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Abstract. The concept of fuzzy orbit open sets under the mapping 𝑓: 𝑋 → 𝑋 in a fuzzy 

topological space (𝑋, 𝜏) was introduced by Malathi and Uma (2017). In this paper, we 

introduce some conditions on the mapping 𝑓, to obtain some properties of these sets. Then we 

employ these properties to show that the family of all fuzzy orbit open sets construct a new 

fuzzy topology, which we denoted by 𝜏𝐹𝑂 coarser than 𝜏. As a result, a new fuzzy topological 

space (𝑋, 𝜏𝐹𝑂) is obtained. We refer to this topological space as a fuzzy orbit topological space. 

In addition, we define the notion of fuzzy orbit interior (closure) and study some of their 

properties. Finally, the category of fuzzy orbit topological spaces 𝔽𝕆𝐓𝐎𝐏 is defined, and we 

prove it can be embedded in the category of fuzzy topological spaces 𝔽𝐓𝐎𝐏. 

1.  Introduction 

The theory of fuzzy sets are a generalization of conventional set theory that were introduced by Zadeh 

[17] in 1965 as a mathematical direction to represent waif and vagueness and to supply formalized 

tools for dealing with the problems in everyday life. The fuzzy set theory applied in many directions 

and fields such as information [12], control [13] and decision making [3, 10]. The modern theory of 

fuzzy topology was introduced by Chang [6] in 1968, as a generalization to the basic concepts of 

classical topology. After that, a lot of contributions to the evolution of fuzzy topology have been 

published (cf.[1, 2, 5, 8, 14, 15]). The orbit in mathematics has an important role in the study of 

dynamical systems, an orbit is a collection of points associated by the evolution function of the 

dynamical system. One of the objectives of the modern theory of dynamical systems is using 

topological methods to understanding the properties of dynamical systems [9]. The concept of the 

fuzzy orbit set was introduced by Malathi and Uma [11] in 2017, as a generalization to the concept of 

the orbit point in general metric space [7]. Also, Malathi and Uma [11] introduced the concepts of 

fuzzy orbit open sets and fuzzy orbit continuous mappings. The purpose of this paper, is to study the 

collection of fuzzy orbit open sets under the mapping 𝒇: 𝑿 → 𝑿. In Section 3, we give the necessary 

conditions on the mapping 𝒇 in order to obtain a fixed orbit of a fuzzy set (i.e., 𝒇(𝝁) = 𝝁) for any 

fuzzy orbit open set 𝝁 under the mapping 𝒇. Also, some properties of fuzzy orbit open sets related 

with union (intersection) of these sets are introduced. In Section 4, we prove the family of all fuzzy 

orbit open sets constructs a fuzzy topological space. This new space is called fuzzy orbit topological 

space (𝑿, 𝝉𝑭𝑶). Furthermore, the concept of fuzzy orbit interior (closure) is defined and study some of 

their properties. Finally, in Section 5, the category of fuzzy orbit topological spaces and fuzzy 

continuous mappings 𝔽𝕆𝐓𝐎𝐏 is defined. And we show this category is isomorphic to a subcategory 

of the category of fuzzy topological spaces. 

 

2.  Preliminaries  

Throughout this paper, let 𝑋 be a nonempty countable set, 𝐼 =  [0, 1]. A fuzzy set 𝜇 of 𝑋 is a mapping 

from 𝑋 to 𝐼, the family of all fuzzy sets of 𝑋 is denoted by 𝐼𝑋. By 0̅ and 1̅ we denote constant maps on 
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𝑋 with value 0 and 1, respectively. For any fuzzy set 𝜇 ∈ 𝐼𝑋the complement of 𝜇, denoted by 1̅ − 𝜇. 

For the principle terminology of category theory, see [4]. 

 

Definition 2.1 [11] Let 𝑋 be a nonempty set and let 𝑓: 𝑋 → 𝑋 be any mapping. Let 𝜆 be any fuzzy set 

of 𝑋. The fuzzy orbit 𝑂𝑓(𝜆) of 𝜆 under the mapping 𝑓 is defined as 𝑂𝑓(𝜆) = {𝜆, 𝑓(𝜆), 𝑓2(𝜆), … }. 

 

Definition 2.2 [11] Let 𝑋 be a nonempty set and let 𝑓: 𝑋 → 𝑋 be any mapping. The fuzzy orbit set of 𝜆 

under the mapping 𝑓 is defined as 𝐹𝑂𝑓(𝜆) = 𝜆 ∧ 𝑓(𝜆) ∧  𝑓2(𝜆) ∧ …. the intersection of all members 

of 𝑂𝑓(𝜆). 

 

Definition 2.3 [11] Let (𝑋, 𝜏) be a fuzzy topological space or fts. Let 𝑓: 𝑋 → 𝑋 be any mapping. The 

fuzzy orbit set under the mapping 𝑓 which is in the fuzzy topology 𝜏 is called fuzzy orbit open set 

under the mapping 𝑓. Its complement is called fuzzy orbit closed set under the mapping 𝑓. 
 

The following example explain the concept of fuzzy orbit open set. 

 

Example 2.1 Let 𝑋 = { 𝑎1, 𝑎2, 𝑎3}. Define 𝜏 = {0̅, 1̅, 𝜆, 𝜇} where 𝜆, 𝜇 ∈ 𝐼𝑋 defined as 

𝜆 = {(𝑎1, 0.5), (𝑎2, 0.4), (𝑎3, 0.6)} and  𝜇 = {(𝑎1, 0.4), (𝑎2, 0.4), (𝑎3, 0.4)}. 

 

Define 𝑓: 𝑋 → 𝑋 as 𝑓(𝑎1) = 𝑎3 , 𝑓(𝑎2) = 𝑎1 , 𝑓(𝑎3) =  𝑎2 . The fuzzy orbit set of 𝜆 under the 

mapping 𝑓 is defined as 𝐹𝑂𝑓(𝜆) = 𝜆 ∧ 𝑓(𝜆) ∧  𝑓2(𝜆) ∧ … = 𝜇. Therefore, 𝜇 is a fuzzy orbit open set 

under the mapping  𝑓. 

 

From the Definition 2.3, its clear that every fuzzy orbit open set under the mapping 𝑓 is an 

open fuzzy set in X. But the converse is not true, in Example 2.1, the fuzzy set 𝜆 is an open fuzzy set, 

however it is not fuzzy orbit open set under the mapping 𝑓, because there is not exists a fuzzy set 𝜈 ∈
𝐼𝑋 such that 𝐹𝑂𝑓(𝜈) = 𝜆. 

 

Definition 2.4 [6] A mapping 𝑓 from a fts (𝑋, 𝜏) to a fts (𝑌, 𝜏∗)  is fuzzy continuous iff the inverse 

image of each open fuzzy set in 𝑌 is an open fuzzy set in 𝑋. 

 

Theorem 2.1 [16] Let 𝔽𝐓𝐎𝐏 be the family of all fts's (𝑋, 𝜏), (𝑌, 𝜏′), … . For any two pair of objects 

(𝑋, 𝜏), (𝑌, 𝜏′) of 𝔽𝐓𝐎𝐏, define 𝑀𝑜𝑟((𝑋, 𝜏), (𝑌, 𝜏′)) to be the set of all fuzzy continuous mappings 𝑓 

with respect to 𝜏 and 𝜏′. Then, 𝔽𝐓𝐎𝐏 is a category. 

 

3.  Some properties of fuzzy orbit open sets  

In our work we consider 𝑋 as a nonempty countable set, we give the conditions on a mapping 𝑓: 𝑋 →
𝑋,  to obtain a fixed fuzzy orbit open set (i.e., 𝑓(𝜇) = 𝜇 ) for any fuzzy orbit open set 𝜇, and study 

some properties of these sets. 

 

Theorem 3.1 Let (𝑋, 𝜏) be a fts and 𝑓: 𝑋 → 𝑋 be any bijective mapping. Then 𝑓(𝜇) = 𝜇 for any fuzzy 

orbit open set 𝜇 under the mapping 𝑓. 

