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Abstract. This paper focuses on the solvability and local Saddle-Node bifurcation ensurance of two-
dimensional differential-algebraic equations of index-1 with its feedback controller. The feedback controller
action has been designed to satisfy the necessary requirements for Saddle-Node bifurcation ensurance. The
mathematical assumptions and proofs have proposed with systematic illustrations to demonstrate the
applicability of the proposed approach.

1. Introduction

Differential-algebraic systems (DAS) are those dynamics governed by a mixture of algebraic and
differential equations. During the past decade, DAS have attracted much attention due the comprehensive
applications in chemical (physical) engineering, control theory, electrical. Some of perturbations may
happen in DAS by changes of manufacturing process of the variations of constructive elements,
components or due to replacement act. Therefore, the changing in the behavior of system from-to stability
and instability of its solutions may call Bifurcation. The Bifurcation occurs in linear infinite dimensional
systems and non-linear system of equations which have changing parameter [2][4][5][6][9][14]
[15](16][17][11][19].

The aim of this paper is to study the solvability and local Saddle-Node bifurcation ensurance for
forced/unforced two dimensional differential-algebraic systems using reduced order approach. When the
system is forced, a feedback controller action is designed to satisfy the necessary mathematical
requirements for Saddle-Node bifurcation. Step-by-step illustrations have been developed to study these
phenomena.

2. Problem Formulation-I:
Consider the semi-explicit DAS:
x1 = Fy(xq, %25 1) (la)
0 = F, (1, x5 1) (1b)
where (x1; 1) € D € R which is an open subset, x, € R, u € R. The function F; (x4, X,; i) is needed to
be in the class C1(D X R:R), while F, (x4, x,; ) € C*(D X R:R).

Remarks (1)[17]:
(1) It may seen like all x4 is the state, which is holding the information about the past, this is not true
generally, where the derivative (Z% (%1, x5; /J)), at least locally nonzero [17][18].
2

(2) The class of initial conditions should be determined later on, based on the nature of F, (x4, x5; 1t).

2.1 The Solvability of Problem Formulation-I:
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Consider problem formulation-I, and assume that there exist an open subset f)xl C D such that for all
F1; 1) € Dy 2 {Oc;w) €R*™ 0, €0, ,u€R}c D R™, such that, it may be solve
F, (%, %,; i) = 0 for %,. The solution manifold set is define as:

0 = {(xq, %25 1): (x1; ) € ﬁxl wX2 € R' |F2(x1,x2,u) }
which is not necessary be open. For this purpose, one can assume that (xl, Xo; 1) # 0 for

(x4, %5; 1) € 2 € R**1+1 by the help of implicit function theorem (IFT) one have that for every (¥;; i) €
0, _u (open subset of R*1), there exist a neighborhood O, ,u of (X1; 1) and the corresponding Oxz of X,
(since R! is open) such that for each point (%;; i) € O
@z, (xq; 1) locally [17][18].
Therefore, to find the class of initial conditions (consistency class) as ¢ = 0 (for simplicity) given an
initial gest x4 (0) for a given pg, compute x,(0) = ¢ (x1(0); 4y) and therefore set the class of consistency
as:

Wi = {(1(0),x2(0); 110) 1(x1 (0); o) € L, %2(0) = @ (x1(0); o), fOr o € R} © 2 < RM*1*1
Hence the following reduced order system (equivalent) DAS are found as follows:

X1 = Fy(xq, 0(xq; s 1) (2a)
with Xy = @(x1; 1) (2b)
Wi = {(x1(0), x2(0); o) (x1(0); o) € .Qxl;wxz(O) = @(x1(0); o), for uo € R} c 2 € R™*M1 (2c)
where F; and F, are assumed to satisfy the assumption of Problem Formulation-I.

Thus, the solvability of Problem Formulation-I is equivalent to solvability of the ROS (2), locally, under

the condltlon (xl, x5; 1) # 0 for (xq,x,; 1) € 2, and the condition (2b).

xy;u» @ Unique solution x; € Oy, exists and x, =

Lemma (1) (Locally Lipschitz Property on D):
Consider the Problem Formulation-I. Then if F; € C1(D X R:R) and ¢ € C?(D:R), then F; of (2a) is
Locally Lipschitz on D.
Proof: Since D is an open subset of R1+1 given (x10; MO) € D, then there is an € > 0 such that
Ne (105 o) = {(x1, 1) € R™H |xg — xq0] + | — 4% < €}
Let  Me(xi0; o) = {Gxas 1) € RMH [ Gey, ) = Goaos w0l < 3}
Define, F; € C1(D X R:R) on closed and bounded subset M e(xlo ; u%) of R, one can have:

