, if f is constant mapping, let {u,}.ea be any family of fuzzy orbit open sets under the
mapping f. Then, there exist A, € I*, a € A defined as 1, = {(a;, t;,); a; € X, t;, € I,i € A} such
that FO¢( 1) = u, forall a € A. From Theorem 3.2, we get

(a;,0) if i #k,
Fof(/la) N {(ak»min {tka» SupiEA{la(ai)}}) if i=k.
= Uq-
Thus,
(a;,0) ifi+k,
Vaes o = {(ak,supaeA{min {tka,supieA{la(ai)}}) ifi =k.
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This means Vgeaqeis a fuzzy point in X with support aiand degree
SUPgep{min {tka,supie,\{/la(ai)}}. Hence, from the definition of f, we get f(Vgaea 4a)= Vaen Ua-

This implies, f2(Vaen ta)= Vaea tar 2V aen ta)= Vaea Ha,--.. Therefore, from the definition of
FO¢(Vgen Ug ) and Theorem 3.2, we get FOr(Vgen Ha) = Vaen Ha = VaenF O (Ug).

4. Fuzzy orbit topological spaces
In this section we show that the family of all fuzzy orbit open sets under the mapping f constrict a
fuzzy topology on X, denoted by 7, which is coarser than .

Theorem 4.1 Let (X,7) be a ftsand f: X — X be a mapping. Let 7, denote to the family of all fuzzy
orbit open sets under the mapping f. Then, Tz, is a fuzzy topology on X coarser than .

Proof. We must show t, satisfies the three axioms of the definition of fuzzy topology. It is clear that
0 and 1 are fuzzy orbit open sets, because there exist A = 0 and v = 1 such that FO;(1) = 0 € 7 and
FO;(v) =1€7.Thus, 0 € 7pp and 1 € tpo.

Let u; and u, be fuzzy orbit open sets under the mapping f. To show u, A u, is a fuzzy orbit
open set under the mapping £, we must find a fuzzy set A € I* such that FOr(A) =pus ANy €T
If we choose A = u; A u,, then from Theorem 3.3 and Proposition 3.1 we have,
FOr(A) = FOf (u Auz) = FOf (1) A FOf (1) = pq A pp. On the other hand since every fuzzy
orbit open set is an open fuzzy set in X, then u; A u, € 7. Hence, the result.

Let {u, }aea be any family of fuzzy orbit open sets under the mapping f. Let A = Vg ea ta-
Then from Theorem 3.4, FOr(A) = FOr(Vaen ha ) = Vaea FOr (g ) = Vaen B ANd Vgep tig € T.
Thus, t5 is a fuzzy topology on X. Furthermore, Tz, < T since every fuzzy orbit open set is an open
fuzzy setin X.

Definition 4.1 Let (X,7) be a fts and f: X — X be a mapping. The pair (X, 7go) is called fuzzy orbit
topological space associated with (X, 7).

Example 4.1

1. For any nonempty countable set X, °5,={0, 1} is a fuzzy orbit topology on X, and is called the
indiscrete fuzzy orbit topology.

2. For any nonempty countable set X, if f: X — X is the identity mapping, then tzp = 7.

Next the notion of fuzzy orbit closure (resp. interior) of a fuzzy set is introduced.

Definition 4.2 Let (X, 7z ) be a fuzzy orbit topological space and A € I*. The fuzzy orbit closure of
A, denoted by clzo (1), is the intersection of all fuzzy orbit closed supersets under the mapping f of A.
ie.,

clroD) =Mp € I¥|p =2 1,1~ p € 10}

And, the fuzzy orbit interior of A, denoted by Intzo(4), is the union of all fuzzy orbit open
subsets under the mapping f of 4. i.e.,
Intro(1) = V{p € IX|p < A,p € To}.

Clearly, clpo(1) (resp., Intgy(A)) is the smallest (resp., largest) fuzzy orbit closed (resp.,
open) set under the mapping f which contains (resp., contained in) A.

Proposition 4.1 Let (X, 7z ) be a fuzzy orbit topological space and A € I*. Then
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Intro(A) < Int(A) < 2 < cl(A) < clpo(R).

Proof. The proof follows directly from the fact that every fuzzy orbit closed (resp., open) set under the
mapping f is closed (resp., open) fuzzy set.

Proposition 4.2 Let (X, Tz ) be a fuzzy orbit topological space and A, u € I%. Then,
. Clpo((_)) = 6 and Clpo(i) = i

A =Zclgo ().

Clpo(AV 1) = clpe (D) V clpo ().

AFA <, then clpp (1) < clpo ().

- Clpo (clpo () = clpo (D).

. A is fuzzy orbit closed set under the mapping f iff 1 = clgo(4).

AN DN B~ W~

Proof. Straightforward.

Proposition 4.3 Let (X, Tz ) be a fuzzy orbit topological space and A, u € I%. Then,
1. Intpo(0) = 0 and Intpy (1) = 1.

2. Intpo(A) < A,

3.Intpp(A Ap) = Intgg(A) A Intgo(W).

4.1f < pu, then Intpp (1) < Intpo(W).

5. Intgg(Intpp (L)) = Intpe(A).

6. A is fuzzy orbit open set under the mapping f iff 1 = Intgy (1).

Proof. Straightforward.

