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Abstract.
In this paper. The generalized of extensible beam equation such that this equation is a
special case where « is ordinary positive integer number and the nonlinear function is
more general of the nonlinear function of beam equation and since the solvability of this
equation is difficult some time. So, we turned to fractional order differential equation to
use the nonlinear factional analyses to check the solvability exist.
1. Introduction.
There are many types of integrodifferential equations which are refer to physical, engineering models
and another science. Many researchers are trying to develop methods to solve them, an example, in [2]
and [12] the researchers have been discussed the existence of solutions of the following

integrodifferential equation

a2 du,s)|? ;. \ 02
atlzt (ﬁ1+.82f |uys )’)a_xlzl'*'g(a)_o

where ;,52,L > 0, g is a nondecreasing numerical function. This equation can be converted to an

abstract differential equation as
u' +B*u+M (||Bl/2u||2) Bu+gw)=0
In [1], the researchers have been discussed the existence of mild solution for integrodifferential

equation that is taken the mathematical model in the form
0%u o*u u.s)|? 9%u _
T At g (B By 2] ay) S =7 (5)
This equation can be converted to an abstract differential equation as
Ku'" (t) = Au(t) + f(t,u(t),u'(t))

u(0) =uy, u'(0)=y,, te][0,T]
Recently the development studies of the differential equation theory convert differential equation from

differential equation with integer order to differential equation with fractional order (fractional
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differential equation) since the fractional calculus application in various branches of engineering and
science.

In this article we discussed the existence of mild solution for type of more general form of
integrodifferential equation as fractional-order partial differential equation when its mathematical

model is the initial boundary value problem with Riemann-Liouville fractional derivative

2
Rpaz — pRp* Rpaz + Rp2ay _ (ﬁl + B, f "iﬁi’” dy) fpg¢z =f(t,z, *D}z) (L1)
DEt z(t, %) |¢=o = Zo, DE 2 z(t,X)|e=0 = Fo

where 1, B2, L > 0, the deflection of a point x at time t is z(x, t),
l1<a<2,0<y<1land g =0.
Now, let the operator A% = RD,‘j‘z(t, x) .Then we have

0z(y,s)
oy

(I — BA%) RDZz2(t, x) + A2%2(t, x) — (31 + 8, f} i dy) A%2(t,x)

= f (& z(t, ), "D} z(t, x)). (12)
(I — BA%) RDEz(t,x) + A%2(t,x) — (By + .M [”A"‘/ZZHZD A%2(t,x)

= f (&2t %), *D{ 2(t,%)). (13)

M is real functions. Then the equation (1.3) can be written in the abstract form
P RDEz(t,x) = A%2(t,x) + f (t,2(t, ), "D z(t, %)), w4
"DETt2(t, 0|,y =20, DT 2(tX)],_, = Fo |

where,1<a <2, 0<y<1, t€e]J=][0,T] andx € X (X is a Banach space)
A = (B, + oM [[|4%/22|*]) 4% — 42¢, P = (1 - pA%)
where P and A“ are linear operators in the Banach space
CRL([0,T],X) ={z € C([0,T],X): DYz € C([0,T], X)}
with the norm ||z||* = [Iz[l¢ + || RDg’z||C and ||.||¢ is the sup normin C([0,T],X), v = max{a, vy}
and the nonlinear function f:J x CRL([0,T], X) x CRE([0,T], X) — CEE([0,T], X).

Our problem is more general and development than other "extensible Beam Equation™ such as [1],
[2] and [12], since it will be with fractional orders and our solvability of the problem is to use advance
nonlinear functional analysis and give a necessary and sufficient condition later on to discuss the
existence of the mild solution for the system (1.4) and the operator A* which defined on some types of
spaces as well as the semigroup S, (t) that will be defined later by involving the Mainardi's function.

2. Preliminaries

In this section, we present some notation, assumptions and results needed in our proofs later.
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Definition (2.1), [10]:

The fractional integral of order a > 0 with the lower limit 0 for a function h is defined as:

_ 1 t h(s)
1*h(t) = T Jo meyia ds, t>0, a>0

where I'(u) = fooo e Ss%"1ds, u > 0 (gamma function).