 

Proof.  Let (𝑋, 𝜏) be a fts and 𝑓: 𝑋 → 𝑋 be a bijective mapping. Then we have three cases: 

Case 1: If 𝑓(𝑎𝑖) =  𝑎 𝑗;  𝑎𝑖 , 𝑎 𝑗 ∈  𝑋 and 𝑖 ≠  𝑗 for all 𝑖, 𝑗 ∈ Λ. 

Suppose 𝑋 = {𝑎1, 𝑎2} and 𝑓: 𝑋 → 𝑋 defined as 𝑓(𝑎1) = 𝑎2 , 𝑓(𝑎2) = 𝑎1 . Let 𝜇 be a fuzzy orbit open 

set under the mapping 𝑓. Then there exists a fuzzy set 𝜆 ∈ 𝐼𝑋 such that 𝐹𝑂𝑓(𝜆) = 𝜆 ∧ 𝑓(𝜆) ∧ 𝑓2(𝜆) ∧

 … = 𝜇. 

Let  𝜆 = {(𝑎1, 𝑡1), (𝑎2, 𝑡2); 𝑎1, 𝑎2 ∈  𝑋, 𝑡1 , 𝑡2 ∈ 𝐼}. This implies 
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𝑓(𝜆) = {(𝑎1, 𝑡2); (𝑎2, 𝑡1)} , 𝑓2(𝜆) = {(𝑎1, 𝑡1); (𝑎2, 𝑡2), …. Therefore, 

𝐹𝑂𝑓(𝜆) = {(𝑎1, inf{𝑡1, 𝑡2, 𝑡1, … }), (𝑎2, inf{𝑡2, 𝑡1, 𝑡2, … })} 

                                                  = {(𝑎1, min{𝑡1, 𝑡2}), (𝑎2, min{𝑡1, 𝑡2})} 

                                                  = 𝜇 .   
In general, if 𝑋 = {𝑎1, 𝑎2, … } and 𝜇 be a fuzzy orbit open set under the mapping 𝑓, then there exists a 

fuzzy set 𝜆 = {(𝑎1, 𝑡1), (𝑎2, 𝑡2), (𝑎3, 𝑡3), … } = {(𝑎𝑖, 𝑡𝑖);  𝑎𝑖 ∈ 𝑋, 𝑡𝑖 ∈ 𝐼, 𝑖 ∈ Λ} such that 𝐹𝑂𝑓(𝜆) = 𝜇 .  

That means 

𝐹𝑂𝑓(𝜆) = {(𝑎𝑖, inf{𝑡𝑖}); 𝑎𝑖 ∈ 𝑋, 𝑡𝑖 ∈ 𝐼, 𝑖 ∈ Λ}  

             = {(𝑎𝑖, 𝑠); 𝑎𝑖 ∈ 𝑋, 𝑠 =  inf{𝑡𝑖;  𝑡𝑖 ∈ 𝐼}, 𝑖 ∈ Λ} 

             = 𝜇 .  
 

Now, for each 𝑎𝑗 ∈ 𝑋, we have 

𝑓(𝜇)(𝑎𝑗) = {
⋁𝑓(𝑎𝑖)=𝑎𝑗

 𝜇(𝑎𝑖)     𝑖𝑓 𝑓−1(𝑎𝑗) ≠ ∅,  

0                            𝑖𝑓 𝑓−1(𝑎𝑗) = ∅.
 

 

From the hypothesis and the definition of 𝑓, we get 𝑓(𝜇)(𝑎𝑗) = 𝜇(𝑎𝑖) = 𝑠 for all 𝑎𝑗 ∈ 𝑋.  Hence 

𝑓(𝜇) = 𝜇. 

Case 2: If 𝑓(𝑎𝑖) =  𝑎 𝑗;  𝑎𝑖 , 𝑎 𝑗 ∈  𝑋 and 𝑖 =  𝑗 for some 𝑖, 𝑗 ∈ Λ. In this case the least number of 

elements in 𝑋 must be three elements. So, suppose that if  𝑋 = { 𝑎1, 𝑎2, 𝑎3}, then from the hypothesis 

and the definition of 𝑓, the mapping 𝑓 can be defined as 𝑓(𝑎1) = 𝑎1 , 𝑓(𝑎2) = 𝑎3 and 𝑓(𝑎3) = 𝑎2 

(i.e., 𝑓(𝑎𝑖) = 𝑎𝑗 when 𝑖 =  𝑗 =  1 and 𝑓(𝑎𝑖) = 𝑎𝑗, 𝑖 ≠  𝑗 when 𝑖, 𝑗 ∈ {2,3}). 

Let 𝜇 be a fuzzy orbit open set under the mapping 𝑓. Then there exists a fuzzy set 𝜆 ∈ 𝐼𝑋 such that 

𝐹𝑂𝑓(𝜆) = 𝜆 ∧ 𝑓(𝜆) ∧ 𝑓2(𝜆) ∧ … = 𝜇. 

Let  𝜆 = {(𝑎1, 𝑡1), (𝑎2, 𝑡2), (𝑎3, 𝑡3); 𝑎𝑖 ∈  𝑋, 𝑡𝑖 ∈ 𝐼, 𝑖 = 1,2,3}. Then from the definition of 𝑓, we get 

𝑓(𝜆) = {(𝑎1, 𝑡1); (𝑎2, 𝑡3), (𝑎3, 𝑡2)} , 𝑓2(𝜆) = {(𝑎1, 𝑡1); (𝑎2, 𝑡2), (𝑎3, 𝑡3) , ….  

Therefore, 

𝐹𝑂𝑓(𝜆) = {(𝑎1, 𝑡1), (𝑎2, inf{𝑡2, 𝑡3, 𝑡2, … }), (𝑎3, inf{𝑡3, 𝑡2, 𝑡3, … }) } 

                                           = {(𝑎1, 𝑡1), (𝑎2, min{𝑡2, 𝑡3}), (𝑎3, min{𝑡2, 𝑡3})} 

                                           = 𝜇 . 
In general, if 𝑋 = {𝑎1, 𝑎2, … } and 𝜇 be a fuzzy orbit open set under the mapping 𝑓, then there exists a 

fuzzy set 𝜆 = {(𝑎1, 𝑡1), (𝑎2, 𝑡2), (𝑎3, 𝑡3), … } = {(𝑎𝑖, 𝑡𝑖);  𝑎𝑖 ∈ 𝑋, 𝑡𝑖 ∈ 𝐼, 𝑖 ∈ Λ} such that 𝐹𝑂𝑓(𝜆) = 𝜇 .  

This implies 

𝐹𝑂𝑓(𝜆) = {(𝑎𝑖, 𝑡𝑖); 𝑓(𝑎𝑖) = 𝑎 𝑗, 𝑖 = 𝑗, (𝑎𝑖 , inf{𝑡𝑖, 𝑖 ∈ Λ}); 𝑓(𝑎𝑖) =  𝑎 𝑗 , 𝑖 ≠ 𝑗} 

                                  = {(𝑎𝑖, 𝑡𝑖); 𝑓(𝑎𝑖) = 𝑎 𝑗, 𝑖 = 𝑗, (𝑎𝑖, 𝑠); 𝑠 = inf{𝑡𝑖, 𝑖 ∈ Λ} ; 𝑓(𝑎𝑖) = 𝑎 𝑗 , 𝑖 ≠ 𝑗} 

                                  = 𝜇 .  
 

Now, for each 𝑎𝑗 ∈ 𝑋, we have 

𝑓(𝜇)(𝑎𝑗) = 𝜇(𝑎𝑖) = {
⋁𝑓(𝑎𝑖)=𝑎𝑗

 𝜇(𝑎𝑖)     𝑖𝑓 𝑓−1(𝑎𝑗) ≠ ∅,  

0                            𝑖𝑓 𝑓−1(𝑎𝑗) = ∅.
 

 

From the hypothesis and the definition of 𝑓, we get for all 𝑎𝑗 ∈ 𝑋 

𝑓(𝜇)(𝑎𝑗) = {
𝑡𝑖  𝑖𝑓 𝑖 = 𝑗,
𝑠   𝑖𝑓  𝑖 ≠ 𝑗.