1 B B )

22 G|

(xl.u)erg\l/l?((xlo:u")
Hence, the maximum of continuous functions (xl, ;1) and (xl, ©; ,u) o, (x1; w) on the compact
set Me(x10; u°) of R**1. Then for x;,y € Mg(xlo,u )setv =y — xl. It follows that

X + ;v € Mg(xmi u®) for 0 < s < 1 since IZVIE(xlo; u°) is a convex set. Define F[0,1] —» R1*1*1 by

F(s) £ F1(x1 + sv,0(xq + sv; )5 1)
By chain rule will get:

N O0F; d(x1+sv) , 0F; 0@ d(xq+sv)
a Zn o) T Y BV
F'(s) 2 oxs

ds dp 0x4 ds
= &(9& +5v,0(x; + sv;p); v + —(x1 +5v,0(x1 + sV )5 1) 5~ %0 (x1 + sv; Wv. 3)
X1
Since ZI; = Fl, where x, = ¢(x,; 1) which is bounded in the class C2(D:R), D C R'*1, Therefore
X2
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Fy(y, (3 103 1) — Fy Gy, @ Gy 1) 1) 2 F(1) = F(0) = [ - F(s)ds.
(F is continuously differentiable), and y = x4 + sv. Therefore from (3), one gets
F(y,e (y. u) 1) = Fy (x5 (x5 103 1)
=J, (a L (xy + sv,0(x, + sv; ) v + —(x1 + sv,p(xq + sv; u); u) (x1 + sv; ,u)v)

OF. 6
Thus, |Fy (7, 9 (3 13 1) = Fy (er, @ G i )] < |a | 1| 22 | ds.
dp
X1 5_' |___ < k¢
on Me(x,0; u°) for a By, 20,B, = 0,k, = 0, and therefore
2
|FL (v, (s )5 1) — Fy(xq, @ (15 1) | < By, [v] + By ko |v] < (By, + Byky)|v]
< (Bxl + qu k(p)ly - xll
which makes F; satisfying the Lipschitz condition, with Lipschitz constant k = (By, + B, k)
Now, consider the Problem Formulation [ which is equivalent to the following one
Z=Gzw (4a)
z(0) = z, (4b)

where zy € R, 25 = (x40, X20; #°) € Wy € 2 © R¥1+1 and
Gz ) = (a(fl(xpfp(xpﬂ):ﬂ) ) < CY(D X R:R) )
o, F1 G @ Ces ) ) C2(D:R) x C*(D x R:R)
on x, € f) and (X;; fi) € C)x1 .u» Where z is the initial condition variable. Since Fl(xl, (x1; 10); 1)
satisfied the Lipschitz condition with constant k = (By, + k,B,) by Lemma (1) and 1s bounded on
the compact (convex) set. While, ¢ € C2(D:R) onx, € Obey IFT result. Set
x = (ey, @ s )" = (g, ;)7 for i € R, x; = @(xq; ) is the solution of Fp(xq, x2; 1) = 0.

. 551 .72'1 Fl(xli q)(xl;u);ll)
Letx = (Xz) B a_"’;cl = a_(pF1(x1'<P(X1;H);u) = G(xq, x5 1)
0xq 0xq

Th X\ . Fy(xq, 0 (g5 10); 1) 5
en, (xz) = s_zFl(xl,(p(xl;”);u) )

0 0
and (12000) = (QD(x?(g)?uO))’“O € R, where (x,(0), %2(0)) € W for u° € R see (2¢). The system (5)

is then equivalent to % = G(z; ), G is defined by (4a)
z(0) = z, € R1*? with z = (x,x,)7 foru € R

Therefore, by Theorem (1), P. (80) (Dependence on Initial Condition) in [11], there exist a unique
solution z(t, zg; o) € C1(H), where H = [—a, a] X Ng(zy) X Ng(tio), Ns(xo) € R**1 and

. , b 1
Ns(pg) © R, where a defined by 0 < a < min Mot Brithy Bw]’ where

[max] |V (t) — x10] < b, {vi(t)} is a Cauchy sequence of continuous function in C[—a, a]
—-a,a

= v (t) — v(t), vy convergence to continuous function v(t) uniformly for all t € [—a,a], which
clarifies the differential equations as a sequence of parameter equations:
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OF 3}
max |Fi|=M,, max |DF,|=M,;, max _ ﬁ < By,, max _ % ke, and
lx1—X10l<5 X1~X10lS 3 lx1=xg0l<5 "1 lx1=xq0l< 5771
OF.
max _[=—| < B,,.
el

€
— < —
[x1 x10|_2

Hence, the problem formulation-I is solvable and has a unique solution defined locally.