Definition (2.2), [101, [12]:

The Riemann - Liouvill derivative of order oo > 0 with lower limit 0 for a function h can be written as:

Rpya 1 d" t_ h() _
D h(t)_r(n-a) e 0(t_s)w_n,t>0, n—-1<a<n

Definition (2.3), [10]:
The Mainardi’s function is defined by:

M, () =X __CDtut where0 <a<1,u€
o k=0 T(—a(at+1)+1) ’

Remark (2.1), [7]:

It’s clear that, The Mainardi’s function satisfies the following:
a. fooo My (u)du = 1

© n _ I'(n+1) +
b. f, u Ma(u)dr—r(anﬂ), n€eNT.

c. ForanyAegand0 < p < 1then:
_AB o B B\ .-
S Jo iy Mg(r=F)e *rdr
Remark (2.2), [91:

If Ais generator of a strongly continuous semigroup S(t),t = 0 then,

a) fory €X; limg_)oé [ES(s)yds = Sty

b) fory €X; [ S(s)yds € D(A) and A [ S(s)yds =Sy —y
c) fory € D(A)thenS(t)y € D(A) and < S(tly = AS(t)y = S(t)Ay

forA>0andy € X, then R(;A) = [, e™S(s)dt
Definition (2.4) [5]:

A family one parameter {S(t) ,t > 0 } of bounded linear operators on a Banach space X is called a
semigroup of bounded linear operators on X if:-
i. S0)=1
ii. S(t+s)=S(t) S(s), for every s, t = 0.
Definition (2.5) [ 9]:

A semigroup S(t), t = 0 of bounded linear operators on a Banach space X is called uniformly
continuous if limo [|S(t) =] =0
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Definition (2.6), [9]:

A semigroup S(t), t = 0 of bounded linear operators on a Banach space X is a strongly continuous

semigroup of bounded linear operators if, foreach x € X then  lim,,S(t)x = x.
Definition (2.7), [9]:

Let S(t), t=> 0, be a semigroup of bounded linear operators on a Banach space X.

The linear operator L defined by:

T()x-x _ dT(t)x

Lx = lim
=0 dt

| , for x € D(A)
t=0

Where, D(L) = {x € X lim;_q &tx_x exists}.

is the generator of semigroup T(t), t = 0, where D(L) is the domain of L .
Definition (2.8), [10]:

The Laplace transform, of the Riemann-Liouville fractional derivation of order a > 0 gives as:
L{EDE k() } = A% Lh(®)) (W)= ZR= AX[*DET " h()]l=0) (A), n-1< a <N,
Lemma (2.1), [11]:

If F(t) is a linear operator and I*~*F (t)x € C*([0,T]),T > 0 then, for 0 < ar <1, we get
t t
Rpg f F(t — s)xds = f RpaFr(t — s)xds + tlir51+ I'"*F()x,x € X,t € [0,T]

0 0
Lemma (2.2), [11]:

If h is a continuous function and I*~%h(t) € C*([0,T]),T > 0 and F(t) is continuous, then for
0< a <1, we have

t t

Rpa -[ F(t —s)h(s)ds = fF(t —s)RD&h(s)ds, t €[0,T]
0 0

Definition (2.9)
A function z is called a mild solution of the system (1.4) if it is continuous and ®D}z (v =
max{a, y}) exists and also it is continuous on [0, T] and the following equation holds
z(t,x) = Su(t) t* 12y + 1S, (t) t* 71§,
+ fOtSa(t —s)(t—s)*1 [P‘lf (s,z(s, x), *D} z(s, x))] ds, t€[0,T].

We assume the following conditions:

(A) P=(—BA% and A% = (ﬁl + B,M [||A“/Zz||2])A“ — A% are closed linear operators,
D(P) c D(A%),Pis  bijectiveand P~1:X — D(P) is continuous.

(A,) P~1A% infinitesimal generate a strongly continuous semigroup S, (t), t € R, the adjoint operator
(P~14%)" is densely defined (W = Ci([0,T]X)").