 

Hence 𝑓(𝜇) = 𝜇. 

Case 3: If 𝑓 is the identity mapping. In this case, every open fuzzy set in 𝑋 is fuzzy orbit open set 

under the mapping 𝑓 and 𝑓(𝜇) = 𝜇 for every fuzzy set 𝜇 ∈ 𝐼𝑋. Thus, the proof is obtained. 
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Theorem 3.2 Let (𝑋, 𝜏) be a fts and 𝑓: 𝑋 → 𝑋 be any constant mapping. Then 𝑓(𝜇) = 𝜇 for any fuzzy 

orbit open set 𝜇 under the mapping 𝑓. 

 

Proof. Let (𝑋, 𝜏) be a fts and let 𝜇 be a fuzzy orbit open set under the mapping 𝑓. Then, from 

Definition 2.3, there exists a fuzzy set 𝜆 = {(𝑎𝑖, 𝑡𝑖);  𝑎𝑖 ∈ 𝑋, 𝑡𝑖 ∈ 𝐼, 𝑖 ∈ Λ} such that 𝐹𝑂𝑓(𝜆) = 𝜇.  

Since 𝑓 is constant mapping, this implies there exists a fixed element 𝑎𝑘 ∈ 𝑋 such that 𝑓(𝑎𝑖) = 𝑎𝑘 for 

all 𝑎𝑖 ∈ 𝑋 and 𝑖 ∈ Λ. 

Now, from the definition of 𝑓(𝜆) for all 𝑎𝑗 ∈ 𝑋 we have, 

𝑓(𝜆)(𝑎𝑗) = {
⋁𝑓(𝑎𝑖)=𝑎𝑗

 {𝜆(𝑎𝑖)}    𝑖𝑓 𝑓−1(𝑎𝑗) ≠ ∅,  

0                            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.                 
 

Thus,  

𝑓(𝜆)(𝑎𝑗) = {
𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)}     𝑖𝑓 𝑎𝑗 =  𝑎𝑘  ,          
0                        𝑖𝑓 𝑎𝑗 ≠  𝑎𝑘  .                 

 

 

Therefore, 𝑓(𝜆) = {(𝑎𝑘, 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)})}. This means 𝑓(𝜆) is a fuzzy point in 𝑋 with support 𝑎𝑘  and 

degree 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)}. By the same way, we have 𝑓2(𝜆) = {(𝑎𝑘, 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)})}, 𝑓3(𝜆) =
{(𝑎𝑘 , 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)})}, …. For more clearing, we have the following: 

𝜆 = {(𝑎1, 𝑡1), (𝑎2, 𝑡2), … , (𝑎𝑘 , 𝑡𝑘), … } 

𝑓(𝜆) = {(𝑎1, 0), (𝑎2, 0), … , (𝑎𝑘 , 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)}), … } 

𝑓2(𝜆) = {(𝑎1, 0), (𝑎2, 0), … , (𝑎𝑘 , 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)}), … } 

𝑓3(𝜆) = {(𝑎1, 0), (𝑎2, 0), … , (𝑎𝑘 , 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)}), … } 

. 

. 

. 

Thus, 

𝐹𝑂𝑓(𝜆) = 𝜆 ∧ 𝑓(𝜆) ∧ 𝑓2(𝜆) ∧ … 

             = {(𝑎1, 0), (𝑎2, 0), … , (𝑎𝑘 , min {𝑡𝑘 , 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)}}), … } 

              

             = {
(𝑎𝑖 , 0)                                                 𝑖𝑓 𝑖 ≠ 𝑘,

(𝑎𝑘 , min {𝑡𝑘, 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)}})     𝑖𝑓   𝑖 = 𝑘.
 

             = 𝜇. 
 

This yield 𝐹𝑂𝑓(𝜆) = 𝜇 is a fuzzy point in 𝑋 with support 𝑎𝑘 and degree min {𝑡𝑘, 𝑠𝑢𝑝𝑖∈Λ {𝜆(𝑎𝑖)}}. 

Hence, from the definition of 𝑓, we get 𝑓(𝜇) = 𝜇. 

 

Remark 3.1 The condition to be 𝑓: 𝑋 → 𝑋 is bijective or constant is necessary condition to obtain 

fixed fuzzy orbit open sets for any fuzzy orbit open set 𝜇 under the mapping 𝑓. For more explain, we 

give an example for a fts (𝑋, 𝜏) and 𝑓: 𝑋 → 𝑋 not bijective, we show that 𝑓(𝜇) ≠ 𝜇 for some fuzzy 

orbit open set 𝜇 under the mapping 𝑓. 

 

Example 3.1  Let 𝑋 = {𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5}. Define 𝜏 = {0̅, 1̅, 𝜇} where 𝜇 ∈ 𝐼𝑋 defined as 

𝜇 = {(𝑎1, 0), (𝑎2, 0.1), (𝑎3, 0), (𝑎4, 0.6), (𝑎5, 0.6)}. 
Define 𝑓: 𝑋 → 𝑋 as 𝑓(𝑎1) = 𝑓(𝑎3) = 𝑎2, 𝑓(𝑎2) = 𝑎3, 𝑓(𝑎4) = 𝑎5  and 𝑓(𝑎5) = 𝑎4. It is clear that 𝑓 

is not bijective mapping (i.e., 𝑓 is not one to one and not onto). Let 𝜆 ∈ 𝐼𝑋 defined as follows: 

𝜆 = {(𝑎1, 0.1), (𝑎2, 0.2), (𝑎3, 0), (𝑎4, 0.6), (𝑎5, 0.7)}. 
 

Then, the fuzzy orbit of 𝜆 are 𝑂𝑓(𝜆) = {𝜆, 𝑓(𝜆), 𝑓2(𝜆), … }. Which is 

 𝑓(𝜆) = {(𝑎1, 0), (𝑎2, 0.1), (𝑎3, 0.2), (𝑎4, 0.7), (𝑎5, 0.6)} 

 𝑓2(𝜆) = {(𝑎1, 0), (𝑎2, 0.2), (𝑎3, 0.1), (𝑎4, 0.6), (𝑎5, 0.7)} 
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 𝑓3(𝜆) = {(𝑎1, 0), (𝑎2, 0.1), (𝑎3, 0.2), (𝑎4, 0.7), (𝑎5, 0.6)} 

 

Therefore, the fuzzy orbit set of 𝜆 is 

 𝐹𝑂𝑓(𝜆) = 𝜆 ∧ 𝑓(𝜆) ∧  𝑓2(𝜆) ∧ … 

              = {(𝑎1, inf{0.1, 0,0, … }), 
                             (𝑎2, inf{0.2, 0.1,0.2, 0.1, … }), 
                             (𝑎3, inf{0, 0.2,0.1, 0.2, … }), 
                             (𝑎4, inf{0.6, 0.7,0.6, 0.7, … }), 
                             (𝑎5, inf{0.7, 0.6,0.7, 0.6, … })} 

                             = {(𝑎1, 0), (𝑎2, 0.1), (𝑎3, 0), (𝑎4, 0.6), (𝑎5, 0.6)} 

                             =  𝜇. 
 

Thus, the open fuzzy set 𝜇 is fuzzy orbit open set under the mapping 𝑓. But 𝑓(𝜇) =
{(𝑎1, 0), (𝑎2, 0), (𝑎3, 0.1), (𝑎4, 0.6), (𝑎5, 0.6)} ≠ 𝜇. 

 
From Theorems 3.1 and 3.2, we obtain the following result. 

 

Result 3.1 Let (𝑋, 𝜏) be a fts, 𝑓: 𝑋 → 𝑋 be any mapping such that either 𝑓 is bijective mapping or 𝑓 is 

constant mapping and 𝜇  is a fuzzy orbit open set under the mapping 𝑓, then 𝑓(𝜇) =  𝜇. 
 