3. Bifurcation of Problem Formulation-I:
The study of bifurcation theory of the Problem Formulation-I must start with the following important
discussion: that will begin with consider the ROS system (2)

X1 = Fy (g, @ Ceps ) 1)
with xz = @(x1; 1)

Wi = {(x1(0), x2(0); 1) (x1(0); o) € f)xl;;uxz(o) = @(x;1(0); o), for ug € R} c 2 ¢ RM1+1

such that the function F; is a C"-function on some open set in R? X R? x R - R3 and it is sufficient
atr = 5 from the illustrated examples in [14].

Definition (1):

The equilibrium point (xq,x,; ) = (0,0;0), x, = ¢(0;0) = 0 of a one-parameter family of vector
field (2) is said to undergo a bifurcation at yu = 0 if the flow for y near zero and x; near zero is not
qualitatively the same as the flow near x; = 0 at u = 0.

3.1 Saddle-Node Bifurcation (SNB)
To study the SNB, consider problem formulation-I

x1 = Fi (g, 0 Cegs )5 1)

xz = @ (xy; 1)

with Wi = {(x1(0),x2(0); po) 1(x1(0); o) € D, pt € R, x2(0) = ¢ (1 (0); o)}
where (x;; 1) € D, € R,x, € R and D c R**1is an open subsets,
@ € C*(D:R) and F; € C'(D X R:R) are continuously differentiable functions, with (x;; u) € Oy ,, and
x5 € O, ,- S0, the following important assumption is:

Assumptions A:
The orbit structure near (x?, @ (x?; u°); u°) is determined by the associated center manifold equation with
a) F1(0,¢(0;0);0) = F,(0,0;0) = (0,9(0;0) =0 (6a)
is the equilibrium point condition at origin.
ok, | 3R 00 _
b) ors T 90 ox 0 at (0,0,0) (6b)

the zero eigenvalue condition. The equilibrium point

(%1, (xq; u); w) = (0,0; 0) is not hyperbolic.
Knowing that an equilibrium point has zero eigenvalue for u = 0 is not sufficient to determine the orbit
structure for y near zero.
So, a unique curve of equilibrium points parameterized by x;, passed through (0,0;0) is denoted by
u(x1). The curve u(x;) is satisfying two properties [19]:

a) It was tangent to the line y = 0 at x; = O i.e., ;7“ =0
1

2
b) It was laid entirely to one side of ¢ = 0 locally; this will be satisfied if % (0) 0.
1

From the above discussions one can have that: If a unique curve of equilibrium points passed through the
origin and lays entirely on one side of ¢ = 0 in u — x4 plane, then the origin is a SNB point.
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From the geometry of the curve in ¢ — x4 plane in a neighborhood of bifurcation point may help us to
derive conditions on the ROS evaluated at the bifurcation point.

If we have that Z—zz—i + Z—P; # 0 at (0,0,0). By IFT, there exists a unique function y = u(x;) with u(0) =
0, defined on the manifold for x; sufficiently small such that F; (xl, (p(xl; ,u(xl)) ; u(xl)) = 0, which is
locally in same neighborhood.

The purpose is to derive conditions under a general one-parameter family of the system (2) will undergo a

SNB in term of derivatives of F; (xl, go(xl; u(xl)); y(xl)) = 0 evaluated at (0,0; 0).

Theorem (1): Consider problem formulation-I with

OF; 0F; 0
D SRS o0, ac (w0 (ks u())in() = (0,0(0k(0); 1(©®)) = (0,0(0,0),0) =
(0,0,0)
aF, dp  OF,
2) % a + E # 0 at (0,0,0).
0%F; OF; 90%F, 0%¢ |, OF, 0%¢
3) ax? x99 T 9p2 B_x% + %6_36% # 0 at (0,0,0)

Then saddle—node bifurcation occurs for the problem (2.4) < problem formulation-I
Proof: By Assumption (A). Consider F; = (x1,<p(x1;u(x1));u(x1)) along the curve of equilibrium
points (xl,(p(xl;u(xl));u(xl)) = (0,0,0). By IFT and the conditionZ—Z(0,0,0) # 0, this impels that,
there is u = pu(xy) with u(0) = 0 and

F = (x1'¢(x1;#(x1)):ll(x1)) =0 (7
Differentiating (7) with respect to x;:

OF, OF, 0F; 0 0F; d 0F, 0¢p d
a—,;(xl.qo(xl;u(xl)):u(xl)) = 0= o ot S T e o =0 (®)
at (xl, (p(xl; ,u(xl)); ,u(xl)) = (0,0,0), let F;(0,0,0) 2 F for simplicity, so we have got the following