(Az) S,(t), t > 0isacompact operator.
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(As)
() f(t,.,.):CRE([0,T], X) x CRL([0,T],X) - CEE([0,T], X) is continuous for a.e. t € J,
(i) for every (z, ®D}z) € CR([0,T],X) x CR-([0,T],X) , the function f(.,z %D}z):] -
CRL([0,T], X) is strongly measurable .
(iii) there exists a nonnegative continuous function K:(t) and a continuous  nondecreasing
positive function (2 such that
£tz 02| < K2 (1l + | D).
for (t,z, ®D}z) € ] x CR([0,T], X) x CR-([0,T], X) .
(As) let
(i) Ky = {(N+ Mae"™ || t* )| Zo ]l + A(N + Mae™ || t* 1) 170

.. TV=Y
(ii) Ky = max{1,F (v—y+1)} and K, = K,K;.

(iii) L(s) = I1P7H | (Mge™ 7 I(t = )% + N)Kz (s)-
3. Existence of mild solutions
In this section we prove the existence of a mild solution of system (1.4) in the space CEL([0,T],X) =
{ze c([0,TD: ®DYz € €([0,T])} withthe norm ||| = [Izll¢ + || RD;’z”C where ||. || is sup norm
inC([0,T],X) and v = max{a,y}.
Lemma (3.1):

If P~1A% is an infinitesimal generator, of strongly continuous semigroup S,(t), t >0 in Z and
A% € p(P~1A%). Then we get
i) for any function z(t, x) € L([0,T] ;X), we have
A1 = P A LL(z(0) () = [ e [ [y Salt — 5) (t = )% z(s)ds | dt (3.1)
i) Forany Z, € D(P~4%), we have
(91 — P71A%) 1z, = [ e M5, (D ()% Zodt (3.2)
iii) Forany Z, € D(P~*4%), 2% € p(P~*A%) and A complex number, we have
AAST — P7HAT) 12 = A [ e M8, (D) ()% Zydt (3.3)
where, 1 < a < 2 and the operator
Sa()x = fooo arMg(r) S, (t%r)x dr (3.4)
where M, is defined in Definition (2.3).

Proof:

i) From remark (2.2), for every z € D(P~1A%), we get
(21 - P‘lxéi“)_lﬁ(z(t))(/l) = f0°° e~ S (Lz(t)) (Ddu
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Applying Laplace transform, we get

(21 — P7LA%) " (L2(®) D) = [ [ e A Sy (w) etz (s)dsdu
Suppose that u = x“

(241 — P‘lﬁ“)_l(Lz(t))(/l) = fooo foooe‘(’b‘)aSa(Jc"‘)owc"“1 e Stz(s)dsdx
from remark (2.1), we get

e~ = [® 2 M, (r~®)e **dr. then we obtain

0 rati
(A9 — P=1A%) " (L2()) (1)
= f f f A r:+1 Mo (r=®)S, (x®)ax* e~ z(s)drdsdx

now suppose rx = t we get
(A1 - P=14%) ' (L2()) ()

= fooofooofo —at @ M, (r=%) S, (t%r=9%) t%~ 1y-a _ASZ(S)dr ds dt

rat+i

-1

Let y = r=% which implies r = ya , we get
(21 - P—lA“)‘l(Lz(t))(z)

= fOOO fooo fo e ~At+s) M (y)S (tay) ta- 1yz(s) —1dy ds dt
y

= Jy e ™MLy Jy ayMa@)(t = )97 Se((t = $)y)a(s)dy ds Jdt
= [Ce Mt [ J3 Sa(t =) (t - s)“‘lz(s)ds] dt (3.5)
ii) From remark (2.2), for every Z, € D(P~1A%), we get
(%1 — P71A%) 1z, = [ 7 e~ A" S, (w)Zdu , Suppose thatu = x%. we get
(A1 — P14z, = fooo e~ %S (x®)ax® 1 Z,dx
from remark (2.1), we get
(A% — P14z, = fo f r“+1 e XM, (r~ S, (x®)ax* 1z drdx
suppose rx = t. then we get
(A% — P71A%)"17, =

o f) e o Mo (r™®) Se (%) £ Zodrdt

-1

assume that y = r~% then, r = y'«. Thus, we get
A1 = PTH AN zg = [T J)" e TM ayMa(y) Sa(t“y)te Zodydt

= [Pe M () t*1z,dt 3.6
0
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iii) From remark (2.2), for every Z, € D(P~1A%), we can follow the same steps in the prove of (ii) to

get that
(A% = P7LAY) Tz, = [ e M8, (0) t¥ 1 Z,dt
multiplying both sides by a complex number A to get