In our work, we consider the mapping 𝑓: 𝑋 → 𝑋 that satisfies the conditions in Result 3.1. 

 

Proposition 3.1 Let (𝑋, 𝜏) be a fts and 𝑓: 𝑋 → 𝑋 be any mapping. If 𝜇 is a fuzzy orbit 

open set under the mapping 𝑓, then 𝐹𝑂𝑓(𝜇 ) = 𝜇 . 

 

Proof. The proof follows directly from the definition of 𝐹𝑂𝑓(𝜇 )and Result 3.1. i.e., 𝐹𝑂𝑓(𝜇 ) =  𝜇 ∧

𝑓(𝜇) ∧ 𝑓2(𝜇) ∧ …. From Result 3.1, we have 𝑓(𝜇) =  𝜇, this implies 𝑓2(𝜇) = 𝑓(𝑓(𝜇)) = 𝜇, 𝑓3(𝜇) =

𝑓(𝑓2(𝜇)) = 𝜇,.... Hence, 𝐹𝑂𝑓(𝜇 ) = 𝜇. 

 

Theorem 3.3 Let (𝑋, 𝜏) be a fts and 𝑓: 𝑋 → 𝑋 be a mapping. If 𝜇1 and  𝜇2  are fuzzy orbit open sets 

under the mapping 𝑓, then 𝐹𝑂𝑓(𝜇1 ∧ 𝜇2 ) = 𝐹𝑂𝑓(𝜇1 )  ∧  𝐹𝑂𝑓(𝜇2 ). 

 

Proof. First we prove the theorem if 𝑓 is bijective mapping. From Theorem 3.1, we have three cases. 

We prove the theorem in case 1. The proof of theorem in case 2 is similar to case 1, and the prove of 

theorem in case 3 is easy. 

Case 1: Suppose that 𝑓 is bijective mapping and 𝑓(𝑎𝑖) = 𝑎𝑗; 𝑎𝑖, 𝑎𝑗  ∈  𝑋 and 𝑖 ≠  𝑗 for all 𝑖, 𝑗 ∈ Λ. Let 

𝜇1 and  𝜇2 are fuzzy orbit open sets under the mapping 𝑓. Then, there exist 𝜆1, 𝜆2 ∈ 𝐼𝑋  defined as 

𝜆1 =  {(𝑎𝑖, 𝑡𝑖);  𝑎𝑖 ∈ 𝑋, 𝑡𝑖 ∈ 𝐼, 𝑖 ∈ Λ} and 𝜆2 =  {(𝑎𝑖, 𝑠𝑖);  𝑎𝑖 ∈ 𝑋, 𝑠𝑖 ∈ 𝐼, 𝑖 ∈ Λ}such that 𝐹𝑂𝑓( 𝜆1) =

𝜇1and 𝐹𝑂𝑓( 𝜆2) = 𝜇2. From Theorem 3.1 case 1, we have 𝐹𝑂𝑓( 𝜆1) = {(𝑎𝑖, 𝑡); 𝑡 = inf{𝑡𝑖, 𝑖 ∈ Λ}} =

𝜇1 and 𝐹𝑂𝑓( 𝜆2) = {(𝑎𝑖, 𝑠); 𝑠 = inf{𝑠𝑖, 𝑖 ∈ Λ}} = 𝜇2. Thus, 𝜇1 ∧ 𝜇2 = {(𝑎𝑖, min{𝑡, 𝑠}); 𝑎𝑖 ∈ 𝑋, 𝑖 ∈ Λ}. 

Let 𝑘 = min {𝑡, 𝑠}. Now, for all 𝑎𝑗 ∈ 𝑋, 𝑗 ∈ Λ 

 

𝑓(𝜇1 ∧ 𝜇2)(𝑎𝑗) = {
⋁𝑓(𝑎𝑖)=𝑎𝑗

 (𝜇1 ∧ 𝜇2)(𝑎𝑖)     𝑖𝑓 𝑓−1(𝑎𝑗) ≠ ∅,  

0                                           𝑖𝑓 𝑓−1(𝑎𝑗) = ∅.
 

                                                         = 𝑘 
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Hence, 𝑓(𝜇1 ∧ 𝜇2)= 𝜇1 ∧ 𝜇2. This implies, 𝑓2(𝜇1 ∧ 𝜇2)= 𝜇1 ∧ 𝜇2, 𝑓3(𝜇1 ∧ 𝜇2)= 𝜇1 ∧ 𝜇2,.... Therefore, 

from the definition of 𝐹𝑂𝑓(𝜇1 ∧ 𝜇2 ) and Theorem 3.1, we get 𝐹𝑂𝑓(𝜇1 ∧ 𝜇2) = 𝜇1 ∧ 𝜇2 = 𝐹𝑂𝑓(𝜇1 )  ∧

 𝐹𝑂𝑓(𝜇2 ). 

 

Case 2: Suppose that 𝑓 is bijective mapping and 𝑓(𝑎𝑖) =  𝑎 𝑗;  𝑎𝑖, 𝑎 𝑗 ∈  𝑋 and 𝑖 =  𝑗 for some 𝑖, 𝑗 ∈ Λ. 

Let 𝜇1 and  𝜇2 are fuzzy orbit open sets under the mapping 𝑓. Then, there exist 𝜆1, 𝜆2 ∈ 𝐼𝑋  defined as 

𝜆1 =  {(𝑎𝑖, 𝑡𝑖);  𝑎𝑖 ∈ 𝑋, 𝑡𝑖 ∈ 𝐼, 𝑖 ∈ Λ} and 𝜆2 =  {(𝑎𝑖, 𝑠𝑖);  𝑎𝑖 ∈ 𝑋, 𝑠𝑖 ∈ 𝐼, 𝑖 ∈ Λ}such that 𝐹𝑂𝑓( 𝜆1) =

𝜇1and 𝐹𝑂𝑓( 𝜆2) = 𝜇2. From Theorem 3.1 case 2, we have 

𝐹𝑂𝑓( 𝜆1) = {(𝑎𝑖, 𝑡𝑖); 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 = 𝑗, (𝑎𝑖 , 𝑡 = inf{𝑡𝑖, 𝑖 ∈ Λ}); 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 ≠ 𝑗} = 𝜇1 and 

𝐹𝑂𝑓( 𝜆2) = {(𝑎𝑖, 𝑠𝑖); 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 = 𝑗, (𝑎𝑖 , 𝑠 = inf{𝑠𝑖, 𝑖 ∈ Λ}); 𝑓(𝑎𝑖) =  𝑎 𝑗 , 𝑖 ≠ 𝑗} = 𝜇2.  

Thus, 𝜇1 ∧ 𝜇2 = {(𝑎𝑖, min{𝑡𝑖, 𝑠𝑖}); 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 = 𝑗, (𝑎𝑖 , min{𝑡, 𝑠}); 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 ≠ 𝑗}. Now, for all 

𝑎𝑗 ∈ 𝑋, 𝑗 ∈ Λ 

 

𝑓(𝜇1 ∧ 𝜇2)(𝑎𝑗) = {
⋁𝑓(𝑎𝑖)=𝑎𝑗

 (𝜇1 ∧ 𝜇2)(𝑎𝑖)     𝑖𝑓 𝑓−1(𝑎𝑗) ≠ ∅,  

0                                           𝑖𝑓 𝑓−1(𝑎𝑗) = ∅.
 

                                                         = {
min{𝑡𝑖, 𝑠𝑖}    𝑖𝑓 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 = 𝑗,

min{𝑡, 𝑠}    𝑖𝑓  𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 ≠ 𝑗.
 

 

Hence, 𝑓(𝜇1 ∧ 𝜇2)= 𝜇1 ∧ 𝜇2. This implies, 𝑓2(𝜇1 ∧ 𝜇2)= 𝜇1 ∧ 𝜇2, 𝑓3(𝜇1 ∧ 𝜇2)= 𝜇1 ∧ 𝜇2,.... Therefore, 

from the definition of 𝐹𝑂𝑓(𝜇1 ∧ 𝜇2 ) and Theorem 3.1, we get 𝐹𝑂𝑓(𝜇1 ∧ 𝜇2) = 𝜇1 ∧ 𝜇2 = 𝐹𝑂𝑓(𝜇1 )  ∧

 𝐹𝑂𝑓(𝜇2 ). 