Floxl + Flogo(pz(gl + Floullgl + F10<p(p31121 =0

dp® _ —[Fix, +Fip 9%,]
Therefore, e —F{’q,qzﬁ )
Then, from conditions (1) and (2) with Assumption (A) gives:
au(0) _
dx; 0 ®)

which implies that the curve of equilibrium points is tangent to the line x; = 0 at u = 0.
Next, the second derivative of (7) with respect to x; is:
d?Fy 9%F, 3¢ + 9%F (37‘/’)2 + OF, 0%¢ + 9’F 3¢ + (aﬁ 99 + %) d’u

dx? dpdx, dx, 02 dp 9x2 ' 9x10¢ dxy dp ou u/) dxz
By continuity properties have 0°Fy + OCh _ o 0°h By evaluating at
y ¥y prop dedx, 9x,0¢  9x,0¢ y g

(xl, @ (xq;u(xy)); ,u(xl)) = (0,0,0) with (9) one can get:
Flexy + 2 ey 02, + Flpp(92,)% + Flp02 2, + (Flppcp + Fil U3, x, = 0.

This 1mphes that: dZM(ZO) — _[F10x1x1+2F10x1<p(P%1+F§¢¢()(‘P21)2+F10<p (Pglxl]
dxy FI(p QutF; u
Therefore by conditions (2) and (3) the above equation will gives
d2
au(0) 0 (10)

2
dxj
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Thus, Assumption A decides that the curve lie locally on one side of u = 0 as shown in Figure (1).
2
Moreover, the sign of % # 0 determine on which side of y = 0 the curve lies.
1

Therefore, from (9) and (10), by Assumption (A), and from [19] one can conclude the SNB occur as
shown briefly in the following Figure (1). Therefore, the proof is completed.

X

Sta

M
o
L . .
1 ! Unstable - - _ _
Figure (1): The SNB diagram
Ilustration (1):
Consider the semi-explicit DAEs in normal form:
. 1 2 X2
*1 =,u—§x1 _cos(xl) (11a)
0 = x? — 2x, sec(x,) (11b)

where x; € R, x, € R, u € R is the parameter.

Step (1): The domain of (11) is x; € (—g,g) to ensure the local solvability of IFT.

Step (2): The point (0,0,0) is one of equilibrium points of (11).

Step (3): Applying the IFT i.e., Z—Z =—2sec(x;)=—-2#0,x; € (—g,g) so on the neighborhood of
(0) (—g,g) Z—Z # 0. Then, there exist ¢ (x;; u) such thatx, = ¢@(x;; u) which is
continuously differentiable

xf

X2 @ (%1, 1) 12)

T 2sec(xy)

%1 € Ny, (0) = {x; € R||x; — 0] <}ie., x; € (0,0,0),

. e gL o2 ) 1 __ xf
Step (4): The ROS is: Fy = p1 — 237 — ¢(x;; 1) (COS (xl)),q) = s (13)
1
Step (4.1): Drive the conditions: Fy (0,(0,0),0) = 0,5+ 2—2:7‘” =
1 1

dF; 0 | OF; _ 1 _ _ — —
a—XIE E—COS(Xl)(O)ﬁ'l—1¢0,F1x1x1— 1'2F1x1(p_0!(px1_0r

= _[Fl X1Xq +2 F1x1<p P, + Fl(p(p ((le)z + Fl(p (pxlxl] #0
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—[FY, +F 2.1 0
Step (5): ug, = W =7-=0 (14)

Thus the curve of the equilibrium point (0,0,0) is tangent to the
line u =0atx; =0.

0 0 0 L0 02,50 0
.0 _ _[F1X1X1+2F1X1(p Qi HFipp (@x) +F1gp ‘Px1x1] 1

Step (6): 0., = L =1x0 (15)
o PutFiy

Thus, the curve lies locally on one side of u = 0. Therefore, the qualitative bifurcation of the system (13)
has been changed around y = 0 (u < 0, u = 0 and u > 0) as shown in the following Figure (2).

For given mu > 0, mu =1 For given mu =0 Forgiven mu <0, mu=-1

u).mu)
o
&

1 : : 1 4 : : ]
05 /\ - g 05 : i :

0 s 0
i : :
. : /\

F10c1,Q6c1,mu)
F1(x1,Q01

L
15 -1 -05 0 05 1 15
x1

L i i L L i L
E Y 0 05 1 15 2
«

Figure (2): The function F; (x1,x,; 1) = 1 — lxlz — () (;), versus xq,where x, = @(x1; 1) =
2 cos(xq)
xf

2sec(xq)
We observe that for 4 = 0 there is a unique equilibrium point which is not stable.
For pu > 0 there are two equilibrium points, one is stable and the other unstable. For u <0,
Fi (xq, (xq1; w); ) = 0 does not admit any solution, so there are no equilibrium points. This behavior can
be visualized with the help of the bifurcation diagram, shown in Figure (1).
The directional derivatives of the system (13) have been used to show the stability and instability under
the above conditions as shown in the Figure (3).

for the values (u = —L,u=0and u =1)

2
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. . . 1 1
Figure (3): The solution x; (1) of x; = F; (x4, x5; )y — 53512 —@(x; 1) (m), where x, = @(xq; 1) =
xf

2sec(xq)

in the neighborhood of (— g , g) versus (.