A% — PT1A%) g, = A [, e 7S, (0) t* 7 g dt

Now, equation (1.4) is an abstract Cauchy form can be written in the form
Rp@z(t,x) = P~1A%(t,x) + P~'f (t,z(t, x), ®D} z(t, x)),
[fDft 2(t,0)]|,_, = 20, [FDEF2 2(t,0)]|,_, = Fo -
By definition (2.8)
A“L(z(t, )W) — TRz A4 "DET 2t 0], D
= PTUAL(z(t, 0))(A) + L [P (£, 20, %), *DY z(t,))| (D)
Where n—1<a<n,and n=2then
AL(z(t, ) Q) = [FDE 2(t, 0)]|,_, ) = A[ *DE~2 z(t, 0)]|,_, W)
= PTUAL(z(t, 0)(A) + L [P (£ 2(t, %), *DY z(t,%))| (D)
(A7 — P7TA%) L(2(t, %)) (D) = Z
23 + L[P7Af (6,285, "Dl 26, 1)) | W) (3.9)
Then from (A,) for A% € p(P~14%) we get (\*I — P~14%) ™"
Multiplying both sides of (3.9) by (A%I — P‘lfi“)_l ,
L(z(t,0))X) = (A4 — P~1A%) " 5 + A(A%T — P1A%) g,
+(A%r - P71A%) 7 (£ [P-l f (6.2t x), *D}z(t, x))]) A)  (3.10)
From lemma (3.1) we can write the equation (3.10) by the following form:

L(z(t0))Q) = [T e M8, (0) t*7 20dt + A [ e TS, (8) t57Fodt

+ fooo e~Mt [fot S (t—s)(t—s)1 [P‘lf (s, z(s,x), *D} z(s, x))] ds] dt
taking the Laplace inverse transform, we have the mild solution
z(t, x) = S (t) t* 12, + AS, (b) t* 15,

+ fot.fa(t —s)(t—s)*t [P‘lf (s,z(s, x), *D} z(s, x))] ds
Lemma (3.2):

Let P~1A% is an infinitesimal generator of strongly continuous semigroup S, (¢),t=>0 inZ =

CRL([0,T], X). the family of operators {S,(¢),t =0} and 1 < & < 2 satisfy the following.

(3.7)

(3.8)

(3.12)

(3.12)
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i) Foranyt=> 0, S, (t) is bounded linear operator (for any x € Z there exists M, > 1,
w > 0 then ||S, (0| < Mze"t).
i) The family {Sa(t), t > 0} is strongly continuous, which means that for every y € Z and
0<t;<t, <T,wehave
1S (t2)x = §a(t1)Y||Z - 0ift; - &
iii) If S, (t) is a compact then the operator S, (t) isa compactin Z, t > 0.
proof:
i. For any fixed t > 0, since S, (t) is a linear operator , then S, (t) is also linear operator. For any
y € Z , from (3.4), we have
Sa(Oy = [y arMq(r) S, (t°r)y dr
I 5@yl = ISy arMa () Sa(tr)y dr|,
From properties of strongly continuous semigroup S, (t), there exists ¥ > 1 and w > 0 such that
1Sa@®y ||, < al [;" rMe () e¥ | y llxdr

(wt%r)m

n!

< aM fooorMa(r)Z?&O lyllx dr

IA

—_ o tH" o
all B3 [ My ()l llxdr

n

IA

~ oo WEHT  '(n+2)
aM ZO n! r(a(n+1)+1

llyllx

~ oo WEtHT  (n+1)r(n+1)
aM ZO n! an+1)r(a(n+1))

IA

Iy llx

< M Eqo(wt®)|lyllx , where E,  is a Mittag - Leffler function.