Now, if 𝑓 is constant mapping, let 𝜇1 and  𝜇2 are fuzzy orbit open sets under the mapping 𝑓. 

Then, there exist 𝜆1, 𝜆2 ∈ 𝐼𝑋  defined as 𝜆1 =  {(𝑎𝑖, 𝑡𝑖);  𝑎𝑖 ∈ 𝑋, 𝑡𝑖 ∈ 𝐼, 𝑖 ∈ Λ} and 𝜆2 =
 {(𝑎𝑖, 𝑠𝑖);  𝑎𝑖 ∈ 𝑋, 𝑠𝑖 ∈ 𝐼, 𝑖 ∈ Λ}such that 𝐹𝑂𝑓( 𝜆1) = 𝜇1and 𝐹𝑂𝑓( 𝜆2) = 𝜇2. From Theorem 3.2, we 

have 

 

𝐹𝑂𝑓( 𝜆1) = {
(𝑎𝑖 , 0)                                              𝑖𝑓 𝑖 ≠ 𝑘,

(𝑎𝑘 , min{𝑡𝑘, 𝑠𝑢𝑝𝑖∈Λ{𝜆1(𝑎𝑖)}})   𝑖𝑓 𝑖 = 𝑘.
 

                                                      = 𝜇1 
And,  

𝐹𝑂𝑓( 𝜆2) = {
(𝑎𝑖 , 0)                                              𝑖𝑓 𝑖 ≠ 𝑘,

(𝑎𝑘 , min{𝑠𝑘, 𝑠𝑢𝑝𝑖∈Λ{𝜆2(𝑎𝑖)}})   𝑖𝑓 𝑖 = 𝑘.
 

                                                      = 𝜇2. 

Thus, 

𝜇1 ∧ 𝜇2 = {
(𝑎𝑖 , 0)                                                                                                       𝑖𝑓 𝑖 ≠ 𝑘,

(𝑎𝑘 , min {min{𝑡𝑘, 𝑠𝑢𝑝𝑖∈Λ{𝜆1(𝑎𝑖)}} , min{𝑠𝑘, 𝑠𝑢𝑝𝑖∈Λ{𝜆2(𝑎𝑖)}}})   𝑖𝑓 𝑖 = 𝑘.
 

 

This means 𝜇1 ∧ 𝜇2 is a fuzzy point in 𝑋 with support 𝑎𝑘  and degree 

min{min{𝑡𝑘 , 𝑠𝑢𝑝𝑖∈Λ{𝜆1(𝑎𝑖)}} , min{𝑠𝑘, 𝑠𝑢𝑝𝑖∈Λ{𝜆2(𝑎𝑖)}}}. Hence, from the definition of 𝑓, we get 

𝑓(𝜇1 ∧ 𝜇2)= 𝜇1 ∧ 𝜇2. This implies, 𝑓2(𝜇1 ∧ 𝜇2)= 𝜇1 ∧ 𝜇2, 𝑓3(𝜇1 ∧ 𝜇2)= 𝜇1 ∧ 𝜇2,.... Therefore, from 

the definition of 𝐹𝑂𝑓(𝜇1 ∧ 𝜇2 ) and Theorem 3.2, we get 𝐹𝑂𝑓(𝜇1 ∧ 𝜇2) = 𝜇1 ∧ 𝜇2 = 𝐹𝑂𝑓(𝜇1 )  ∧

 𝐹𝑂𝑓(𝜇2 ). 

 

Theorem 3.4 Let (𝑋, 𝜏) be a fts and 𝑓: 𝑋 → 𝑋 be a mapping. Let {𝜇𝛼}𝛼∈∆ be any family of fuzzy orbit 

open sets under the mapping 𝑓, then 𝐹𝑂𝑓(⋁𝛼∈∆ 𝜇𝛼) = ⋁𝛼∈∆𝐹𝑂𝑓(𝜇𝛼). 
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Proof. The outline of proofing this theorem is proceeds in a way similar to Theorem 3.3. As in 

Theorem 3.3, we consider three cases:  

Case 1 : Suppose that 𝑓 is bijective mapping and 𝑓(𝑎𝑖) = 𝑎𝑗 , ; 𝑎𝑖 , 𝑎𝑗  ∈  𝑋 and 𝑖 ≠  𝑗 for all 𝑖, 𝑗 ∈ Λ. 

Let {𝜇𝛼}𝛼∈∆ be any family of fuzzy orbit open sets under the mapping 𝑓. Then, there exist 𝜆𝛼 ∈ 𝐼𝑋, 

𝛼 ∈ ∆ defined as 𝜆𝛼 = {(𝑎𝑖 , 𝑡𝑖𝛼);  𝑎𝑖 ∈ 𝑋, 𝑡𝑖𝛼
∈ 𝐼, 𝑖 ∈ Λ} 

such that 𝐹𝑂𝑓( 𝜆𝛼) = 𝜇𝛼 for all 𝛼 ∈ ∆. From Theorem 3.1 Case 1, we have 𝐹𝑂𝑓( 𝜆𝛼) =

{(𝑎𝑖, 𝑡𝛼); 𝑡𝛼 = inf  {𝑡𝑖𝛼
, 𝑖 ∈ Λ}} = 𝜇𝛼.  

Thus, ⋁𝛼∈∆ 𝜇𝛼 = {(𝑎𝑖, supα∈∆{𝑡𝛼}); 𝑎𝑖 ∈ 𝑋, 𝑖 ∈ Λ}. Let 𝑘 = supα∈∆{𝑡𝛼}. Now, for all 𝑎𝑗 ∈ 𝑋, 𝑗 ∈ Λ 

 

𝑓(⋁𝛼∈∆ 𝜇𝛼)(𝑎𝑗) = {
⋁𝑓(𝑎𝑖)=𝑎𝑗

 (⋁𝛼∈∆ 𝜇𝛼)(𝑎𝑖)     𝑖𝑓 𝑓−1(𝑎𝑗) ≠ ∅,  

0                                            𝑖𝑓 𝑓−1(𝑎𝑗) = ∅.
 

                                                         = 𝑘 
 

Hence, 𝑓(⋁𝛼∈∆ 𝜇𝛼)= ⋁𝛼∈∆ 𝜇𝛼. This implies, 𝑓2(⋁𝛼∈∆ 𝜇𝛼)= ⋁𝛼∈∆ 𝜇𝛼, 𝑓3(⋁𝛼∈∆ 𝜇𝛼)= ⋁𝛼∈∆ 𝜇𝛼,.... 

Therefore, from the definition of 𝐹𝑂𝑓(⋁𝛼∈∆ 𝜇𝛼 ) and Theorem 3.1, we get 𝐹𝑂𝑓(⋁𝛼∈∆ 𝜇𝛼) =

⋁𝛼∈∆ 𝜇𝛼 = ⋁𝛼∈∆𝐹𝑂𝑓(𝜇𝛼). 

Case 2: Suppose that 𝑓 is bijective mapping and 𝑓(𝑎𝑖) =  𝑎 𝑗;  𝑎𝑖, 𝑎 𝑗 ∈  𝑋 and 𝑖 =  𝑗 for some 𝑖, 𝑗 ∈ Λ. 