When the bifurcation diagram for the solution x; versus the bifurcation parameter x# have been shown in
the following Figure (4).

The Bifurcation Diagram of SNB

%1

Discretization of the results

Figure (4): The bifurcation diagram of the solution x; of X; = F; (xq, x,; u) wherex, = @ (xq; 1) in the
neighborhood of (0, g) versus 4 with N = 500.
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4. Problem Formulation-1I:
Consider the semi-explicit DAS with control:
X1 = F1(Xq, X5 4, u) (16a)
0= FZ(xl'xZ; ‘LL,U) (16b)
where, (xq; 1) € D € R, D is an open subset, x, € R,
u € R is a feedbaback controller,u € R. The function Fj(x1,x5;u,u) is needed to be in the class
C1(D X R X R:R), while F,(xy, x,; u,u) € C>(D X R X R:R) with consider the Remarks (1) in suction 2.

4.1. The Solvability of Problem Formulation-11:
Consider problem formulation-II, and assume that there exist an open subset {2(,, .,y © D such that for all
(F ), %) € Qw2 {(Fes 1), W) € R, (x5 1) € O,y u ER, p € R} D c RIFIH
such that, it is possible to solve F, (¥, X,; fi, i) = 0 for X,. The solution manifold set is then defined as:
0 = {(xy, 225 w): ((xg; ), u) € -é(xl,,u),w.u ERx; € R|F2(x1,x2;u, u) = 0}
which is not necessary be open. The Jacobian matrix of F,(x;, x,; 4, u) i.e. Z—Z (%1, x5; 4, w) must be not

zero for (x;,%; p,u) € 2 c R M1 by IFT one can have for every ((%1;/1), 1) € Q(x, uyu (open
subset of R1*7*1) there exist a neighborhood f)((,? s of ((%; 1), @) and the corresponding (N),?2 of X,
(since R is open) such that for each point ((x1 P, u) € C)(xl; w),u» @ unique solution x, € sz exists and
X2 = O maw (X1 1w locally. To find the class of initial conditions (consistency class) as t = 0 (for
simplicity) given an initial gest x;(0) for a given y,, and the numerical u, and therefore solve

F,5(x1(0), x5 (0); to, ug) = 0, to get x,(0) = @(x1(0); 1y, Uo) and therefore set the class of consistency is
defined:
Wi = {(x1(0), x2(0); po, uo) (x1(0); 1o, Up) € Ry s X¥2(0) = @(x1(0); o, Ug), ug € RY, iy € R}
c ( c Rl+1+1+1
Hence the following reduced order system (equivalent) DAS are found as follows:

X1 = Fy (g, @ Cegs pu); p,u) (17a)
with Xp = @(xs; uu) (17b)
Wi = {(x1(0), x2(0); o, uo) [(x1(0); o, u9) € D X R, ug € R, g € R, x,(0) = (1 (0); o, up)} (17¢)
where F; and F, are assumed to satisfy the assumption of Problem Formulation-II. Thus, the solvability of

Problem Formulation-II is equivalent to solvability of the ROS (17) locally under Z% (x1,x9; p,u) # 0 for
2

(%1, %25 0, 1) € 1, and as discussed in suction (2), one can have

Lemma (2) (Locally Lipschitz Property on D X R)

Consider the Problem Formulation-II. Then if F; € C*(D X R X R:R) and ¢ € C?(D X R:R).
Then F; is Locally Lipschitz on D X R, with Lipschitz constant k = (B, .+ Byky + Byky).
Proof: The proof is of direct manipulation of lemma (1) in suction 2, with taking into accounts the effect
of the control action as a feedback controller.

Now, consider the Problem Formulation-II and equivalent to

d
R (182)
z(0) = z, (18b)
where 7y € RY1*1 70 = (x10, Xp0; 10, u®) € W, € §§ € RIF1+1+1 4pd
. Fy Oy, @ Gegs p, w); ) CY(D X R:R)
swu) =| o €
(Z # u) a_;DlFl(xly(p(xl;#iu);HJu) (CZ(DXRR)XCl(DXRXRR))



ICCEPS IOP Publishing
IOP Conf. Series: Materials Science and Engineering 571 (2019) 012018 doi:10.1088/1757-899X/571/1/012018

on x, €0, , and ((Xg; ), @) € O(xl:u),u’ where z is the initial condition variable. Since
Fy(x1, (x5 1, u); p, w) satisfied Lipschitz with constant (By, + Byk, + By k) by Lemma (2) and ;T(p is
1

bounded on the compact (convex) set. Since, ¢ € C2(D X R:R) onx, € C)xz. Set
x = (x1, ;W) mw)T = (x1, x5 u,u)T for u € R, x, = @(xq; 4, u) is the solution of
Fy (x4, x9; u,u) = 0. Let