From properties of Mittag - Leffler function, we get

n!
I'(an+a)

I15()¥]| , < MMae”t |1yl ;, where 1< My = suppen
Assume that M, = MM, > 1, we have
ISa®[l, < Mae*“lIyllz -
ii. ForanyyeZand 0<t; <t,<T,wehave
[1Sa(t2)x = Sa(t)yl|, = 1y arMa(r)[Sq ((t2)*r) — Sa((ty)*r)]ydr ||Z

< Jy arMa (D18 ((t2)*r) = So((t)*DlIzllyllzdr
According to the strongly continuity of S, (t), t > 0, then ||S,(t,)z — S, (t1)yllx tends to zero as
t, — t;. which mean that {S,(t),t = 0} is a strongly continuous.
iii.  To prove that S, (t) is a compact operator in Z for every t > 0. For each positive constant L, the set

Z;, ={x €Z: |x|| < L}is clearly a bounded subset in Z . We only need prove that for any
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positive constant L and t >0, the set W(t) = {S,(x,x € Z.} ={ fom arMy (r)S, (t%r)x dr,x €
Z1} isarelatively compact in Z. Lett > 0 be a fixed. For all § > 0, define the subset in Z by

Ws () = { [ arMg(r)So(t*r)x dr,x € Z} , Then for any x € Z;, , we have

f8°° arMg (r)S, (t%r)x dr = S, (t*8) f;o arMg (1) S, (t% — t*8 )x dr

Since S, (t%6), t*6 > 0 is a compact, we obtain that for every t > 0 the set Wg(t) is a relatively
compact in Z. Moreover, for every x € Z; , we have

||f0OO arM (r)S, (t*r)x dr — f;o arMq (r)S, (t*r)x dr |

= SarMa(r)Sa tr)xdr|| < aM Set“rrMa(r) dr
0 0

Therefore, there are relatively compact sets arbitrary close to the set W(t), t > 0. Hence the set W(t),

t >0 is also relatively compact in Z.

Theorem (3.1):
Consider the assumptions (A;)-(As) hold

t 1 (oo ds
and fO L(s)ds < K—stzm (3.13)
where K4, K,, K3 and L(s) defined in assumption (As)
Then the problem (3.8) has a mild solution z € CR-([0,T], X).

proof:
From our assumptions and z € CRL([0,T], X) by (3.12) and lemma (2.2) we obtain the maps

®(z,y)(t) = S, (t) t* 12, + AS,(t) t* 17,

+ fot Sa(t—s)(t—s)*1 [P‘lf (s, z(s,x), 1 Vy(s, x))] ds (3.14)
Fort € [0,T], and
W(z,y)(t) = RDVS, () t* 12, + ARDVS,(b) t* 1,

+ Rpv fot Set—s)(t—s)%1 [P‘lf (s,z(s, x), 1. y(s, x))] ds (3.15)
are well-defined, and map [C([o, T])]? = C([o, T]). we use the Schaefer's theorem which means that,
firstly we show that the set (z,, y,) of

(ZarYa) = 1(P(2a Y)Y (Za ¥e)),  0<T<1 (3.16)
is bounded. Secondly, we show that F: CRL([0,T], X) — CEL([0,T], X) is completely continuous.
Now , from (3.14)

1z (6, )| < e || 521211 + A< || £2=2]| |15
+IP2| fy Moe® (£ = )% ||£ (5, 265,00, 1 T y(s,0)) || ds

~ a _ ~ =~ a — ~
< Mae"t || eI Zoll + AMge™t 11 eIl
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HIP fy MaeW %I (t — )% Ky ()

(12Ol + s SuPosess¥a (1) ds
from (3.15)
e (&, )1l < || EDVSa () £ 24| + |1 RDV S () £ 15|
]| 707 fy Salt = ) (¢ = )7 [P (5,205,200, 1 Yy (5, 2)) s |
Let N = max]|| *DVS,(¢) t*7*|| , and from lemma (2.2) we get
17 (&, )1 < Nl Zo|l + AN|IFo I
+J5 | 2vSate = )| P10 || £ (5,205,200, 1 7 y(s,2)) || s
< NliZoll + AN[I, I

HIPHIN K630 (eI + s

sup llyo (0 ds
Clearly [|7(t, )1l + Ilya (&, 01
< (N -+ Foe [ e )l + A(N + Flge™ )| e )15

t . _ VY
+||p~1 j M, eV (t — s)* 1| + N) K, sQ(z $)|| + ————— su T >ds
1P~ 0( a Il ) ) F(8)Q | [1zo (I Tv—y+1) OSTISJS”}’a( |

If we put 9, (t) = max {1, } sup (17 (Ol + a1, then

v
r(v-y+1)