Let {𝜇𝛼}𝛼∈∆ be any family of fuzzy orbit open sets under the mapping 𝑓. Then, there exist 𝜆𝛼 ∈ 𝐼𝑋, 

𝛼 ∈ ∆ defined as 𝜆𝛼 = {(𝑎𝑖 , 𝑡𝑖𝛼);  𝑎𝑖 ∈ 𝑋, 𝑡𝑖𝛼
∈ 𝐼, 𝑖 ∈ Λ} such that 𝐹𝑂𝑓( 𝜆𝛼) = 𝜇𝛼 for all 𝛼 ∈ ∆. From 

Theorem 3.1 case 2, we have  

𝐹𝑂𝑓( 𝜆𝛼) = {(𝑎𝑖, 𝑡𝑖𝛼); 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 = 𝑗, (𝑎𝑖, inf {𝑡𝑖𝛼
, 𝑖 ∈ Λ}); 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 ≠ 𝑗} = 𝜇𝛼. Put 𝑡𝛼 =

inf{𝑡𝑖𝛼
, 𝑖 ∈ Λ}, it follows: 

 

⋁𝛼∈∆ 𝜇𝛼 = {(𝑎𝑖 , 𝑠𝑢𝑝𝛼∈∆{𝑡𝑖𝛼
}); 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 = 𝑗, (𝑎𝑖 , 𝑠𝑢𝑝𝛼∈∆{𝑡𝛼}); 𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 ≠ 𝑗}.  

Now, for all 𝑎𝑗 ∈ 𝑋, 𝑗 ∈ Λ 

 

𝑓(⋁𝛼∈∆ 𝜇𝛼)(𝑎𝑗) = {
⋁𝑓(𝑎𝑖)=𝑎𝑗

 (⋁𝛼∈∆ 𝜇𝛼)(𝑎𝑖)     𝑖𝑓 𝑓−1(𝑎𝑗) ≠ ∅,  

0                                           𝑖𝑓 𝑓−1(𝑎𝑗) = ∅.
 

 

                                                        = {
𝑠𝑢𝑝𝛼∈∆{𝑡𝑖𝛼}     𝑖𝑓 𝑓(𝑎𝑖) =  𝑎 𝑗 , 𝑖 = 𝑗,

𝑠𝑢𝑝𝛼∈∆{𝑡𝛼}      𝑖𝑓  𝑓(𝑎𝑖) =  𝑎 𝑗, 𝑖 ≠ 𝑗.
 

 

Hence, 𝑓(⋁𝛼∈∆ 𝜇𝛼)= ⋁𝛼∈∆ 𝜇𝛼. This implies, 𝑓2(⋁𝛼∈∆ 𝜇𝛼)= ⋁𝛼∈∆ 𝜇𝛼, 𝑓3(⋁𝛼∈∆ 𝜇𝛼)= ⋁𝛼∈∆ 𝜇𝛼,.... 

Therefore, from the definition of 𝐹𝑂𝑓(⋁𝛼∈∆ 𝜇𝛼 ) and Theorem 3.1, we get 𝐹𝑂𝑓(⋁𝛼∈∆ 𝜇𝛼) =

⋁𝛼∈∆ 𝜇𝛼 = ⋁𝛼∈∆𝐹𝑂𝑓(𝜇𝛼). 

 

Now, if 𝑓 is constant mapping, let {𝜇𝛼}𝛼∈∆ be any family of fuzzy orbit open sets under the 

mapping 𝑓. Then, there exist 𝜆𝛼 ∈ 𝐼𝑋, 𝛼 ∈ ∆ defined as 𝜆𝛼 = {(𝑎𝑖, 𝑡𝑖𝛼);  𝑎𝑖 ∈ 𝑋, 𝑡𝑖𝛼
∈ 𝐼, 𝑖 ∈ Λ} such 

that 𝐹𝑂𝑓( 𝜆𝛼) = 𝜇𝛼 for all 𝛼 ∈ ∆. From Theorem 3.2, we get  

𝐹𝑂𝑓( 𝜆𝛼) = {
(𝑎𝑖, 0)                                                    𝑖𝑓 𝑖 ≠ 𝑘,

(𝑎𝑘 , min {𝑡𝑘𝛼
, 𝑠𝑢𝑝𝑖∈Λ{𝜆𝛼(𝑎𝑖)}})    𝑖𝑓 𝑖 = 𝑘.

 

                                                    = 𝜇𝛼. 

Thus, 

⋁𝛼∈∆ 𝜇𝛼 = {
(𝑎𝑖, 0)                                                                     𝑖𝑓 𝑖 ≠ 𝑘,

(𝑎𝑘 , 𝑠𝑢𝑝𝛼∈∆ {min {𝑡𝑘𝛼
, 𝑠𝑢𝑝𝑖∈Λ{𝜆𝛼(𝑎𝑖)}})    𝑖𝑓 𝑖 = 𝑘.
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This means ⋁𝛼∈∆ 𝜇𝛼is a fuzzy point in 𝑋 with support 𝑎𝑘  and degree 

𝑠𝑢𝑝𝛼∈∆ {min {𝑡𝑘𝛼
, 𝑠𝑢𝑝𝑖∈Λ{𝜆𝛼(𝑎𝑖)}}. Hence, from the definition of 𝑓, we get 𝑓(⋁𝛼∈∆ 𝜇𝛼)= ⋁𝛼∈∆ 𝜇𝛼. 

This implies, 𝑓2(⋁𝛼∈∆ 𝜇𝛼)= ⋁𝛼∈∆ 𝜇𝛼, 𝑓3(⋁𝛼∈∆ 𝜇𝛼)= ⋁𝛼∈∆ 𝜇𝛼,.... Therefore, from the definition of 

𝐹𝑂𝑓(⋁𝛼∈∆ 𝜇𝛼  ) and Theorem 3.2, we get 𝐹𝑂𝑓(⋁𝛼∈∆ 𝜇𝛼) = ⋁𝛼∈∆ 𝜇𝛼 = ⋁𝛼∈∆𝐹𝑂𝑓(𝜇𝛼). 

 

4. Fuzzy orbit topological spaces 

In this section we show that the family of all fuzzy orbit open sets under the mapping 𝑓 constrict a 

fuzzy topology on 𝑋, denoted by 𝜏𝐹𝑂 which is coarser than 𝜏. 

 

Theorem 4.1 Let (𝑋, 𝜏) be a fts and 𝑓: 𝑋 → 𝑋 be a mapping. Let 𝜏𝐹𝑂 denote to the family of all fuzzy 

orbit open sets under the mapping 𝑓. Then, 𝜏𝐹𝑂 is a fuzzy topology on X coarser than 𝜏. 

 

Proof. We must show 𝜏𝐹𝑂 satisfies the three axioms of the definition of fuzzy topology. It is clear that 

0̅ and 1̅ are fuzzy orbit open sets, because there exist 𝜆 = 0̅ and 𝜈 =  1̅ such that 𝐹𝑂𝑓(𝜆 ) = 0̅ ∈ 𝜏 and 

𝐹𝑂𝑓( ν) = 1̅ ∈ 𝜏. Thus, 0̅ ∈ 𝜏𝐹𝑂 and  1̅ ∈ 𝜏𝐹𝑂. 

Let 𝜇1 and  𝜇2 be fuzzy orbit open sets under the mapping 𝑓. To show 𝜇1 ∧ 𝜇2 is a fuzzy orbit 

open set under the mapping 𝑓, we must find a fuzzy set 𝜆 ∈ 𝐼𝑋 such that 𝐹𝑂𝑓(𝜆 ) = 𝜇1 ∧ 𝜇2 ∈ 𝜏.  

If we choose 𝜆 = 𝜇1 ∧ 𝜇2, then from Theorem 3.3 and Proposition 3.1 we have, 

𝐹𝑂𝑓(𝜆 ) = 𝐹𝑂𝑓 (𝜇1 ∧ 𝜇2) = 𝐹𝑂𝑓 (𝜇1)  ∧  𝐹𝑂𝑓 (𝜇2) =  𝜇1 ∧ 𝜇2. On the other hand since every fuzzy 

orbit open set is an open fuzzy set in 𝑋, then 𝜇1 ∧ 𝜇2 ∈ 𝜏 . Hence, the result. 

Let {𝜇𝛼}𝛼∈∆ be any family of fuzzy orbit open sets under the mapping 𝑓. Let 𝜆 = ⋁𝛼∈∆ 𝜇𝛼.  