X1 Fy (g, (s, w); iy w)

X = xl) = 2 = J = G .
* (’32 (ﬁ’kl) (ﬁ Fy (e, 0 Cegs o, w); u)) (1,223 4, 1)
1 1
i Fy(xq, @ Cegs e u); 1, w)
Then, < ) £ (19)

. a
X a—zFl(xlmp(xl:u, w); 1, w)
where F; € C1(D X R X R:R),F, € C>(D X R X R:R) and ¢ € C2(D x R:R). Then

<x1(0)) _ ( x1(0) )
x,(0) @ (x1(0); u°,u®)/)’
u° € R and u® € R, where (x;(0),x,(0)) € Wy for u° € R and u® € R. The system (19) is equivalent
to
L=6@zw, G is defined by (18)
z(0) = zy € RM*1  andz = (x1,x,)7 foru € R and u € R,
and as discussed earlier the solution is guaranteed uniquely as z(t, zy; o, Ug) € C1(H), where
H = [~a,a] X N5(zp) X Ng(io) X Ns(uo), where Ng(zo) € R*™ ', Ns(uo) € R and Ns(uo) C R,
1
Mo+M;’ By, +kyBo+kyBy
Cauchy sequence of continuous function in C[—a, a] = v, (t) — v(t), v, convergence to continuous
function v(t) uniformly for all t € [—a, a], which clarifies the differential equations with effecting of the
feedback controller u as a sequence of parameter equations:

where a defined by 0 <a < min[ , where [max]lvk(t) —X10l < b, {vp (D)} is a
—-a,a

OF; JF.
max _|Fj|=M,, max |DF|=M,;, max _ a_x1 By, max _ a—l < By,
lx1—x10l< 5 lx1—x10l<5 lx1=xg0ls5 "1 lx1=x10l< 5 ¢
OF; JF. du
max _ a_ul ws  max a—l <k,and max E|J(x1)| < ky.
|x1—x1o|55 |x1—x10|55 ¢ |x1—x10|55 1

Hence, the problem formulation-II is solvable and has a unique solution defined locally.

5. Bifurcation of Problem Formulation-II
The study of bifurcation of Problem Formulation-II, will consider the same strategy of bifurcation theory
in Section 3. Moreover, consider the ROS (16):
x1 = Fy (g, 0 Cxgs pu); g u)
with X = @(xq; 1, u)
Wi = {(x1(0),x2(0); o, ug) [(x1(0); o, up) € D X R, ug € R, iy € R (given),
x2(0) = @ (x1(0); o, up)}

where F; is a C"-function on some open set in R* X R! x R - R3 and it is sufficient at7 = 5 from the
illustration (1).

Remarks (2) [19]
Consider the Assumption A, with
1) The bifurcation is extremely general. The orbit structure near nonhyperbolic equilibrium point

10
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F,(0,0,0,0) = 0
e

aF; _
5 (0000 =0

The orbit structure in all cases (the three types of bifurcation, in [19][11]) near ¢ = 0 was different.
2) Knowing that an equilibrium point has zero eigenvalue for p = 0 is not sufficient to determine the
orbit structure.

Definition (2):

The equilibrium point (x4, x,; i, u) = (0,0,0,0), x, = ¢(0,0,0) = 0 of a one-parameter family of the
ROS is said to undergo a bifurcation at yu = 0 if the flow for u near zero and x; near zero is not
qualitatively the same as the flow near x; = 0 at u = 0.

5.1. Saddle-Node Bifurcation (SNB)
To study the SNB of problem formulation-II
x1 = Fy (g, (15 pu); 4, u) (21a)
xz = (x50 u) (21b)
u;k(;l {)(x1 (0), x2(0); po, uo) [ (x1(0); o, up) € D X R, x,(0) = ¢(x1(0); po, wo), for ug € R,ug €
R c
where F; € C'(D X R X R:R), € C?>(D X R:R) are continuously differentiable with (x;;u) € D,u €
R,x, € R,u € Rand D c R is an open subset. The derivation of conditions with control will undergo
SNB as in the following theorem.