9(t) < max {1, HN+ #ae Il e ) Zo | + AR + Mget || 1) 115

T
r(v-y+1)
+HIP7H| fy (Mae™E%I(t = )27 + N) Kp ()0¢(9a(s)) ds }
VY
ﬁa(t) < max {1,m} {Kl f L(S) (Qf(l? (S)) dS}
< K3 {Ky + [; L(s) (2(9a(5))) ds}

< Ky +Ks [ L(s) (Qf(ﬁa(s))) ds
where

Ky = {(N+ Mo | e )1 Zo Ml + AN + Mge™ || eI 7ol

K =max{1 i } and K, =K;K
3 "T(v—y+1) 2 s
L(s) = 1P| (MaeW %I (t — $)* 72| + N)Ky(s)
Let Do (t) = Ky + Ky [y L(s) (2(9a())) ds then
9, (t) <9,(t) and

94(t) < KsL(®) (0e(94(0))) .t €]

10
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We infer that

a(t) dS
sz o S K3f L(s)ds

From (3.13), we get

ﬁa(t) ds
sz FOE <K, f L(s)ds < fK Qf(s)

This mean that 9, (t) is bounded and thereafter the set of solutions of (3.16) is bounded in
[C([0,T], X)]* .

Now, we need to prove that the operator F: CE-([0,T],X) — CRL([0,T], X) is a completely continuous
where

(Fz)(t) = S, (t) t* 12, + AS,(t) t* ¥
+ fo St —s)(t—s)%1 [P‘lf (s, z(s,x), *D} z(s, x))] ds.
Let H, = {z € CRE([0,T1,X) : |lzII* < L, = 1}

We first do that F maps H; into an equicontinuous family. Letz € H; and t;,t, € [0,T] then if
0<t; <t; <T.

I(F2)(t1) — (F2) ()Nl < [|Sa(t)ed™ — Sa ()t |12l
+A||Sa (E)EE™E = S ()8 |70l

4|8t — )t — 95 = Syt — )& — 3P f (5,20, "D ()| s

t
+ ftf

[Sa(t = $)(t, = ) 1]P71f (5, 2(5), *DY z(5))|| ds

< |18 (t) = S @ IZoll + 2|82 (1) — Sa (e |l70

0 [[18atts = ) = Salta = )IP7Yf (5,200, 17 v(9)) || ds
[Sa(tz = )P (5,205, 1" y(s)) || ds
< [ISa2 () = Sa )| 1zoll + 2[|Sa(t1) = Sa ()| Fo

+ [ 8alts = ) = Sats = [P IK )z + |77 y(s)|]) ds

+ [21[SaCes = ONPH Kz + |17 y()|) s

< [ISa () = Sa@)|[1Zoll + 2[|Sa(t1) = Sa ()| F0

18 =9 = Saltz = MNP K 0 (7 + 1)

t
+ft12

+ 2N Setez = ONNNPHIKp )% (r + s ) s (3.17)
and similarly
|| *D¥ (F2)(¢1) = DY (F2)(t2)|| < || *DYSa(t)tf ™" = *DYSa(t)ts ™ ||llZoll

+|| RDY S, (t)tE™" — BDY S (t)t8~ |10l

11
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+ 0
+ 0.2 | [#D¥Sats = $)(t2 = )54 |P7f (5, 2(5), *DY2(9))|| ds

< || *D¥Sa(e)t " = DYSa e 701+ A "DES () = FDYSe (et sl
+ [T FD¥Satts = $)(t1 = $)%71 = RDYSa(ts — $)(tz = )% 1P (5,250, 1, Vy(s)) | ds
+ 2 [|[RDESa(t, = $)(t2 = )P (5,200,177 v(s) ) || ds
< | *D¥Sa(t)ef ™ = FDYSa(t)t5 2o

+A|| RDY S (t)tE™t = BDY S, (t)ts 2|17l

[RDYSa(ts — $)(ty — )% = BDYS,(t, = 5)(t, — $)* 1P (5,2(5), *D) 2(5))|| ds

+ [ RD¥ 8oty — )ty — )37 = RDYS,(t, — s)(t, — $)47|
1P, ()2 + |17 y(9)][)ds
+ [ 2 *DESalts = )(t2 = )% 1P K ()(l2() + |17 ¥ ()| )ds
< || *D¥Sa(t) et = FDYSa(t2)es |11l
+| *DYSa (b))t = DY S (t) 5|17
+ [ RDY Saty — $)(ty — )47 = RDYS,(t, — s)(t, — )|
1P ()% (7 + ) ds