Then from Theorem 3.4,  𝐹𝑂𝑓(𝜆 ) = 𝐹𝑂𝑓(⋁𝛼∈∆ 𝜇𝛼 ) = ⋁𝛼∈∆ 𝐹𝑂𝑓(𝜇𝛼  ) = ⋁𝛼∈∆ 𝜇𝛼. And ⋁𝛼∈∆ 𝜇𝛼 ∈ 𝜏. 

Thus, 𝜏𝐹𝑂 is a fuzzy topology on 𝑋. Furthermore, 𝜏𝐹𝑂 ⊂ 𝜏 since every fuzzy orbit open set is an open 

fuzzy set in 𝑋. 

 

Definition 4.1 Let (𝑋, 𝜏) be a fts and 𝑓: 𝑋 → 𝑋 be a mapping. The pair (𝑋, 𝜏𝐹𝑂) is called fuzzy orbit 

topological space associated with (𝑋, 𝜏). 

 

Example 4.1 

1. For any nonempty countable set 𝑋, 𝜏0
𝐹𝑂={0̅, 1̅} is a fuzzy orbit topology on 𝑋, and is called the 

indiscrete fuzzy orbit topology. 

2. For any nonempty countable set 𝑋, if 𝑓: 𝑋 → 𝑋 is the identity mapping, then 𝜏𝐹𝑂 = 𝜏 . 

 

Next the notion of fuzzy orbit closure (resp. interior) of a fuzzy set is introduced. 

 

Definition 4.2 Let (𝑋, 𝜏𝐹𝑂  ) be a fuzzy orbit topological space and 𝜆 ∈ 𝐼𝑋. The fuzzy orbit closure of 

𝜆, denoted by 𝑐𝑙𝐹𝑂(𝜆), is the intersection of all fuzzy orbit closed supersets under the mapping 𝑓 of 𝜆. 

i.e., 

𝑐𝑙𝐹𝑂(𝜆) = ⋀{𝜌 ∈ 𝐼𝑋|𝜌 ≥ 𝜆, 1̅ − 𝜌 ∈ 𝜏𝐹𝑂}. 

 

And, the fuzzy orbit interior of 𝜆, denoted by 𝐼𝑛𝑡𝐹𝑂(𝜆), is the union of all fuzzy orbit open 

subsets under the mapping 𝑓 of 𝜆. i.e., 

𝐼𝑛𝑡𝐹𝑂(𝜆) = ⋁{𝜌 ∈ 𝐼𝑋|𝜌 ≤ 𝜆, 𝜌 ∈ 𝜏𝐹𝑂}. 

 

Clearly, 𝑐𝑙𝐹𝑂(𝜆) (resp., 𝐼𝑛𝑡𝐹𝑂(𝜆)) is the smallest (resp., largest) fuzzy orbit closed (resp., 

open) set under the mapping 𝑓 which contains (resp., contained in) 𝜆. 

 

Proposition 4.1 Let (𝑋, 𝜏𝐹𝑂  ) be a fuzzy orbit topological space and 𝜆 ∈ 𝐼𝑋. Then 
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𝐼𝑛𝑡𝐹𝑂(𝜆) ≤  𝐼𝑛𝑡(𝜆) ≤ 𝜆 ≤ 𝑐𝑙(𝜆)  ≤ 𝑐𝑙𝐹𝑂(𝜆). 
 

Proof. The proof follows directly from the fact that every fuzzy orbit closed (resp., open) set under the 

mapping 𝑓 is closed (resp., open) fuzzy set. 

 

Proposition 4.2 Let (𝑋, 𝜏𝐹𝑂  ) be a fuzzy orbit topological space and 𝜆, 𝜇 ∈ 𝐼𝑋. Then, 

1. 𝑐𝑙𝐹𝑂(0̅) = 0̅ and 𝑐𝑙𝐹𝑂(1̅) = 1̅. 

2. 𝜆 ≤ 𝑐𝑙𝐹𝑂(𝜆). 

3. 𝑐𝑙𝐹𝑂(𝜆 ∨ 𝜇) = 𝑐𝑙𝐹𝑂(𝜆) ∨ 𝑐𝑙𝐹𝑂(𝜇). 

4. If 𝜆 ≤  𝜇, then 𝑐𝑙𝐹𝑂(𝜆) ≤  𝑐𝑙𝐹𝑂(𝜇). 

5. 𝑐𝑙𝐹𝑂(𝑐𝑙𝐹𝑂(𝜆)) = 𝑐𝑙𝐹𝑂(𝜆). 

6. 𝜆 is fuzzy orbit closed set under the mapping 𝑓 iff 𝜆 = 𝑐𝑙𝐹𝑂(𝜆). 

 

Proof. Straightforward. 

 

Proposition 4.3 Let (𝑋, 𝜏𝐹𝑂  ) be a fuzzy orbit topological space and 𝜆, 𝜇 ∈ 𝐼𝑋. Then, 

1. 𝐼𝑛𝑡𝐹𝑂(0̅) = 0̅ and 𝐼𝑛𝑡𝐹𝑂(1̅) = 1̅. 

2. 𝐼𝑛𝑡𝐹𝑂(𝜆) ≤  𝜆. 

3. 𝐼𝑛𝑡𝐹𝑂(𝜆 ∧ 𝜇)  =  𝐼𝑛𝑡𝐹𝑂(𝜆)  ∧  𝐼𝑛𝑡𝐹𝑂(𝜇). 
4. If ≤ 𝜇, then 𝐼𝑛𝑡𝐹𝑂(𝜆)  ≤  𝐼𝑛𝑡𝐹𝑂(𝜇). 
5. 𝐼𝑛𝑡𝐹𝑂(𝐼𝑛𝑡𝐹𝑂(𝜆))  =  𝐼𝑛𝑡𝐹𝑂(𝜆). 
6. 𝜆 is fuzzy orbit open set under the mapping 𝑓 iff 𝜆 = 𝐼𝑛𝑡𝐹𝑂 (𝜆). 

 

Proof. Straightforward. 

 

Theorem 4.2 Let (𝑋, 𝜏𝐹𝑂  ) be a fuzzy orbit topological space and 𝜆 ∈ 𝐼𝑋. Then, 

1. 1̅ − 𝐼𝑛𝑡𝐹𝑂 (𝜆) = 𝑐𝑙𝐹𝑂(1̅ − 𝜆). 

2. 1̅ − 𝑐𝑙𝐹𝑂(𝜆)= 𝐼𝑛𝑡𝐹𝑂 (1̅ − 𝜆). 

 

Proof. We prove part 1 and by the similar way one can prove part 2. From Proposition 4.3 part 2, 

𝐼𝑛𝑡𝐹𝑂 (𝜆) ≤ 𝜆  so by taking the complement we have, 1̅ − 𝜆 ≤ 1̅ − 𝐼𝑛𝑡𝐹𝑂 (𝜆). Since 1̅ − 𝐼𝑛𝑡𝐹𝑂 (𝜆) is a 

fuzzy orbit closed set and by Proposition 4.2 part 4, 𝑐𝑙𝐹𝑂(1̅ − 𝜆) ≤ 𝑐𝑙𝐹𝑂 (1̅ − 𝐼𝑛𝑡𝐹𝑂 (𝜆)) = 1̅ −
𝐼𝑛𝑡𝐹𝑂(𝜆). Hence, 𝑐𝑙𝐹𝑂(1̅ − 𝜆) ≤ 1̅ − 𝐼𝑛𝑡𝐹𝑂 (𝜆). 

Conversely, by Proposition 4.2 part 2, 1̅ − 𝜆 ≤ 𝑐𝑙𝐹𝑂(1̅ −  𝜆). By taking the complement, 1̅ − 𝑐𝑙𝐹𝑂 

(1̅ −  𝜆) ≤ 𝜆. Since 𝑐𝑙𝐹𝑂 (1̅ −  𝜆) is a fuzzy orbit closed set. Then 1̅ − 𝑐𝑙𝐹𝑂 (1̅ −  𝜆) is a fuzzy orbit 

open set and by Proposition 4.3 part 6, we have 1̅ − 𝑐𝑙𝐹𝑂 (1̅ −  𝜆) ≤ 𝐼𝑛𝑡𝐹𝑂 (𝜆), again by taking the 

complement we obtain, 1̅ − 𝐼𝑛𝑡𝐹𝑂 (𝜆) ≤ 𝑐𝑙𝐹𝑂 (1̅ −  𝜆). 