Theorem 4.2 Let (X, 1r ) be a fuzzy orbit topological space and A € I*. Then,
1.1 — Intpg (1) = clpo (1 = 2).
2.1 = clpo (D)= Intry (1 = 2).

Proof. We prove part 1 and by the similar way one can prove part 2. From Proposition 4.3 part 2,
Intgy (1) < 1 so by taking the complement we have, 1 — A < 1 — Intg, (A). Since 1 — Intg, (1) is a
fuzzy orbit closed set and by Proposition 4.2 part 4, clpo(1—2) < clpg (1 —Intgy (1)) = 1 —
Intgo(2). Hence, clpp(1 — 1) < 1 — Intgy ().

Conversely, by Proposition 4.2 part 2, 1 — A < clgo(1 — ). By taking the complement, 1 — clzo
(1= 2) < A. Since clgy (1 — 2) is a fuzzy orbit closed set. Then 1 — clzo (1 — 4) is a fuzzy orbit
open set and by Proposition 4.3 part 6, we have 1 — clzoy (1 — 1) < Intg (1), again by taking the
complement we obtain, 1 — Intpy (1) < clpo (1 = A).

Theorem 4.3 Let f: (X, tr0 ) = (Y, T'ro) and g: (Y, t'ro) = (Z, 7" po)be two mappings. Then g of
is fuzzy continuous mapping if f and g are fuzzy continuous.

Proof. Clear.

5. Category of fuzzy orbit topological spaces
In this section, we will construct the category of fuzzy orbit topological spaces, and study its relation
with the category of fts's.

Definition 5.1 Let FOTOP be the collection of all fuzzy orbit topological spaces (X, tzo ), (Y, T ro),
. associated with (X,t),(Y,7"), ... respectively. For each pair of objects (X,tzp ), (Y,T'ro) Of
FOTOP, define Mor((X, tzo ), (Y,T'rp)) to be the set of all fuzzy continuous mapping f with respect
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to Tz and t'ry. Composition of two morphisms f: (X, tzp ) = (Y, T'r0), g: (Y, T'ro) = (Z,7"5o) IS
defined by g of : (X, Trp ) = (Z, 7" o).

Theorem 5.1 FOTOP is a category.

Proof. First Form Theorem 4.3, the composition of fuzzy continuous mappings between fuzzy orbit
topological spaces is also fuzzy continuous, hence the composition of morphisms is well defined and
associative. Second, to each object (X,7ro ) in FOTOP define the identity morphism 1., y:

(X,1r0 ) = (X, Tro ), by the identity set mapping. Thus, we get to the required result.

Remark 5.1 FOTOP is not a subcategory of FTOP, because if f is fuzzy continuous from (X, Tz, ) to
(Y,7'ro), then f need not to be fuzzy continuous from (X, 7)to (¥, t’). That is mean Mor((X, Tz ),
(Y, 7' o)) € Mor((X, ), (Y, t")). We give an example to explain that.

Example 5.1 Let X = {ay,a,,a3} and Y = {by, b, b3}. Define t={0,1,A}and 7' = {0, 1, iy, .}
where A€l and pg,py, €1¥Y  such  that A ={(a;,0.2),(a,03),(as03)}, u =
{(b1,0.2), (b,,0.3),(b3,0.3)} and u, = {(b4,0.6), (b,,0.5), (b3,0.7)}. Clearly, (X,7) and (Y,t") are
fts's.

Define f:(X,7) » (Y,7"), fi:X— X and f,:Y -»Y as f(ay) = by, f(ay) =bs, f(az) = by,
filay) = ay, fi(az) = a3, fi(az) = a; and f5(by) = by, f2(b2) = b3, fo(b3) = b,. Then, tpp =
{0,1,A} and t'rp = {0, 1, uq }. It is clear that f is fuzzy continuous with respect to 7z, and t’g,. But
f is not fuzzy continuous with respect to T and t’, since u, is an open fuzzy set in Y, however
f~1(u,) is not an open fuzzy set in X.

Theorem 5.2 FOTOP isomorphic to a subcategory of FTOP.

Proof. Let FTOP,, be a collection {(X, Iy)} of objects in FTOP, such that Iy is the indiscrete fuzzy
topology on X. For any pair of objects (X,Iy),(Y,Iy) of FTOP,, take Mor((X,Iy), (Y,Iy)) (in
FTOP) as the set of morphisms in FTOP,,. Then it is clearFTOP,, is a subcategory of FTOP. Now
define F: FOTOP — FTOP, by F((X,7rp)) = (X,Ix) and for each morphism f:(X,tzp) —
(Y, 7' o) define F(f) = f:(X,Iyx) — (Y,Iy). It can be verified that F is indeed a bijective functor.
Thus FOTOP isomorphic to FTOP,,.

Remark 5.2 From the above theorem, we can say that FOTOP is embedded in FTOP as a
subcategory.

Conclusion In this paper, we study the collection of fuzzy orbit open sets under the mapping f: X —
X. We give the necessary conditions on the mapping f in order to obtain a fixed orbit of a fuzzy set for
any fuzzy orbit open set under the mapping f. As a main result, we prove the family of all fuzzy orbit
open sets constructs a fuzzy topological space. In addition, the category of fuzzy orbit topological
spaces and fuzzy continuous mappings FOTOP is defined. And we show this category is isomorphic
to a subcategory of the category of fuzzy topological spaces.
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