Theorem (2)
Consider problem formulation-II with

0F, 6F1 6qo 6F1 dep du 0F; dul] _
) [3x1 dp 0xq 6<p E d_x1 Ed_xl] =0 at
(0,65, (0);1(0),2(0)): 1(0), u(®)) = (0,6(0,00),0,0) = (00,00
ar 29 | 3F;
2) 6(pau+ # 0 at (0,0,0,0).
3) {Flm, +3 Flip (200,08, +08,) + 2F0 oul, + Flyy [02,u8, + 00(ul)’| + FY, [o0ul,, +
U2, (9%, + 02Ul )] + (FSy + Flop @2, + Flop@lul, + Flupul )(99, + ofus,) + Flul ., } #
0 at (0,0,0,0).
4) The curve u = u(x;) is used smoothly such that (1) — (3) are satisfied (in such a way).
Then, the saddle—node bifurcation occurs.
Proof: Consider F; = (x1, @ (xq; u(xq), u(xq)); u(x1), u(x1) ) along the curve of equilibrium points
U = u(x1). By IFT and the condition Z—IZ (0,0,0,0) # 0, this implies that, there is & = p(x;) with
u(0) = 0 and
Fy = (o1, (g5 (), uxq)); (1), u(x1)) = 0
Differentiating F; with respect to x4:
oF
a—xi(xl,<p(x1;,u(xl),u(xl));u(xl),u(xl)) =0
%+%3_<p+%6_¢d_u+6ﬁ6_(pﬂ+%d_u+aﬁd_u=0 (22)

0x4 dp 0x4q dp Ou dxq dp ou dxq ou dxq du dxq
Evaluating at  (xq, @ (xq; u(xq), u(xq)); u(x1), u(x;)) = (0,0,0,0) and let F;(0,0,0,uy) 2 FY for.
Therefore

11
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F10x1 +F10<p(p3(c)1 +F10go ¢2ﬂx1 +F1(p(puux1 +F1,ul"x1 +F1uux1 =0
From (22) with conditions (1) and (2) one can get
d_llo _ _[F10x1+F10<p ¢9€1+Ff<p oY .u21+F10u.u21]
dxq - Ff(p(pg+F1°#
Thus, the curve of equilibrium points is tangent to the line u = 0 at x; = 0.
Next, the second derivative of F; with respect to x; is:

{F1x1x1 +3 lel(p (2<px1ux1 + (pxl) + 2F1x1uux1 + Fl(pu [(pxluxl + Pu (uxl) ] + Fl(p [(puuxlxl +

ul, (9%, + 928D + (FSy + Flp @2, + Fpp@ul, + Flul ) (08, + oul,) + Flud,. } # 0
(24)

=0 (23)

By continuity property get:
F10<px1 + F10x1<p + F10<px1 = 3F10x1<pJ Floxlu + Flouxl = 2F10x1u and Floutp + Flotpu = 2F10<pu~
Therefore by conditions (2) and (3) one have that
( Fleyxy 73 Fixg o (209, U2 0% )+2FD Ul )
—i+ Fu [02,02, + 0862, )|+, [«pauglxl+u21<¢ax1+wauu21>]f
d*u(0) — +(F10<p+F10(p(p(P21 +F10<p<p<puux1+F1u(pux1)((p21+(pgu?61)+F10uu9¢1x1
dx? Fp @p+Fp,
Therefore, from (23) and (25) with the effecting of the control action as a feedback controller, and by
definition (2), there are two curves of the equilibrium points passing through the bifurcation point in
U — x4 plane one is stable and the other is not. Therefore, the saddle-node bifurcation occurs. Moreover,
one can use u(x;) in such a way (See the following example) to ensure the saddle-node bifurcation
requirements.
Moreover, the sign of (25) determine on which side of u = 0 the curve lies. As the bifurcation diagram is
shown in (subsection 3, Fig. (1)):

0 (25)

Ilustration (2):
Consider the semi-explicit DAS With control

dy = = paf - s = () (26a)
0 = x? + 4x, sec(x;) + 2u(x;) (26b)

where x; € R,x, € R, u € R is the parameter and u € R is feedback controller.

Step (1): The domain of (26) is x; € (—g,g).

Step (2): The point (0,0,0,0) is one of equilibrium points of (26).

Step (3): Applying the IFT we have that Z% = 4sec(x1)(0,0,0uy) = 4sec(0) = 4(1) =4 # 0 for
2

must be non-zero, which will happen if we let x; € (— g, g) . So on

T T

xle( o )Thals 05D
the neighborhood of (0) € (— E’E) 9% 40, Then, there exist ¢ (x; 4, u) such that

x5 = @(xq; 4, u) which is continuously dlfferentlable Then

_ oxi-2u(x) _ )
X2 = 4sec(xy) U (27)
Substituting (27) in (26a) will get
_ 1 oo [=x-2ue)] 11 S -xf-2u(xy) | _ 1
Y1 =H 4x1 + [ 4sec(xq) 1cos(xq) zu(xl) =H 4x1 + [4sec(x1)cos(x1)] zu(xl)
—x2_
= p = pxd o [ Su(n) = = = pxE = jule) — jux)
4 ————co0s(x4) 2 4 4 2 2
cos(x1)