 

Theorem 4.3 Let 𝑓: (𝑋, 𝜏𝐹𝑂  ) →  (𝑌, 𝜏′
𝐹𝑂) and 𝑔: (𝑌, 𝜏′

𝐹𝑂) →  (𝑍, 𝜏′′
𝐹𝑂)be two mappings. Then 𝑔 𝑜𝑓 

is fuzzy continuous mapping if 𝑓 and 𝑔 are fuzzy continuous. 

 

Proof. Clear. 

 

5. Category of fuzzy orbit topological spaces 

In this section, we will construct the category of fuzzy orbit topological spaces, and study its relation 

with the category of fts's. 

 

Definition 5.1 Let 𝔽𝕆𝐓𝐎𝐏 be the collection of all fuzzy orbit topological spaces (𝑋, 𝜏𝐹𝑂  ),  (𝑌, 𝜏′
𝐹𝑂), 

… associated with (𝑋, 𝜏 ), (𝑌, 𝜏′), … respectively. For each pair of objects (𝑋, 𝜏𝐹𝑂  ), (𝑌, 𝜏′
𝐹𝑂) of 

𝔽𝕆𝐓𝐎𝐏, define Mor((𝑋, 𝜏𝐹𝑂  ), (𝑌, 𝜏′
𝐹𝑂)) to be the set of all fuzzy continuous mapping 𝑓 with respect 
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to 𝜏𝐹𝑂 and 𝜏′
𝐹𝑂. Composition of two morphisms 𝑓: (𝑋, 𝜏𝐹𝑂  ) → (𝑌, 𝜏′

𝐹𝑂), 𝑔: (𝑌, 𝜏′
𝐹𝑂) → (𝑍, 𝜏′′

𝐹𝑂) is 

defined by 𝑔 𝑜𝑓 ∶ (𝑋, 𝜏𝐹𝑂  ) → (𝑍, 𝜏′′
𝐹𝑂). 

 

Theorem 5.1 𝔽𝕆𝐓𝐎𝐏 is a category. 

 

Proof. First Form Theorem 4.3, the composition of fuzzy continuous mappings between fuzzy orbit 

topological spaces is also fuzzy continuous, hence the composition of morphisms is well defined and 

associative. Second, to each object (𝑋, 𝜏𝐹𝑂  ) in 𝔽𝕆𝐓𝐎𝐏 define the identity morphism 1(𝑋,𝜏𝐹𝑂 ): 

(𝑋, 𝜏𝐹𝑂  ) → (𝑋, 𝜏𝐹𝑂 ), by the identity set mapping. Thus, we get to the required result. 

 

Remark 5.1 𝔽𝕆𝐓𝐎𝐏 is not a subcategory of 𝔽𝐓𝐎𝐏, because if 𝑓 is fuzzy continuous from (𝑋, 𝜏𝐹𝑂  ) to 

(𝑌, 𝜏′
𝐹𝑂), then 𝑓 need not to be fuzzy continuous from (𝑋, 𝜏)to (𝑌, 𝜏′). That is mean Mor((𝑋, 𝜏𝐹𝑂 ), 

(𝑌, 𝜏′
𝐹𝑂)) ⊈ Mor((𝑋, 𝜏), (𝑌, 𝜏′)). We give an example to explain that. 

 

Example 5.1 Let 𝑋 = {𝑎1, 𝑎2, 𝑎3} and 𝑌 = {𝑏1, 𝑏2, 𝑏3}. Define 𝜏 = {0̅, 1̅, 𝜆}and 𝜏′ = {0̅, 1̅, 𝜇1, 𝜇2} 

where 𝜆 ∈ 𝐼𝑋 and 𝜇1, 𝜇2 ∈ 𝐼𝑌 such that 𝜆 = {(𝑎1, 0.2), (𝑎2, 0.3), (𝑎3, 0.3)}, 𝜇1 =
{(𝑏1, 0.2), (𝑏2, 0.3), (𝑏3, 0.3)} and 𝜇2 = {(𝑏1, 0.6), (𝑏2, 0.5), (𝑏3, 0.7)}. Clearly, (𝑋, 𝜏) and (𝑌, 𝜏′) are 

fts's. 

Define 𝑓: (𝑋, 𝜏) → (𝑌, 𝜏′),  𝑓1: 𝑋 →  𝑋 and 𝑓2: 𝑌 → 𝑌 as 𝑓(𝑎1) = 𝑏1, 𝑓(𝑎2) = 𝑏3, 𝑓(𝑎3) = 𝑏2, 

𝑓1(𝑎1) = 𝑎1, 𝑓1(𝑎2) = 𝑎3, 𝑓1(𝑎3) = 𝑎2 and 𝑓2(𝑏1) = 𝑏1, 𝑓2(𝑏2) = 𝑏3, 𝑓2(𝑏3) = 𝑏2.  Then, 𝜏𝐹𝑂 =
{0̅, 1̅, 𝜆} and 𝜏′

𝐹𝑂 = {0̅, 1̅, 𝜇1}. It is clear that 𝑓 is fuzzy continuous with respect to 𝜏𝐹𝑂  and 𝜏′
𝐹𝑂. But 

𝑓 is not fuzzy continuous with respect to 𝜏  and 𝜏′, since 𝜇2  is an open fuzzy set in 𝑌 , however 

𝑓−1(𝜇2) is not an open fuzzy set in 𝑋. 

 

Theorem 5.2 𝔽𝕆𝐓𝐎𝐏 isomorphic to a subcategory of 𝔽𝐓𝐎𝐏. 

 

Proof. Let 𝔽𝐓𝐎𝐏𝜔 be a collection {(𝑋, 𝐼𝑋)} of objects in 𝔽𝐓𝐎𝐏, such that 𝐼𝑋  is the indiscrete fuzzy 

topology on 𝑋. For any pair of objects (𝑋, 𝐼𝑋), (𝑌, 𝐼𝑌) of  𝔽𝐓𝐎𝐏𝜔, take Mor((𝑋, 𝐼𝑋), (𝑌, 𝐼𝑌)) (in 

𝔽𝐓𝐎𝐏) as the set of morphisms in 𝔽𝐓𝐎𝐏𝜔. Then it is clear𝔽𝐓𝐎𝐏𝜔 is a subcategory of 𝔽𝐓𝐎𝐏. Now 

define 𝐹: 𝔽𝕆𝐓𝐎𝐏 →  𝔽𝐓𝐎𝐏𝜔 by 𝐹((𝑋, 𝜏𝐹𝑂 )) = (𝑋, 𝐼𝑋) and for each morphism 𝑓: (𝑋, 𝜏𝐹𝑂  ) →
 (𝑌, 𝜏′

𝐹𝑂) define 𝐹(𝑓) =  𝑓: (𝑋, 𝐼𝑋) → (𝑌, 𝐼𝑌). It can be verified that 𝐹 is indeed a bijective functor. 

Thus 𝔽𝕆𝐓𝐎𝐏 isomorphic to 𝔽𝐓𝐎𝐏𝜔. 

 

Remark 5.2 From the above theorem, we can say that 𝔽𝕆𝐓𝐎𝐏 is embedded in 𝔽𝐓𝐎𝐏 as a 

subcategory. 

 

Conclusion In this paper, we study the collection of fuzzy orbit open sets under the mapping 𝑓: 𝑋 →
𝑋. We give the necessary conditions on the mapping 𝑓 in order to obtain a fixed orbit of a fuzzy set for 

any fuzzy orbit open set under the mapping 𝑓. As a main result, we prove the family of all fuzzy orbit 

open sets constructs a fuzzy topological space. In addition, the category of fuzzy orbit topological 

spaces and fuzzy continuous mappings 𝔽𝕆𝐓𝐎𝐏 is defined. And we show this category is isomorphic 

to a subcategory of the category of fuzzy topological spaces. 
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