TV™Y
r(v-y+1)

+ [ *DESa(ts = $)(t2 — )% H IPH K () (7 + r)ds (3.18)

The right-hand side of equations (3.17) and (3.18) are independent of z € H; and tend to zero as
ti1 >ty
Since S, (t) , D} S, are uniformly continuous for t € [0,T] and the compactness of S, (t), *D}S,
for t > 0 imply the continuity in the uniform operator topology.
Then F maps H, into an equicontinuous family. Now if we want to show that FH, is a compact. Since
we prove that F maps H; into an equicontinuous family. It is suffices to show that F maps H, into a
precompact set in CRL([0, T], X) and apply the Arzela- Ascoli theorem.
Lett € (0,T], € € (0,t) for z € H; , we define
(Fez)(t) = S, (t) t* 71 Zy + 284 (t) t*7F,

+ fot_e Se(t—s)(t—s)*1 [P‘lf (s, z(s,x), *D} z(s, x))] ds
Since S, (t), Dy S, are compact operator, the set E.(t) = {(F.z)(t): z € H,} is precompact in
CRL([0,T],X) for, € € (0,t). and for every z € H; , we have
I(Fz)(@) = (Fe2) (@O

t
<
- Jt—e

[So(t — )t —s)e 2| p1f (s, z(s), RD;/Z(S)) ” ds

12
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< J Sate = 1P 1K ()0 (r + F(VT_—yyH)r) ds (3.19)

and
|| R0 (F2)(t) — RDY (F.2)(2)||

< J_ |[*D¥Sat = )(t = )1 ]P=1f (5, 2(5), *DY(5))|| ds
< tt_E” RpyS,(t —s)(t — s)“—1|| ||P—1||Kf(s)Qf (r + %r) ds (3.20)

Then there are arbitrarily precompact sets close to the set {(Fz)(t): z € H;} . Hence the set
{(Fz)(t): z € H,} is precompact in CFX([0,T], X).

Now, to show that F: CRL([0,T], X) - CRE([0,T], X) is continuous.

Let {z,}3 < CRL([0,T], X) with z, — z in CRL([0, T], X). Then there is integer p such that
lz,(t, )|l < p, || ®DY 2, (t, %)|| < p forallnand t € [0,T] so [lz(t, )|l < p, || *DYz(t, 0)|| < p,
z(t,x), DY z(t,x) € Z .

from (As) we have £ (£, 2, (£), *DYz,(6)) — f (£ z(t), *DYz(t))

for each t € J and since

|7 (6.2, DY 20(®)) = £ (8,200, *D2(®) )
£ (£.20(®), *DYzu(®)) || + || £ (£ 200, *D) 20|
£ (620,177 3 ®)|| + || £ (620,77 y®)|

VY
< 26,0 (ll2ll + =g 1)

<|
<|

We have by dominated convergence theorem.
|Fz, — Fzl|

= SUPygj ||f0t S(t—s)(t—s)*tp?t [f (s, Z, (), RD;/Zn(S)) —f (s,z(s), RD;,Z(S))] ds”
< 8t =)t = Py || (5.20(5), *DY2a()) = £ (5,2(5), "DV 2(s))[| ds — 0
and
| *D¥ (Fzy) — *DY (F2)|
= SUPyg ||f0t RpyS, (t —s)(t —s)*1p~1 [f (s, 2, (5), RDSyzn(s)) —f (s,z(s), RDZZ(S))] ds”
< 1% D¥Sat =)t =) P~ Sy || (5:20(5), *DYza(s)) = £ (5,2(5), "DV a(s)) || ds — 0
Then F is continuous and from (3.17), (3.18) F is equicontinuous and from (3.19), (3.20) F is

precompact this means we have F is completely continuous and from first part we proved that the set

of solutions (z4, V) = T(P (24, ¥o), ¥ (2a,¥4)), 0 <7 <1 isbounded. Then F has a fixed point

13
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in CRL([0,T], X) (Schaefer theorem) therefore every fixed point of F is a mild solution of (3.8) on
[0T].
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