12
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1
=p—2xf —u(x) (28)
The equation (28) is the ROS of (26).
Step (4): Drive the conditions:
_ 15 11 _ 1 5 . __x%+2u(x1)
Fr=p—gxi+ooms—7uln) =p—gxi —ulx) with g = —=-=2"==
Then, the derivatives are:
- _L, _au 0 __du po __ 1 _1_ 0 _ _
Fir, = 2% dx, = Mx, = dx;’ 1 7 cos(0) 1 L Fy=-1
4sec(x1)(2x1+2:Tul)+4sec(x1) tan(x,)(x2+2u(xy))
O = 7 (asec(x)))?
du
8_
0 _ _Sdx ~ _ _ldu 0o_ _4sec(®2 _ 8 _ 1
Pxy = 16 2dx; and ¢y = (4sec(0)2 ~ 16 2
0 0 .0 0 .0..0 0.01_[]du ,1du  1du du]l _ ., du
[FL, + P08, + Floof ud, + FRul | = [d—xl tom i d—xl] = 3d—xl (29)
@) =0,F, =1 [Flel+F,|=1%0 (30)
o __1_du o _df du) 0 _ap0 _ar0 —_0F0 —Q .0 —
F1x1x1 - _E_d_xf' 1xu — E(_d_xl)'lelqo - O'quou - 0'F1<p<p - 0'F1u<p - 0'(puu =0 and
0o _ L( 4sec(xq) ) _ 64sec?(x1) sec(xq) tan(x,)—8(16)sec(x,) sec(x1)(sec(xq) tan(x,)) -0
Puxy = dxq, \(4sec(x1))2) (4sec(xq1))* -
F10x1x1 + 3 Floxl(p (Zgo.glugl + goiel) + 2F10x1uu21
2
=4+ Pl [ 02,2, +02(u,)’| + FY, 0908, +ul, (0%, + 0uul,)]
+(Flp + Flpp 92, + Flpp®uu, + Flupuz, ) (92, + 00w, ) + FLuQ x,
1 d?u d (du 1\ d®u , du | d?u 1 5d%u | du d (du
—[(z)+d—gc;+(2>@(a—h)+(5)d—xg+d—h+d—,q]—5+5d—x;+d—xl+ ) (1)
Step (5): From the conditions (29), (30) and (31) observe that;
if choose u(x;) as follows:
1
u(xq) = 59512 (32)
Then from (29) get: —3 2% = —3x, at (0,0,0,0) = —3-2£ = 0
dxq dxq
Clearly, (30) is already satisfied, and from (31)
1 5 d 1.5 1.5 6
E+E(1) + x4 +ZE(X1) =E+E(1) + x4 + 0 at (0,0,0,0) $E+E=E= 3+0 (33)
Therefore, get that:
F, =u—x? (34)
0
Step (6): ugl =T = 0 (35)
Thus the curve of the equilibrium point (0,0,0,0) is tangent to the line ¢ = 0 at x; = 0, and
(36)

3

Step (7): pa,x, = T=3#0
The conditions decide that the curve lie locally on one side of y = 0 and the sign of (36) determine

on which side of u = 0 the curve lies. The ROS (34) characterizes the SNB where p represents the

bifurcation parameter.
Therefore, the qualitative bifurcation of the system (34) has been changed around u =0 (u <0, u =20

and u > 0) with effect of the feedback controller u(x;) = %x% as shown in Figure (5) as below.

13
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For given mu <0, (mu=-1) For given (mu=0) For given mu > 0, (mu = 1)

u(x1):feedback

(x1)feedback : u(x1)feedback

F1p1,Q0ct mu) mu)

F10ct Q1 ,mu) mu)
& o

X2
Figure (5): The function F; (xq,x5; 1) = 4 — %xlz —u(x;) versus x;, wherex, = @(x; ) = %(ux(x)l)
1

for the values (u = —1,u = 0 and pu = 1) with u(x;) = %xlz

In the figure (5) the arrows along the vertical lines represent the flow generated by (34) along the x;-
direction. Thus, for ¢ < 0, (34) has no equilibrium points, and the vector field is decreasing in x;.

For u > 0, (34) has two equilibrium points. A simple linear stability analysis shows that one of the
equilibrium points is stable the solid branch of the parabola), and the other fixed point is unstable
(represented by the broken branch of the parabola). So, given a C"(r > 1) vector field on R! having only
two equilibrium points, one must be stable and the other unstable and the parameter value ¢ = 0 as a
bifurcation value.

This particular type of bifurcation (i.e., where on one side of a parameter value there are no fixed points
and on the other side there are two fixed points are x; = ++/u) is referred to as a SNB.

By the above results, the system (34) had the same directional derivatives as well as the bifurcation
diagram of the case of SNB without control in the previous chapter.
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